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2 Structure of Mathematical Statements

In this chapter we outline a language for expressing mathematical statements. It
employs functions as it main means of expression. Of particular importance are
higher-order functions taking functions as arguments. The language has much
in common with functional programming languages such as ML and Haskell. It
is formal in the sense that it can be realized on a computer. We distinguish
between the notational, syntactic and semantic level of the language.

2.1 Functions and Lambda Notation

A function is something that takes an argument and yields a result. We capture
this idea by defining a function f as a set of pairs, where (x, y) € f means that
f for the argument x yields the result y. Given this definition, the empty set is
the unique function that for no argument yields a result. Let us go through the
exact definitions we will use.

A binary relation is a set of pairs. If R is a binary relation, we define the
domain and range of R as follows:

DomR := {x|3y:(x,y) €ER}

RanR := {y|3dx:(x,¥) €ER}
A function is a binary relation f such that for every x € Dom f there exists
exactly one v € Ran f such that (x,y) € f. Given two sets X and Y, a function
X — Y is a function f such that Domf = X and Ranf < Y. Weuse X — Y to

denote the set of all functions X — Y. If f € X — Y and x € X, we write fx for
the unique y such that (x,y) € f. We write fx + 5 for (fx) + 5.

It is often convenient to describe functions with the lambda notation. Here is
an example:

AXEZ. x°

This notation describes the function Z — Z that squares its argument (i.e.,
yields x? for x). The following equation holds:

(Ax€Z.x%) = {(x,x%) | x €7}



2 Structure of Mathematical Statements

The equation shows the analogy between the lambda notation and the more com-
mon set notation. In both notations x appears as a bound variable. The equa-
tion also demonstrates another important point: One must distinguish between
an object and its description. One and the same object can have many differ-
ent descriptions. The lambda notation is due to the American logician Alonzo
Church [18].

According to our definition, functions take a single argument. To represent
operations with more than one argument (i.e., addition of two numbers), one of-
ten uses functions that are applied to tuples (xi,..., x,) that list the arguments
X1,...,Xn for the operation. We call such functions cartesian and speak of the
cartesian representation of an operation. The cartesian function representing
addition of integers has the type Z x Z — Z. It takes a pair (x,y) as single
argument and returns the number x + y.

Functions that return functions as results are called cascaded. Lambda no-
tation makes it easy to describe cascaded functions. For example, consider the
definition

plus == Ax€Z. AyeZ.x +y

which binds the name plus to a function of type Z — (Z — 7). When we apply
plus to an argument a, we obtain a function Z — Z. When we apply this function
to an argument b, we get a + b as result. With symbols:

(plusa)b = ((AxeZ.AyeZ.x+vy)a)b = (AyeZ.a+y)b = a+b

We say that plus is a cascaded representation of the addition operation for in-
tegers. Cascaded representations are often called Curried representations, after
the logician Haskell Curry. The idea goes back to Frege [27] and was fully de-
veloped in a paper by Moses Schonfinkel [58] on the primitives of mathemati-
cal language. From a logical point of view the cascaded representation has the
advantage that it doesn’t require tuples. Following common practice, we omit
parentheses as follows:

fxy ~ (fx)y
X-Y—-Z7 ~ X—(Y—-2)

Using this convenience, we can write plus 3 7 = 10 and plus€ Z — 7 — 7.

Exercise 2.1.1 Describe a function f € Z — {0} both with lambda notation and
set notation. How many functions Z — {0} are there?

Exercise 2.1.2 Which of the following statements are valid?
a) fXcX,then(X—-Y)c (X -Y).
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2.2 Boolean Operations

b) f Xc X then (X' -Y)cs (X-Y).
¢ fYcY,then(X-Y)c (X -Y').
d IfYcY,then(X-Y)c (X -Y).

2.2 Boolean Operations

We use the numbers 0 and 1 as truth values, where 0 may be thought of as
“false” and 1 as “true”. In programming languages, truth values are commonly
called Boolean values. We define the set

= {0,1}

As in programming languages, we adopt the convention that expressions like
3 < x yield a truth value. This explains the following equations:

3<7)=1
(7<3)=0
3=7)=0

The following equations define well-known Boolean operations:

x=1-x Negation
(x A y) =min{x, y} Conjunction
(x vV y) =max{x, v} Disjunction
(x—=y)=(xVYy) Implication
x=y)=kx=y) Equivalence

We represent Boolean operations as functions. Negation is a function B — B and
the binary operations are functions B — B — B. We use the symbols —, A, v, —,
= as names for these functions.

Note that the definition of negation, conjunction, and disjunction does exploit
that truth values are numbers. Here are alternative definitions not exploiting this
fact:

—x =if x=1 then 0 else 1 Negation
(x Ay) =if x=1 then y else 0 Conjunction
(x vy)=if x=1then 1 else y Disjunction

George Boole [12] was an English logician who studied the algebraic prop-
erties of negation, conjunction, and disjunction. His system is now known as

2009/8/2 5



2 Structure of Mathematical Statements

Boolean algebra and is acknowledged as the first abstract algebraic system stud-
ied. Boolean algebra does not commit to just two truth values 0 and 1. Working
with just two truth values is common in programming languages and computer
hardware. Two truth values will also be perfect for the logical systems we are
going to consider. But there is research on many-valued logic.

Exercise 2.2.1 Consider the values

0,1B
- eeB-B

ANV, -, =€eB—-B-B

With 0 and — one can express 1 as follows: 1= (0 — 0).
a) Express —, A, v, and = with 0 and —.

b) Express 0, A, and — with 1, -, and V.

2.3 Operator Precedence

In the following an operator will be a symbol for a binary or a unary operation.
There are established conventions that make it possible to write operator appli-
cations without parentheses. For example:

3x+y ~ (B-x)+y

The symbols + and - are said to be infix operators, and the operator - is said to
take its arguments before the operator +. We assume the following precedence
hierarchy for some commonly used operators:

A lambda

= equivalence
- implication
disjunction

> <

conjunction
- negation

Il
A
IA
\%
v

comparisons

+ - addition, substraction
multiplication
ordinary application

Symbols appearing lower in the hierarchy take their arguments before symbols
appearing higher in the hierarchy. Note that A takes its body last and that ordi-
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2.4 Terms

nary application (e.g., fx) takes its arguments first. Here are examples of nota-
tions that omit parentheses according to the precedence hierarchy:
XVXAY=Xx =~ (XV(XxAY)=x
X =y 9w (x)=y
Tx=ys=y=x ~ (2(=x=»))) = =x)
3-fx+7 ~ (3-(fx)+7
AxeEX. fxy +7 ~ AxeX.((fx)y) +7)

We arrange that all infix operators (but ordinary application) group to the right.
For instance,

XAYAZ ~ XAVAZ)

X—-y—-z ~ x-(y—-2
As already stated, ordinary application groups to the left:

fxy ~ (fx)y

The operator — is used both for implication and function types (see §[2.1), and
both uses group to the right.
We write s = t and s # t as abbreviations for = (s = t) and —(s = t).

2.4 Terms

We distinguish between notation and syntax. For instance, the notations
x -y +zand (x - v) + z are different but both describe the the same syntac-
tic object. We call the syntactic objects described by notations terms. In the
following, we will draw terms as trees. For instance, the notation x A y describes
the term

0/ \_’)/
/7 \
A X
and the notation x A y V z describes the term
/ N\
. z
/7 N\
V °
0/ \_’)/
7/ \
A b'e

2009/8/2 7



2 Structure of Mathematical Statements

The inner nodes e of the trees represent function applications. The leaves of the
tree are marked with names. Given values for the names appearing in a term,
one can evaluate the term by performing the applications. Of course, the values
involved must have the right types. The value appearing at the left-hand side of
an application must be a function that is defined on the value appearing at the
right-hand side of the application. Binary applications suffice since operations
taking more than one argument are modelled as cascaded functions.

The A-notation decribes special terms called abstractions or A-terms. For
instance, the notation AxeN. x + y decribes the following A-term:

AxeN
!
N
/7 \
+ X
The name x acts as argument name. The argument name of a A-term makes it
possible to refer in the body of the A-term to the argument of the function the
A-term decribes.

We distinguish between three levels: the notational level, the syntactic level,
and the semantic level. For instance, AxeN. 2-x is first of all a notation. This
notation describes a certain A-term, which is a syntactic object. And the A-term
decribes a function, which is a semantic object. Terms abstract from the details
of notations. For this reason, there are usually many different notations for the
same term. Operator precedence is an issue that belongs to the notational level.
Since terms are tree-like objects, there is no need for operator precedence at the
syntactic level.

A few words about how we say things. When we say the term AxeN. 2-x,
we mean the term described by the notation AxeN. 2-x. And when we say the
function AxeN. 2-x, we mean the function described by the term described by
the notation AxeN. 2-x.

Given a semantic object, there are usually many different terms that desribe
it. For instance, the terms 3 and 5 — 2 both describe the number 3. When we
want to describe a semantic object, we can choose a term for the object and then
a notation for the term.

2.5 Locally Nameless Term Representation

A-terms introduce argument names, which are also called local names. It is
common to speak of argument variables or local variables. Argument names
make it possible to refer in the body of a A-term to the argument of the function
the A-term decribes. As an alternative to argument names one can use numeric
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2.6 Formulas, Identity Predicates, and Overloading

argument references, which yield a locally nameless term representation. The
locally nameless representation of the term AxeN. x + y looks as follows:

AN
!
Y
+/ \<0>
The idea behind the locally nameless representation becomes clearer, if we look
at the tree representing the term described by the notation AxeX. AyeY. fyx:

.

/ N\

2N
S (0)

An argument reference (n) refers to a A-node on the unique path to the root.
The number »n says how many A-nodes are to be skipped before the right A-node
is reached. For instance, (0) refers to the first A-node encountered on the path
to the root, and (1) to the second.

The locally nameless term representation is useful since it represents the
binding stucture of a term more explicitly than the name-based term represen-
tation. Note that we consider the terms AxeX.x and AyeX.y to be different
although they have the same locally nameless representation.

Numeric argument references are common in machine-oriented languages.
For terms, they were invented by the Dutch logician Nicolaas de Bruijn [23]. For
this reason, numeric argument references in terms are often called de Bruijn
indices.

We call two terms x-equivalent if they have the same locally nameless repre-
sentation. There is the intuition that two terms are «-equivalent if and only if
they are equal up to renaming of bound variables.

Exercise 2.5.1 Draw the locally nameless representations of the following terms:
a) AxeX.(AyeX. fxy)x

b) AxeB. AyeB. -x vy

¢) AxeX. f(AyeY.gyx)xy

2.6 Formulas, Identity Predicates, and Overloading

A formula is a term whose type is B. Here are examples of formulas: 3 < 7,
2+ 3 >6,and x < 3 Ay >5. We will represent mathematical statements as

2009/8/2 9



2 Structure of Mathematical Statements

formulas.

For every set X, the identity predicate for X is the following function:
(=x) = AxeX.AyeX. x=y

Note that (=x) € X — X — B. Also note that =g and = are different names for
the same function. Identity predicates are important since they make it possible
to represent equations as terms. For instance, the equation x + 0 = x may be
represented as the term x + 0 =7 x.

As it comes to notation, we will be sloppy and mostly write = rather than
the proper name =x. This means that we leave it to the reader to determine the
type of the identitity. We speak of the disambiguation of overloaded symbols.
Typical examples of overloaded symbols are +, —, <, and =. If we write x +2 = 1y,
without further information it is not clear how to disambiguate + and =. One
possibility would be the use of +7 and =3.

Exercise 2.6.1 Draw the tree representations of the following formulas. Disam-
biguate the equality symbol =. Recall the specification of the operator prece-
dences in §2.31

QA x=0vxAy=x

b) mx=y=y=xAXx

2.7 Quantifiers

Mathematical statements often involve quantification. For instance,
VxeZ3iyelZ.x+y=0

Church [20] realized that the quantifiers V and 3 can be represented as func-
tions, and that a quantification can be represented as the application of a quan-
tifier to a A-term. We may say that Church did for the quantifiers what Boole [12]
did for the Boolean operations, that is, explain them as functions.

Let X be a set. We define the quantifiers V y and Jx as follows:

Vxe(X-B) - B universal quantifier
Vxf = (f = (AxeX.1))

Idx e (X - B) - B existential quantifier
Axf = (f = (AxeX.0))

] 0 2009/8/2



2.8 Sets and Relations as Predicates

The statement 3y € Z. x + y = 0 can now be represented as follows:
7 (AyeZ. x+y =0)
The usual notation for quantification can be obtained at the notational level:

VxeX.t = Vx(AxeX.t)
dxeX.t = dx (AxeX.t)

Frege and Russell understood quantifiers as properties of properties. If we un-
derstand under a property on X a function X — B, then a property on properties
on X has the type (X — B) — B. And in fact, this is the type of the quantifiers V x
and Jx. Note the quantifiers are higher-order functions (i.e., functions taking
functions as arguments).

Exercise 2.7.1 Draw the locally nameless tree representation of the term
(VxeX. fx ngx)=VfAVg.

2.8 Sets and Relations as Predicates

A predicate is a function X; — - - - — X,; — B. Roughly speaking, a predicate is a
function that after taking all its arguments returns a truth value. The Boolean op-
erations, the quantifiers, and of course the identitity predicates are examples of
predicates. It turns out that sets and relations can be represented as predicates.

Let X be a set. The subsets of X can be expressed as predicates X — B. We
will represent a subset A < X as the predicate AxeX. x€A, which yields 1 if its
argument is an element of A. This function is called the characteristic predicate
of A in X. The following examples illustrate how set operations can be expressed
with characteristic predicates:

XeEA ~ Ax
ANB ~ AxeX.Ax A Bx
AUB ~ AxeX.AxV Bx

Given the representation of sets as predicates, there is no need that a functional
language provides special primitives for sets. Note that subsets of X as well as
properties on X are expressed as functions X — B.

Let R € X X X be a binary relation. Then we can represent R through its
characteristic predicate AxeX.AyeX.(x, y)€R. The representation extends to
relations with more than 2 arguments.

2009/8/2 ] ]



2 Structure of Mathematical Statements

Exercise 2.8.1 Let X be a set. We use P(X) as abbreviation for X — B. Express
the following set operations with the logical operations —, A, v, and Vx. To
give you an idea what to do, here is how one would express set intersection
NePX)—-PX)—-PX): n=AfeP(X). AgeP(X). AxeX. fx A gx.

a) Union U € P(X) - P(X) — P(X)

b) Difference — € P(X) — P(X) — P(X)

c) Subset < € P(X) - P(X) - B

d) Disjointness || € P(X) - P(X) - B

e) Membership (€) e X - P(X) - B

2.9 Choice Functions

Sometimes one wants to define an object as the unique x such that a certain
property holds. Such definitions can be expressed with choice functions. A
choice function for a set X is a function (X — B) — X that yields for every non-
empty subset A of X an element of A. For the empty set a choice function for X
yields some element of X. If a choice function for X is applied to a singleton
set {x}, there is no choice and it must return x. This is the most interesting use
for choice functions. Let Cz be a choice function for Z. Then

0=Cz(Ax€Z.x +x = x)

since 0 is the unique integer such that x + x = x. Moreover, we can describe sub-
traction with addition and choice since x —y is the unique z such that x = y + z:

(—) =AxeZ.Ayel. Cz(Azel.x =y + z)

Exercise 2.9.1 How many choice functions are there for B?

Exercise 2.9.2 Describe the following values with a choice function Cy for N,
the Boolean operations —, A, V, —, addition + € N - N — N, and the identity
predicate =y.

a) feN-N-Nsuchthat fxy =x-yifx > y.

b) The existential quantifier 3 € (N - B) — B.

c) Theless orequal test < e N - N — B.

d) max €e N - N — N such that max x y yields the maximum of x, .

e) if e B - N - N — N such that if b x y yields x if b = 1 and y otherwise.

] 2 2009/8/2



2.10 Some Logical Laws

2.10 Some Logical Laws

Laws are mathematical statements that are universally true. Let us start with the
de Morgan law for conjunction:

—|(X/\y)E—|X\/—|y

The law says that we can see a negated conjunction as a disjunction. Seen syntac-
tically, the law is a formula. It involves the names —, A, =, v and X, . The names
in the first group are called constants and the names x, y are called variables.
While the meaning of constants is fixed, the meaning of variables is not fixed.
When we say that a law holds or is valid, we mean that the respective formula
evaluates to 1 no matter how we choose the values of the variables. Of course,
every variable comes with a type (here B) and we can only choose values that are
elements of the type (here 0 and 1). By means of universal quantification, we can
express explicitly that the names x and y are variables:

VxeB VyeB. “~(x Ay)=-xV 1y

Leibniz’ law says that two values x, y are equal if and only if y satisfies every
property x satisfies:

xX=xy = VpeX-B. px - py

At first view, Leibniz’ law is quite a surprise. Seen logically, it expresses a rather
obvious fact. If x = 7y, then the right-hand of the equivalence obviously eval-
uates to 1. If x = 7y, we choose p = Az.z=x to see that the right-hand of the
equivalence evaluates to 0. Leibniz’ law tells us that a language that can express
implication and quantification over properties can also express identities.
Henkin’s law says that a language that can express identities and universal
quantification over functions B—B—B can also express conjunction:

XAy = VfeB-B-B. fxy=f11

If x = v = 1, then the equivalence obviously holds. If not both x and y are 1,
we choose f = (A) to see that the right-hand of the equivalence evaluates to 0.

The Boolean extensionality law says that two truth values are equal if they
imply each other:

X=VIAN(Yy—-x) - x=Y

The functional extensionality law says that two functions are equal if they agree
on all arguments:

(VxeX. fx=gx) - f=g

2009/8/2 ] 3



2 Structure of Mathematical Statements

The extensionality law holds since functions are sets of pairs. The left hand side
of the law just says that the sets f and g consist of exactly the same pairs. Given
the extensionality laws, we can express equality of truth values and functions as
follows:

(x =) A (Y —Xx)
VxeX. fx =gx

xX=y
f=g

The de Morgan law for universal quantification says that a negated universal
quantification can be seen as an existential quantification:

—(VxeX.s) = dxeX. —s

Seen logically, this law is very different from the previous laws since s is a vari-
able that ranges over formulas, that is, syntactic objects. We will avoid such
syntactic variables as much as we can. A regular formulation of de Morgan’s law
for universal quantification looks as follows:

~(VxeX. fx) = IxeX. ~fx
Here f is a variable that ranges over functions X — B.

Exercise 2.10.1 (Boolean Formulas) Decide whether the following formulas are
valid for all values of the variables x, v, z € B. In case a formula is not valid, find
values for the variables for which the formula does not hold.

a l-x =x
b) (x-y)-(-y—-—x) =1

C) XAYVXANZ =YyYVzZ

Exercise 2.10.2 (Quantifiers and Identity Predicates) Given some logical opera-
tions, one can express many other logical operations. This was demonstrated by
Leibniz’ and Henkin’s law. Express the following:

a) Vy with =x_g and 1.
b) Ix with Vx and —.

c) Vyx with 3y and —.

d) =x_y with Vx and =y.
e) =g with =.
f)

=x with Vx_g and —.

Exercise 2.10.3 (Henkin’s Reduction) In a paper [36] published in 1963, Leon
Henkin expressed the Boolean operations and the quantifiers with the identities.

] 4 2009/8/2



2.11 Laws for the Lambda Notation

a) Express 1 with =g_g.

b) Express 0 with 1 and =g_.

c) Express — with 0 and =g.

d) Express Vx with 1 and =x_g.

e) Express A with 1, =g, and Vg_g_g.

f) Express A with 1 and =g_g—B)—B-

g) Express v with 0, -, =g, and Vg_g_g.

h) Express — with 0, 1, =, =g, and Vg_g_g.

2.11 Laws for the Lambda Notation

The n-law for functions looks as follows:
f=AxeX. fx

The n-law holds since functions are sets of pairs. The «-law for functions looks
as follows:

(AxeX. fx) = (AyeX. fy)

It is a straightforward consequence of the n-law.
Finally, we look at the S-law. The f-law is a syntactic law whose formulation
requires the notion of substitution. Here are instances of the S-law:

(AxeN.x +2)5 = 5+2
(AxeNx+2)(x+y) = (x+y)+2
The general form of the S-law is as follows:

(AxeX. s)t = sf

Both s and t are syntactic variables that range over terms. The notation s stands
for the term that we obtain from s by replacing every free occurrence of the vari-
able x with the term t. The syntactic operation behind the notation s} is called
substitution. As it turns out, substitution is not a straightforward operation. To
say more, we need the formal treatment of terms presented in the next chapter.

2.12 Remarks

The outlined logical language is largely due to Alonzo Church [20]. It is asso-
ciated with logical systems known as simple type theory or simply-typed higher-
order logic. Church started with an untyped language [18] to describe computa-
tional functions and later used a typed language [20] to describe mathematical

2009/8/2 ] 5



2 Structure of Mathematical Statements

functions. Types originated with Bertrand Russell [57]. A logical language with
quantification was first studied by Gottlob Frege [26].

One distinguishes between metalanguage and object language. The metalan-
guage is the language one uses to explain an object language. Our object lan-
guage has many features in common with the metalanguage we use to explain
it. Still, it is important to keep the two languages separate. For some constructs
that appear in both languages we use different notations. For instance, implica-
tion and equivalence are written as = and < at the metalevel and as — and =
at the object level. Moreover, at the metalevel we write quantifications with a
colon (e.g., IxeN: x < 5) while at the object level we write them with a dot (e.g.,
dxeN. x < 5).

In the theory of programming languages one calls concrete syntax what we
call notation and abstract syntax what we call syntax.

Sometimes one speaks of the intension and the extension of a notation. While
the intension refers to the syntactic object decribed by the notation, the exten-
sion refers to the semantic object described by the notation.

] 6 2009/8/2



3 Terms and Types

In this chapter we study syntax and ignore semantics as much as we can. The
syntactic system we study is known as lambda calculus and concerns terms with
lambda abstractions. We first consider untyped terms.

3.1 Untyped Terms

We assume that a set Nam of names is given and a bijection Nam = N. We could
choose Nam = N, but requiring this equality only up to bijection gives us more
flexibility. The set of terms Ter is defined inductively:

1. Every name is a term.
2. If s and t are terms, then st is a term.
3. If x is a name and s is a term, then Ax.s is a term.

We understand the definition such that every term is exactly one of the following:
a name x, an application st, or an abstraction Ax.s To be concrete, we represent
a term as a pair (i, y) where the variant number i € {1, 2, 3} says whether the
term is a name (i = 1), an application (i = 2), or a A-term (i = 3). For names we
have y € N, for applications y € Ter x Ter, and for A-terms y € Nam x Ter. Note
that (Ax.x) = Ay.y if x # y. The definition of terms can be summarized with
the grammar s == x | 5 | Ax.S.

We will use the letters x, vy, z for names and the letters s, £, u, v for terms.
An abstraction Ax.s may also be called a A-term. Given an abstraction Ax.s, we
call x the argument name and s the body of the abstraction. Argument names
may also be referred to as local names. As it comes to notation, we follow the
conventions introduced in §2.31 For instance:

stu ~  (sthu
Ax.st  ~ Ax.(st)
AxXy.s -~ Ax.Ay.s
Axyz.s ~ AX.Ay.Az.s
The locally nameless representation (LNR) of a term uses numeric argument

references instead of local names. For instance, the LNR of Afxy.fyzx looks
as follows:
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3 Terms and Types

o— >0 —0—

7
o/ \z
7\
(2) (0)

An argument reference (n) refers to the (n + 1)th A-node encountered on the
path to the root. Note that Ax.x and Ay.y have the same LNR:

1

(0)

The size |s| of a term s is the number of nodes in its tree representation. The
formal definition is recursive and looks as follows:

|_| € Ter - N

x| =1

[st] =1+ |s|+ |t]
[Ax.s| =1+ |s]

For instance, |Afxy.fyzx| = 10. The free names of a term are the names that
appear in the LNR of the term. The formal definition looks as follows:

N € Ter — P(Nam)
Nx ={x}
N(st) = NsUNtL
N(Ax.s) = N's — {x}

For instance, N (Afxy.fyzx) = {z} if we assume that z is different from
f, x, v. We say that x is free in s if x € N's. A term s is closed if N's = ¢, and
open otherwise.

3.2 Contexts and Subterms

Informally, a context is a term with a hole. Formally, we define contexts as
follows:

C:==1]]1| Cs | sC | Ax.C
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3.3 Substitution, Capturing, and Renaming

The instantiation C[t] of a context C with a term t yields the term that is ob-
tained from C by replacing the hole [] with t. For instance, if C = Axy.f[], then
Clgxy] = Axy.f(gxy). Formally, we define context instantiation inductively:

[1[¢]
(Cs)[t]
(sO)[t]

(Ax.C)[t] =

t
(C[t])s
s(C[t])
Ax.C[t]

A term s is a subterm of a term t if there exists a context C such that t = C[s].
We say that a term s contains a term t or that t occurs in s if ¢ is a subterm of s.
A term is A-free if none of its subterms is a A-term.

Exercise 3.2.1 Give all subterms of the term Ax.fxx. For each subterm give a
corresponding context. Is there a subterm with more than one corresponding
context?

Exercise 3.2.2 Is x a subterm of Ax.y?

Exercise 3.2.3 Determine all pairs C, s such that C[s] = xxxx and s is a appli-
cation.

Exercise 3.2.4 We say that a name x occurs bound in a term s if s has a subterm
Ax.t such that x is free in t. Give a term s such that x is free in s and also occurs
bound in s.

3.3 Substitution, Capturing, and Renaming

Substitution is a syntactic operation. We have encountered substitution first in
§[2.11] when we formulated the B-law. In its simplest form, substitution is an
operation s7 that replaces the free occurrences of the name x in the term s with
the term t:

(fxy); =fzy
(fXY) iy = F(fxY)y
(Ax.fxy)l =Ax.fxy
Ax.fxyy)? = Ax.fxzz
There is a complication known as capturing. Consider (Ax.y)x where the y in
Ax.y must be replaced with x. If we do this naively, we obtain Ax.x, which
means that the external occurrence of x has been captured by the binder Ax as

a local argument reference. To meet the needs of the B-law, substitution must
be defined such that capturing does not happen.
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3 Terms and Types

Example 3.3.1 Consider the notation Ax€B.AyB.x which describes a function
that takes two arguments and yields the first argument. Obviously,

(AxeB.AyeB.x)y + (AyeB.y)

for every v € B since on the left we have the function Az€B.y that returns 7y for
every argument while on the right we have the identity function Ay <B.y that
returns different results for different arguments. From this we learn that the
substitution (Ay.x)} must not yield Ay.y but a term like Ax.y or Az.y. Note
that the names x, y, and z are assumed to be different. O

If we define substitution on the locally nameless representation of terms, the
capturing problem completely disappears since there are no local names. For
instance, if s = Ay.xy and we want to obtain s%, naive replacement of x with y
yields exactly what we want:

A ~ A
| |

/ N\ 7\
x (0) y (0)

Thus the no-capture requirement for substitution can also be derived from the
requirement that substitution on the term level should be compatible with sub-
stitution on the LNR level.

In summary we can say that substitution must be defined such that it pre-
serves the binding structure of a term.

To avoid capturing, we will define substitution such that it may rename (i.e.,
replace) local names. For instance, (Ax.y)x may yield Az.x, which does de-
scribe the function we want to obtain. Renaming of local names is referred to as
x-renaming.

How should substitution choose names if it has to rename local names? It is
helpful to first consider a simplified problem: How can we choose local names
for the A-nodes of an LNR such that we obtain a term whose LNR is the given
one? For instance, consider the LNR

To obtain a term for this LNR, we can choose any local name that is different
from the free names x and y. For instance, we may choose z, which yields the
term Az.xyz. If we choose x or 7y as local name, the local name will capture a
free name, which results in a different LNR.
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3.4 Substitution Operators

Now consider a term Ax.s. Which local names can we use in place of x without
changing the LNR? If you think about it you will see that all names that are not
free in Ax.s are ok. The names that are free in Ax.s are not ok since using such
a name as argument name would capture the free occurrences of this name.

3.4 Substitution Operators

It is best to define the substitution operation such that it can replace more than
one name. To do so, we will define a substitution operator S that applies a
substitution 0 to a term s. A substitution € will be a function that for each name
gives a term that should replace the name. Replacing all names is no problem
since 0x = x means that x will be replaced by x, which is the same as not
replacing x.

Definition. A substitution is a function Nam — Ter. The carrier of a substitu-
tion 0 is the set CO := {x € Nam | Ox = x}. We use ( to denotes the identity

substitution AxeNam. x. Moreover, we use the notation [x1:=Ss1,...,Xn:=Su]
to denote the substitution 6 such that CO0 < {xi,...,xn} and 0x; = s; for
i€ {l,...,n}. We may also use [] to denote the identity substitution .

If we apply a substitution 0 to a term Ax.s, we may have to rename the argu-
ment name x. For this we require a renaming function p that provides us with
a safe name that we can use instead of x. If it is safe to keep x, the renaming
function may of course yield x.

Definition. We say that a name y is safe for 0, x, s if there is no z € N (Ax.s)
such that y € N (0z). A renaming function p is a function (Nam — Ter) —
Nam — Ter — Nam such that pOxs is safe for all 0, x, s. For every renaming
function p we define inductively a substitution operator S:

SOx = O0x
SO(st) = (SO0s)(SOL)
SO(Ax.s) = Ay. S(07)s where y = pOxs

The notation 0% describes the substitution that is like 6 except that it maps x
to y.

Proposition 3.4.1 For every substitution operator S:
If s is A-free, then Sis = s.

Proposition 3.4.2 (Free Names) For every substitution operator S:
N(SOs) =U{N(Ox) | x € Ns}.
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3 Terms and Types

A renaming function p is conservative if pOxs = x whenever x is safe for 0,
X, . A substitution operator S is conservative if it is obtained with a conserva-
tive renaming function.

Proposition 3.4.3 For every conservative substitution operator S:
SOs = s if no name in the carrier of 0 is free in s.

We fix some conservative substitution operator Sy and define the notation
5§ 1= So[x:=t]s. Note that [x:=t] = AyeNam.if y = x then t else y.

Proposition 3.4.4

1. (Ax.9)f = (Ax.s)

2. (Ax.5)7 = (Ax.s7) if x # y and x ¢ Nt
3. s =sifx ¢ Ns

Exercise 3.4.5 Apply the following substitutions.
Q) ((Ax.y)y)x

b) (AX.2),

) (AX) sy

Exercise 3.4.6 Let x + y. Find C such that (C [x])gi # C[y]. Hint: Exploit that
C[x] may capture x.

Exercise 3.4.7 Give the carrier of the identity substitution.

Exercise 3.4.8 Find a renaming function p such that St(Ax.x) = S[x:=y](Ax.x)
for the corresponding substitution operator S. Assume that x and y are differ-
ent.

3.5 Alpha Equivalence

Two terms are «-equivalent if they have the same LNR. This sentence gives the
right intuition but doesn’t suffice for a formal definition since the LNR of terms is
not formally defined. Fortunately, there is a substitution operator that provides
for an elegant formal definition of x-equivalence.

Let py be the renaming function such that py60xs is the least name that is
safe for 0, x, s (for the order we exploit the bijection Nam = N). Moreover, let
S« be the substitution operator obtained with p,. Note that py and S, are not
conservative. We define x-equivalence as follows:

S~y t 1= Sxts = Suytt
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3.5 Alpha Equivalence

This definition works since Syts yields a variant of s where all local names are
renamed to be the least possible ones. Here are examples (x = 0, y = 1):

Sxl(Ax.x) = Ax.x
Sxt(Ay.y) = Ax.x
Sxt(Ayx.xy) = Axy.yx

Proposition 3.5.1 If s ~4 t, then N's = N't.

With the help of x-equivalence we can state three important properties of
substitution.

Proposition 3.5.2 For all substitution operators S and S’:
Preservation S0s ~4 s if no name in the carrier of 0 is free in s
Coincidence SO0s ~4 S'0's” if s ~yxs and Ox ~4 0'x forall x € N's

Renaming S0(Ax.s) ~« Ay.S(05)s if y not free in SO(Ax.s)

From the coincidence property we learn that all substitution operators are
equal up to x-equivalence.

There are many substitution operators S such that s ~yt < Sis = Sit. To
better understand this fact, we define a class of substitution operators that have
this property. A renaming function p is strict if pOxs = p0’x’s’ whenever

U Ny = U Ny
yeN (Ax.s) YeEN (Ax'.s")

A substitution operator S is strict if it is obtained with a strict renaming function.
Note that py and Sy are strict. Informally, we can understand a strict renaming
function as a renaming function that bases its choice of a name only on the
absolutely necessary information, which is the set of unsafe names.

Proposition 3.5.3 For every strict substitution operator S:
1. St(Sts) = Sis

2. S~yt = Sits =St
Exercise 3.5.4 Which of the following terms are x-equivalent?

AXyz.Xxyz, Ayxz.yxz, Azyx.zyx, AXyz.zyX, AYXz.zXYy
Exercise 3.5.5 Determine Sytt for the following terms t. Assume x = 0, y = 1,

and z = 2.
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3 Terms and Types

a) Az.z

b) Ayx.yx
Cc) AxYy.yx
d) Axy.y

e) Azxy.xyz
f) Az.x

Exercise 3.5.6 Find counterexamples that falsify the following statements.
a) Ax.s ~y Ay.t = 3Tz: s¥ ~4 t2

b) Ax.s ~y Ayt = S§ ~xt
Exercise 3.5.7 Are there conservative substitution operators that are strict?

Exercise 3.5.8 Prove Proposition [3.5.11

3.6 Alpha Normality

Two «-equivalent terms will always denote the same semantic object. Since an
LNR describes a term up to x-equivalence, we could use LNRs rather than terms
to describe semantic objects. We could also insist that for every abstraction Ax.s
the argument name Xx is the least name that is not free in Ax.s. Terms with this
property are called «-normal. The official definition is as follows.

The set of «x-normal terms is defined inductively:

1. Every name is x-normal.

2. st is a-normal iff s and t are «-normal.

3. Ax.s is a-normal iff s is «-normal and x is the least name that is not free
in Ax.s.

The next proposition states that LNRs are in one-to-one correspondence with
«-normal terms.

Proposition 3.6.1 For every term s there is exactly one x-normal term t such
that s ~ t. This term is Syts.

A substitution 0 is x-normal if Ox is an «-normal term for every name x.

Proposition 3.6.2 If 0 is x-normal, then S,0s is «-normal.

Proof By induction on the inductive definition of S,. We have to verify the claim
for each of the three defining equations. The three equations correspond to the
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3.7 Beta Reduction and Beta Equivalence

three clauses of the inductive definition of «-normality. For the first equation
the claim follows from the «-normality of 8, for the second equation the claim
follows by inductive hypothesis, and for the third equation the claim follows by
inductive hypothesis and the fact that the fresh name 7y is chosen with p. -

Here is an algorithm that, given an LNR L, computes an x-normal term s such
that L is the LNR of s.

1. If L contains no unassigned A-node, return the term described by L.

2. Otherwise, choose a topmost A-node v in L. To v assign the least name x that
does not occur in the subtree rooted by v. Replace all argument references
to v with x.

3. Continue until no unassigned A-node is left.

Exercise 3.6.3 Assume x = 0, ¥ = 1, and z = 2. Give x-normal terms whose
LNRs look as follows:

A A A
' | |
A N 7\

l X/ A X A
SN ! !
2N AN /N
(1) (0) y (0) (1) (0)

Exercise 3.6.4 Give an o-normal term s and a substitution 0 such that Sy0s is
not «-normal.

3.7 Beta Reduction and Beta Equivalence

The B-law introduced in §Z.11] says that the term (Ax.s)t describes the same
value as the term sy. Hence we can replace a term (Ax.s)t with the seemingly
simpler term sy. Such a replacement is known as a S-reduction. Here is an
example:

Afx.f(fx))(Ax.x)
—-g Ax.(Ax.x)((Ax.x)x)
—-p Ax.(Ax.x)x

—g Ax.X

We need some definitions concerning B-reduction. A term of the form (Ax.s)t is
called a B-redex A term is f-normal if it contains no f-redex. We write s —g ¢

I Redex is an artificial word introduced by Church that abbreviates reducible expression.
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3 Terms and Types

if s = C[(Ax.u)v] and t = C[uf] for some context C and some term (Ax.u)v.
By Proposition [3.4.2l we haveN's 2 Nt if s —g t.

Consider the term w := Ax.xx and the B-reduction ww —g ww. From this
example we learn that there are untyped terms for which B-reduction does not
terminate.

We define S-equivalence ~g as the least equivalence relation on terms con-
taining the relations ~, and —g. In other words, ~g is the least equivalence
relation on terms such that s ~g t if s ~y t or s —g t. A term t is a f-normal
form of a term s if s ~g ¢ and ¢ is f-normal. Not every term has a f-normal form
(e.g., ww).

To decide s ~pg t, we may apply B-reduction to s and t. If we are lucky, we
obtain two B-normal terms s” and t’. The next theorem tells us that s ~g t iff
s ~qt.

Theorem 3.7.1 (-Normal Form)
Let s and t be f-normal. Then s ~gt < s ~4 L.

The normal form theorem follows from a more general result known as con-
fluence of S-reduction [42] [7]. Confluence of B-reduction was first shown in 1935
by Church and Rosser.

Corollary 3.7.2 A term has at most one $-normal form (up to x-equivalence).

Exercise 3.7.3 Use B-reduction to derive f-normal forms for the following terms.
a) (Axy.fyx)ab

b) (Afxy.fyx)(Axy.yx)ab

c) (Ax.xx)((Axy.y)((Axy.x)ab))

d) (Axy.y)((Ax.xx)(Ax.xx))a

e) (Axx.x)yz

Exercise 3.7.4 Determine all pairs C, s such that C[s] = (Af.fx)((Afx.fx)(Ax.x))
and s is a S-redex.

Exercise 3.7.5 Find terms as follows.
a) A term that has no S-normal form.
b) A term that has a f-normal form but on which B-reduction does not terminate.

¢) A term sp such that there exists an infinite derivation so —g s1 —g S2 =g ...
such that |s,| < |sns+1| for all n € N.

Exercise 3.7.6 We did define x-normal terms inductively and B-normal terms
non-inductively. It is also possible to define x-normal terms non-inductively and
B-normal terms inductively.
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3.8 Eta Reduction and Beta-Eta Equivalence

a) Give an inductive definition of the set of S-normal terms.

b) Give a non-inductive definition of «¢-normal terms. Define a suitable notion of
o-redex first.

Example 3.7.7 (Explosive Terms) There are small terms that require an enor-
mous number of S-reductions until a f-normal form is reached. Consider the
closed terms I := Ax.x and T := Afx.f(fx) (identity and twice). It takes 4 steps
to obtain a f-normal form of TII:

TII —g (Ax.I(Ix))I =g I(II) =g IT =g I
For a f-normal form of TTII we need 12 steps:
TTII -5 T(TDI —5 TI(TII) -3 TII -3 1
For TTTII we need 54 steps:
TTTI =5 T(TT)IT =5 TT(TTDI =5 TT(T(TD)I —5 T(T(T(TDH)I
—5 T(T(TD)(T(T(TI)I) —5 T(T(TH)(T(TI)(T(TDI))
—¢ T(T(TD)(T(TH(TI(TID))) — T(T(TH)(T(TNH(TII))
—3 T(T(TD)(T(TDI) - T(T(TD)(TI(TI)) % T(T(TH)(TII)
—3 T(T(TD)I —5 T(TH(T(THI) —5 T(TIH(TI(TII)) -3 T(TI)(TII)
—3 T(TDI -5 TI(TII) =3 TIT —3 I
For TTTTII the explosion gets worse, and for TTTTTII it gets out of hand. One
can show that TTTTII requires at least 216 B-reductions, and that TTTTTII

requires at least 21 B-reductions. Note that 16 = 222, so there are as many 2’s
as there are T’s. o

Exercise 3.7.8 Express I and T as polymorphic procedures in ML and checkout
how long it takes to evaluate TTTTII and TTTTTII.

3.8 Eta Reduction and Beta-Eta Equivalence

The n-law says that a term Ax.sx describes the same value as the term s if x
is not free in 5. The corresponding simplification rule is known as n-reduction.
Here is an example:
(Ax.fx)(Axy.gxy)
—n SAxy.gxy)
—n f(Ax.gx)
-n fg
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3 Terms and Types

In contrast to B-reduction, n-reduction terminates. An n-redex is a term of the
form Ax.sx where x is not free in s. A term is n-normal it it contains no n-redex.
We write s — t if s = C[Ax.ux], t = C[u], and x is not free in u.

Proposition 3.8.1 n-reduction preserves B-normality. That is, if s is f-normal
and s —, t, then ¢ is f-normal.

We define fn-equivalence ~g, as the least equivalence relation on terms con-
taining — and —,. Bn-equivalence provides for «-renaming. Given an abstrac-
tion Ax.s and a name vy that is not free in s, we have

Ax.s —p Ay.(Ax.5)y —p Ay.s3
and hence Ax.s ~pp Ay.s7.

Proposition 3.8.2 ~y S ~g S ~gp.

A term is fn-normal if it is f-normal and n-normal. A term t is a Sn-normal
form of a term s if s ~g, t and t is fn-normal.

Theorem 3.8.3 (fn-Normal Form)
Let s and t be fn-normal. Then s ~g, t < s ~4 L.

Exercise 3.8.4 Use B- and n-reduction to derive Sn-normal forms of the follow-
ing terms.

a) Axy.fx

b) Axy.fy

o) Axy.fxy

d) Ay.(Ax.fxy)x

3.9 Compatibility and Stability

We have defined several binary relations on terms: ~u, ~g, ~gn, —g, and —.
They all have two properties known as compatibility and stability. A binary rela-
tion R < Ter x Ter is

compatible if (C[s],C[t]) € R whenever (s,t) € R.
stable if (S0s, SOt) € R whenever (s,t) € R.

Proposition 3.9.1 ~q, ~g, ~gn, —p, and —, are compatible and stable.

Proposition 3.9.2 If n > 1 and x1, ..., x;, are pairwise distinct, then
Sx1:=s1,...,xn:=splt ~g (AX1...Xpn.1)S1... Sn.
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3.10 Normalization

B: (Nam — Ter) — Ter — Ter
BOx = Ox
BO(Ax.s) = Ay.B(03)s  where y = pOxs
BO(st) = B[x:=BOt]u if BOs = Ax.u
BO(st) = (BOs)(BOt) otherwise

Figure 3.1: The normalization procedure

Exercise 3.9.3 Prove the following:
a) Ax.s ~gAx.t <= s ~gt

C) SX ~gptx < s~pgpt if xnotfreeinsort

3.10 Normalization

We now consider a procedure that given a term tries to compute a S-normal form.
The procedure proceeds by S-reducing the term as long as it is possible. If the
normalization process terminates, a f-normal form of the initial term has been
obtained. Since there are terms for which S-reduction does not terminate, the
procedure will not always succeed. However, it will turn out that the procedure
always succeeds for typed terms. Given a renaming function p, we define the
normalization procedure B as shown in Figure[3.1l B works like the substitution
procedure S except that after processing an application it checks whether a B-
redex is obtained. If this is the case, B does not return the S-redex but recursively
attempts to compute its normal form.
A substitution 0 is S-normal if 6x is f-normal for every name x.

Proposition 3.10.1 Let B terminate on 6, s. Then:
1. BOs ~p SOs.

2. If 0 is B-normal, then BOs is f-normal.

Proof Both claims follow by procedural induction. We verify the first claim for
each of the defining equations of B. By coincidence (Proposition[3.5.2) we can as-
sume without loss of generality that B and S use the same renaming function p.

1. equation. The claim holds since S0x = 0x.

2. equation. Let y = pOxs. Then S0(Ax.s) = Ay.S(05)s ~p Ay.B(07)s by the
definition of S, the inductive hypothesis, and compatibility (Proposition [3.9.1).
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3. equation. Let BOs = Ax.u. Then SO(st) = (S0s)(S0t) ~p (BOs)(BOt) =
(Ax.u)(BOt) =g ugy; ~« S[x:=BOt]u ~g B[x:=BOt]u by the definition of §,
the inductive hypothesis and compatibility, coincidence, and once more the
inductive hypothesis.

4. equation. SO(st) = (S0s)(S0t) ~pg (BOs)(BOt) by the definition of S, the
inductive hypothesis, and compatibility.

The verification of the second claim is left as an exercise. -
Corollary 3.10.2 Let B terminate on (, s. Then Bis is a f-normal form of s.

Exercise 3.10.3 Find a term s such that B does not terminate on t, s. Try to find
such a term that has a f-normal form.

Exercise 3.10.4 How would you modify B so that Bis is a fn-normal term if B
terminates on t, s?

Exercise 3.10.5 Let B, be the normalization procedure that is obtained with the
renaming function py. Find a term s such that B, terminates on ¢, s with a term
that is not «x-normal.

Exercise 3.10.6 Prove Proposition [3.10.11(2).

3.11 Disgression: Computable Functions

In the 1930’s Church was the first researcher who gave an explicit mathematical
definition of the class of computable functions. His tool was the untyped lambda
calculus, which is the system given by untyped terms and B-reduction. Church
represented the natural numbers as the terms

0:=Afx.x, 1l:=Afx.fx, 2:=Afx.f(fx), 3:=Afx.f(f(fx)),

and defined a function f = N x N to be A-computable if there is a closed term s
such that the following conditions hold for all m,n € N:

1. f is defined on m iff s has a f-normal form.

2. fm=mniff sm ~gn.

We can see the term s as a procedure that computes the function f. Church’s
student Turing showed that a function is A-computable if and only if it is com-
putable with a Turing machine. This gave rise to the Church-Turing thesis, which
states that the informal idea of computable function is captured by the formal
definition based on lambda calculus or Turing machines. Given the link between
B-equivalence and computability, we have the following theorem.
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Theorem 3.11.1 (Undecidability) S-equivalence of terms is undecidable.

The terms 0,1, 2,... representing the natural numbers are known as Church
numerals. Church numerals are S-normal closed terms that can be understood
as procedures. The Church numeral 7 is a procedure that takes a procedure f
and a value x as arguments and applies f n-times to x. Based on this intuition,
we can formulate procedures for addition, multiplication, and exponentiation of
Church numerals:

add = A\mnfx.mf(nfx) m+mn
mul := Amnfx.mnf)x m-n
exp = A\mnfx.nmfx mh

On first view this looks like magic, but it is just higher-order functional program-
ming where the natural numbers are represented as procedures. A programming-
oriented explanation can be found in Pierce [54].

There is a connection with Example The term T there is the Church
numeral for 2. Now observe that expm i ~g, fiti. Thus TT ~g, 22, TTT ~gj
ﬁ, and so on. This informally explains why B-reduction of TTTTTII takes so
many steps.

In the lambda calculus, both procedures and values are expressed as closed
terms. Since every closed term can be understood as a procedure, every value
is expressed as a procedure. An interpreter for the lambda calculus takes a
closed term st; ... t, and attempts to compute a S-normal form, where s is a
procedure and ty,...,t, are the arguments the procedure is applied to. As an
interpreter, the normalization procedure Bt is flawed since it does not terminate
for all terms that have a f-normal form. If we analyse the execution of Biu, we
obtain a reduction sequence u —g u; —g U2 —g ... where always the leftmost
innermost S-redex is reduced. Curry proved in 1958 that leftmost-outermost
B-reduction has the property that it always yields a normal form if there is one
(see the quasi-leftmost-reduction theorem in Hindley-Seldin [42]).

Exercise 3.11.2 Write a procedure £ : (Nam — Ter) — Ter — Ter such that £
yields a B-normal form for every term that has a f-normal form.

3.12 Typed Terms

We now consider typed terms. Like terms types will be defined as syntactic ob-
jects. Every name will be equipped with a type. Following the inductive definition
of terms, we obtain a unique type for every well-formed term. While names and
abstractions are always well-formed, an application st is only well-formed if the
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3 Terms and Types

type of s is a function type whose argument type is the type of t. We will show
that the normalization procedure terminates for every typed term. Hence every
typed term has a f-normal form.

We start from a nonempty set of base types and define the set Ty of types
inductively:
1. Every base type is a type.
2. If o and T are types, then o T is a type.

Types of the form o T are called function types. We omit parentheses according
tooTu ~ o(tu). A function type o T may also be written as o — T. We reserve
the letter S for base types and the letters o, T, u for types. The size |o| of a
type o is defined inductively:

|-l €Ty = N
1Bl =1

loT| =1+ o]+ |T|

We assume that a set Nam of names is given and a bijection Nam = N x Ty.
Due to the bijection every name has a unique type, and for every type there are
infinitely many names that have this type. We now define the set Ter of typed
terms inductively, where every term is equipped with a unique type:

1. Every name of type o is a term of type o.
2. If x is aname of type o and s is term of type T, then Ax.s is a term of type oT.
3. If s is a term of type Tu and t is a term of type T, then st is a term of type p.

We write s : o if s is a term of type o. Using this notation, we can summarize
the definition of typed terms with the following rules:
X0 S:T s:TU t:t
—— x has type o _— _—
X:0 AX.S:0T st:u

We use Ter, to denote the set of all terms of type . When we write term in the
following, we always mean typed term. We reserve the letters x, v, z for names
and the letters s, t, u, v for terms.

The definitions we made for untyped terms all carry over to typed terms. The
LNR of a typed term records the types of the local names at its A-nodes. For
instance, if f: 0T and x : o, the LNR of A fx.fxy looks as follows:
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3.13 Termination of Typed Normalization

Every subterm of a typed term is a typed term. As it comes to substitutions, we
only admit type-preserving functions @ € Nam — Ter, that is, that is, 0x must
have the same type as x for every name x. Moreover, every renaming function p
must be type-preserving, that is, pOxs must have the same type as x. As a
consequence, the substitution and normalization operators become well-defined
for typed terms and are themselves type-preserving functions.

Proposition 3.12.1 (Type Preservation)

1. If s: 0, then SOs : o.

2. If B terminates on 0, s and s : o, then BOs : 0.
3. fs:oands —-gtors—y,t,thent:o.
4

.Ifs:ocands ~ytors~gtors ~g,t,thent:o.

Exercise 3.12.2 Find closed typed terms that have the following types.
a) oo

b) oto

¢ (oT)(TH)ou

d o(o1r)T

Exercise 3.12.3 For each of the following terms find types for the names occur-
ring in the term such that the term becomes a well-formed typed term.

a) Axy.x
b) Af.fyx
) Afgx.fx(gx)

3.13 Termination of Typed Normalization

We will now show that the normalization procedure B defined in Figure [3.1] ter-
minates for typed terms. As stated before, we assume that B is only applied
to type-preserving substitutions 6 and that the underlying renaming function
is type-preserving. Given these assumptions, it is easy to check that B is well-
defined and type-preserving as stated in Proposition [3.12.11(2).

We call terms of the form xs; ... s, concrete (n > 0). We refer to the name x
as the head of the term. Given a term s, we use Ts to denote the size of the type
of 5. Given a concrete term s whose head is x, we have Tx > Ts.

Theorem 3.13.1 (Termination)
B terminates on -normal type-preserving substitutions and typed terms.
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3 Terms and Types

Proof Given a f-normal type-preserving substitution 6 and a typed term s, we
define three natural numbers:

The sign of s, which is 0 if s is f-normal and 1 otherwise.

The power of 0, which is the maximal number Tx such that x € N's and 0x
is an abstraction. If no such name x exists, the power of 0 is 0.

The size of s.

The corresponding lexical order is a termination order for B. We verify the claim
for each of the defining equations of B.

1. equation. The claim is trivial since there is no recursive call.

2. equation. The claim holds since the sign and the power are preserved and the
size is decreased.

3. equation. The recursive calls BOs and BOt obey the termination order since
the sign and the power are not increased, and the size is decreased. Let
BOs = Ax.u. It remains to show that the recursive call B[x:=B60t]u obeys
the termination order. Case analysis.

- st not B-normal. Then the sign is decreased since u is f-normal (Proposi-
tion 3.10.1).

- st is B-normal. Then s is concrete. Since BOs = Ax.u, 6 must replace the
head of s with an abstraction. Hence the power of 0 is at least Ts. Since B
is type-preserving (Proposition[3.12.1) and B0s = Ax.u, we have Ts > Tx.
Hence the power of 0 is greater than the power of [x:=B0t]. The claim
follows since the sign is preserved and the power is decreased.

4. equation. The claim holds since the sign and the power are not increased, and
the size is decreased. ]

Corollary 3.13.2 (Weak Normalization) Every typed term has a - and a f8n-
normal form.

Proof Let s be a typed term. Since t is type-preserving, we know by Theo-
rem that B terminates on t, s. Hence we know by Proposition that
Bis is a f-normal form of s. Next we apply n-reduction to Bis. Since n-reduction
terminates and preserves B-normality, we obtain a fn-normal term that is n-
equivalent to s. -

Corollary 3.13.3 B- and Bn-equivalence of typed terms are decidable.

Proof Follows from Corollary and the normal form theorems [3.7.1]
and 3.8.3 "
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3.14 Remarks

Statman [63] shows that deciding B-equivalence of typed terms has non-
elementary complexity.

One can show that B-reduction terminates on typed terms no matter how
the reduction steps are applied. This result is known as strong normalization.
Strong normalization is much harder to prove than weak normalization. Several
proofs of strong normalization appeared around 1967 (see [7] for references).
The proof that generalizes best to richer systems is due to Tait [65]. You can
find Tait’s proof in [42]. Weak normalization was first shown by Turing [29].

Exercise 3.13.4 Identify where the proof of the termination theorem breaks if
we drop the assumption that 0 is f-normal.

Exercise 3.13.5 Modify the normalization procedure B such that it yields -
normal terms even if 6 is not f-normal. Give a termination proof for the modified
procedure. Hint: Define the sign of 0 to be 0 if Ox is S-normal for all x € N's
and 1 otherwise.

Exercise 3.13.6 Write a normalization procedure £ as asked for in Exer-
cise[3.11.2]and prove that it terminates for all type-preserving substitutions and
all typed terms.

3.14 Remarks

Syntactic systems based on terms with lambda abstractions are known as lambda
calculi. We have looked at the untyped lambda calculus and the simply typed
lambda calculus. Both systems originated with Church [18] [20]. There are
lambda calculi with much richer type systems [8]. Hindley-Seldin [42] is an excel-
lent textbook that covers both the untyped and the simply typed lambda calculus
and gives many historical references. Other books on lambda calculus are Baren-
dregt [7] and Hindley [41].

The lambda calculus is an essential cornerstone of the theory of programming
languages. Pierce [54] gives a programming languages oriented introduction to
the lambda calculus. A more advanced textbook on the theory of programming
languages that covers lambda calculus is Mitchell [50].

The formal definition of x-equivalence based on Sy is due to Stoughton [64].
In this paper you find a careful study of Sy with complete proofs. We have
generally omitted proofs since they require considerable technical detail. You
find proofs of the basic properties of the lambda calculus in Hindley-Seldin [42].

One can formalize LNRs and work with LNRs rather than terms. The ad-
vantage of LNRs is that the definition of substitution is straightforward and that
x-equivalence is not needed. As it comes to the semantic interpretation of terms,
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3 Terms and Types

the representation of local names is redundant. However, the LNR approach has
also drawbacks. The notions of subterm and context need to be revised. If you
look at the tree representation, its clear that we need to admit LNRs with dan-
gling argument references to account for the S-reduction of subterms that occur
below A-nodes. What one ends up with is de Bruijn’s representation [23], which
was conceived as an implementation of terms.
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4 Interpretation and Specification

We now formalize the semantic interpretation of types and typed terms. We will
define formulas and logical interpretations and say what it means that an inter-
pretation satisfies a formula. This way we obtain simple type theory, the logic we
will be working with. Simple type theory can specify the natural numbers, and
we will use this example to study the method of logical specification.

4.1 Interpretations

Recall that Ty is the set of all types and Ter is the set of all typed terms. We
assume that Ty and Ter are disjoint. We will only consider typed terms.

We start with the interpretation of types. Every base type is interpreted as a
nonempty set. Moreover, a function type o T is interpreted as a set of functions
from the interpretation of o to the interpretation of 7.

Definition. A frame is a function D defined on Ty that maps every type to a
nonempty set and satisfies D(o1) € (Do — DT) for every function type oT.
A standard frame is a frame D where D(oT) = (Do — D7) for every function
type O'T.

We now come to the interpretation of names. The interpretation of a name must
respect its type, that is, a name must be interpreted as an element of the inter-
pretation of its type.

Definition. An assignment into a frame D is a function 7 defined on Ty U Nam
such that D € 7 and 7x € 70 for every name x : O.

Given an assignment 7 into a frame D we have 70 = Do for all types o. Thus
an assignment builds in the frame.

Given an assignment 7, we are able to evaluate every A-free term t : o to an
element of 7¢. This follows from the equations

Ix =1Ix
I(st) = (1s)(1t)

and a straightforward inductive proof. Note that the evaluation function 7 is
obtained from the assignment 7 by induction on terms.
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To discuss the evaluation of abstractions we need a definition. Let 7 be an
assignment into a frame D, x : o be a name, and a € 7o0. Then 7} denotes
the assignment into D that agrees everywhere with 7 but possibly on x where it
yields a.

It seems that we can extend the definition of the evaluation function to abstrac-
tions using the following equation:

7(Ax.s) = Aa€do. 17’;{5 ifAx.s:oT

The function at the right-hand side certainly exists (s is smaller than Ax.s, so
we know by induction that ’.7’;‘5 is defined). We also know that it is a function
Jo — 11. However, if may be that 7(oT) does not contain the function if the
frame of 7 is nonstandard. So we learn that an assignment into a non-standard
frame may fail to evaluate all terms because certain abstractions may describe
functions that are not in the frame. Such nonstandard frames are unwanted and
we will exclude them. To do so with a rigorous definition, we first define possibly

partial evaluation functions for all assignments.

Definition. Let D be a frame. We define a function "~ that maps every assignment 7
into D into a function 7 < { (s,a) | 30: s € Tery Aa € Do }:

Ix = 1Ix
I(st) = fa if7s = fand 7t = a
T(Ax.s) == f if Ax.s:oT1, feD(oT), and Va € Do: ’E‘s = fa

The definition is by induction on terms. We call 7 the evaluation function of 7.
We say that an assignment 7 evaluates a term s if 7 is defined on s.

Definition. An interpretation is an assignment that evaluates every term. A stan-
dard interpretation is an interpretation whose restriction to types is a standard
frame. A frame D is admissible if every assignment into D is an interpretation.

Proposition 4.1.1 Every standard frame is admissible.

Proposition 4.1.2 (Coincidence) Let 7 and 7 be assignments that agree on all
types and on the free names of s. Then the evaluation functions 7 and J agree
on s (either both yield the same value or both are undefined).

Proof By induction on s. -
Proposition 4.1.3 A frame D is admissible if there is an assignment into D that

evaluates every closed term.
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4.1 Interpretations

Proof By Proposition we know that every assignment into D evaluates ev-
ery closed term.

Let 7 be an assignment that evaluates every closed term. We show by in-
duction on |N's| (the number of free names) that 7 evaluates every term s. If
|N's| = 0, the claims follows by assumption since s is closed. Otherwise, let
x € N's. By the inductive hypothesis we know that there is a function f such
that 7(Ax.s) = f. Hence we have 7((Ax.s)x) = f(1x). By the definition of 7 for
abstractions we know that :Tgi is defined on s. Hence 7 is defined on s. n

Given an admissible frame, all assignments into the frame evaluate all terms
according to the evaluation equations we have for standard interpretations.

Proposition 4.1.4 For every interpretation 7:
1. Ix =1Ix

2. 1(st) = (Is)(It)

3. 1(Ax.s) = Aaelo. 1Xs ifx:o

If two interpretations agree on all free names of a term, they don’t necessarily
evaluate the term to the same value. Consider for instance the term Ax.x and
two interpretations that disagree on the type of x. From this example we learn
that we have to look at the types of bound names if we want to formulate a
coincidence property for interpretations. We define the footprint of a term s
to be the set N's U X where X is the set of all types o such that s contains an
abstraction Ax.t such that x : 0.

Proposition 4.1.5 (Coincidence)
7s = Js provided 7 and 7 are interpretations that agree on the footprint of s.

Proof By induction on s. -

The definition of interpretations and evaluation could be much simplified if
we only considered standard frames. In fact, as it comes to mathematical state-
ments (see Chapter[2), standard frames suffice. However, we will need admissible
nonstandard frames for the formulation of some of the main technical results.

Exercise 4.1.6 Argue that all assignments into a frame are interpretations if at
least one assignment into the frame is an interpretation.

Exercise 4.1.7 Let D and F be frames such that D(o 1) ¢ Z(oT) for some func-
tion type o 1. Explain why D((oT)u) and E((oT)u) are disjoint sets.
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4.2 Semantic Equivalence
We define semantic equivalence of terms as follows:
s~t 1= sandt have the same type and 7s = 7t for every interpretation 7

In words, two terms are semantically equivalent if they have the same type and
yield the same value for every interpretation. Semantically equivalent terms can-
not be distinguished through interpretations.

Theorem 4.2.1 s =t < s ~gyt

The theorem states that semantic equivalence coincides with Sn-equivalence.
This means that the 8- and n-law are valid for semantic equivalence and together
fully capture semantic equivalence. For now we are happy to state the theorem;
a proof is beyond the scope of this chapter.

The two directions of the theorem are known as soundness and complete-
ness. Soundness is the direction <, that is ~g, & ~. Completeness is the
direction =, that is = < ~g,. Soundness is the property we used to justify the
-, B- and n-law. We also used soundness to argue that substitution must not
capture. Hence it is no surprise that soundness holds. Completeness, on the
other hand, says that the - and n— law capture all properties of the A-notation
as it comes to semantic equivalence. This is an interesting and non-obvious fact.

One can show that two terms of the same type are semantically equivalent
if and only if they evaluate to the same value in every standard interpretation
(Friedman’s theorem [28]). Hence there is no need to consider nonstandard in-
terpretations as it comes to semantic equivalence.

Corollary 4.2.2 Two A-free terms are semantically equivalent if and only if they
are identical.

Proof Let s and t be A-free terms that are semantically equivalent. Then s and t
are fn-normal and Bn-equivalent. By Theorem [3.8.3] we know that s and t are

x-equivalent. Since s and t are A-free, they must be identical. -

Exercise 4.2.3 Argue that from the results stated it follows that semantic equiv-
alence is decidable.

Exercise 4.2.4 Argue that from the results stated it follows that semantic equiv-
alence is compatible and stable.

Exercise 4.2.5 Find terms s and t such that s ~ t and s +g t.
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4.3 Simple Type Theory

Jo = {0,1}
71 =0
IT=1

7- = Aae7do. if a=0 then 1 else 0
7(v) = Aaedo. Abedo. if a=0 then b else 1
1(A) = Aa€do. Abedo. if a=0 then 0 else b
1(—) = Aacdo. Abelo. if a=0then 1 else b
1(=4) = Aacdo. Abelo.if a=b then 1 else 0
1(35) = Af€d(oo). if f=(Aacc.0) then O else 1
1(Vy) = Af€d(0o). if f=(Aacdo.1l) then 1 else O

Figure 4.1: Requirements for logical interpretations

4.3 Simple Type Theory

We are now ready to define the logic we will be working with. We fix a base type o
for the truth values and names for the logical operations:

- 00
A,V,— : 000
=g : 000 for every type o

Vo,3o : (00)0 for every type o

We call the names for the logical operations logical constants, and all other
names variables. Since there are no other constants but logical constants, we
often just say constant if we mean logical constant. Terms whose type is o are
called formulas. The base type o is pronounced like the latin letter 0. We refer
to the base types that are different from o as sorts and reserve the letter « for
sorts. We fix a sort ¢ (pronounced like the latin letter i) to be used in examples.

A logical interpretation is an interpretation that interprets o as the set {0, 1}
and the constants as one would expect. Formally, we require that a logical inter-
pretation 7 satisfies the conditions stated in Figure 4.1l Given a logical interpre-
tation, formulas express mathematical statements about the objects provided by
the interpretation. Given a formula s and a logical interpretation 7, we say s is
true in 7 if 7s = 1, and s is false in 7 if 7s = 0.
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We have now set up a logic that represents mathematical statements as terms
and accounts for their meaning through interpretations. In particular, we have
a formal definition of what it means that a mathematical statement is true. The
logic agrees with the presentation in Chapter [2l There the notion of an inter-
pretation is not explicit, but the way the interpretations of types and names are
described certainly agrees with the notion of a logical standard interpretation.

We call the logical language given by typed terms, formulas and logical inter-
pretations STT, which abbreviates simple type theory. The name simple type
theory originated with Church [20], who presented the first STT-like logic.

Proposition 4.3.1 (Logical Coincidence) 7s = 7Js provided 7 and 7 are logical
interpretations that agree on all types and all variables in the footprint of s.

Proof Straightforward consequence of Proposition -

We now define a variety of technical terms and notations that will be useful in
the following. We use Vs to denote the set of all variables that are free in S. Note
that N's—"Vs contains exactly the constants that occur in s. We use the notations
Ngs={xeNs|x:0}and Vys:= {x € Vs | x:0}. Weuse = to denote
the constant =,. The constants 1, T, -, A, V, —, = are called propositional
constants, the constants =, are called identities, and the constants V, and d4
are called quantifiers. A formula is called identity-free if it contains no identity,
and quantifier-free if it contains no quantifier. Formulas of the form s =, t are
called equations. The constants =41, Vsr, and 35+ where o and T are types
are referred to as higher-order constants. Note that high-order identities tests
identity of functions, and that higher-order quatifiers quantify over functions. A
higher-order formula is a formula that contains a higher-order constant.

A relational type is a type that can be obtained with the grammar o = B |
o ...00 where B ranges over base types. Roughly speaking, relational types do
not involve functions into sorts, but just functions into 0. A type of the form
01... opx Where n > 1 is always non-relational. A relational name is a name
whose type is relational. Note that all propositional constants are relational. The
identity =,, and the quantifier V,, are examples for non-relational constants. A
term is relational if its type is relational and all its free names are relational.

We use the word model as a synonym for logical interpretation. By a standard
model we mean a logical standard interpretation, and by a nonstandard model
we mean a logical nonstandard interpretation. We write 7 = s if and only if 7 is a
model and s is a formula that is true in 7. Given a model 7 and a formula s, either
TJ=sordE —s,and 7 # s if and only if 7 = —5. We express 7 £ s equivalently by
saying 7 satisfies s, or 7 is a model of s.

Let A be a set of formulas. We say a logical interpretation 7 is a model of A
if 7 satisfies every formula s € A. We write 7 = A to say that 7 is a model of A.
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4.3 Simple Type Theory

Moreover, we use the notations

NgA = {x|ds € A: x € Nygs}
VoA = {x|3Is€A: x € Vgs}

If the context suffices for disambiguation, we omit the type subscripts of =,
3., and V. We write s # t for =(s = t), = for =5, and s # t for = (s = t).
Moreover, we adopt the notational conventions stated in §[2.3] and arrange the
following conventions for the quantifiers:

Vx.s =~ V(Ax.s) dx.s ~ 3J(Ax.s)
Vxy.s -~ V(Ax.V(Ay.s)) dxy.s ~  J(Ax.3(Ay.s))
Vx3ay.s ~ V(Ax.3(Ay.s)) AxVy.s ~  F(Ax.V(Ay.s))

Exercise 4.3.2 Find formulas that satisfy the following properties.

a) A logical interpretation satisfies the formula if and only if it interprets the
sort ¢ as a set that has exactly one element.

b) A logical interpretation satisfies the formula if and only if it interprets the
sort t as a set that has at most two elements.

Exercise 4.3.3 Let x: (, ¥ : (, z: (, and f : 10 be different variables. Say for each
of the following formulas what it means that a logical standard interpretation
satisfies it.

a) fx—fy

b) x+y - fx - fy - fz

Why is the meaning of the formulas not obvious for logical interpretations that
are not standard?

Exercise 4.3.4 Let U : (00)o be a variable and 7 be a logical interpretation that
satisfies the formulas U(Ax.T) and V fx. Uf — fx.

a) Is the function 7U uniquely determined?
b) Can you describe the function 7U explicitly?

Exercise 4.3.5 Let U, E : (00)o be variables. Find formulas that employ no other

constants but 1, T, =, —, and =(4¢)¢0 and satisfy the following properties. Take

Exercise [4.3.4] for inspiration.

a) An interpretation satisfies the formula if and only if it interprets U as the
universal quantifier at .

b) An interpretation satisfies the formula if and only if it interprets E as the
existential quantifier at o.
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Exercise 4.3.6 STT comes with a redundant set of constants.

a) Specify 1, -, T, Vg, 35, A, V, and — just using the identities =,. That is,
find terms that use no other constants but identities and that every logical
interpretation evaluates to the values the listed constants are evaluated to.

b) Assume — and V, and specify =.
Hint: Review Chapter

4.4 Specification of the Natural Numbers

STT provides a fair collection of logical operations but comes without the nat-
ural numbers. We will now show that STT can specify (i.e., express) the natural
numbers for standard interpretations. The specification will use ideas that first
appeared in 1889 in Peano’s axiomatization of the natural numbers [53]. Read
the article Peano axioms in Wikipedia to know more.

We start from infinite graphs of the form o—o—o— - - . which we call chains.
Each chain is a faithful representation of the natural numbers: The initial node
is 0, the successor of the initial node is 1, and so on. We formalize chains as
follows.

A chain is a triple (N, 0, S) such that N is an infinite set,0 € N, S € N — N, and
N = {0,50,5(50),...}. We call o the origin and S the successor function of the
chain.

Here are two examples for how we can construct a chain:

1. N=N, 0=0, S=AneN.n + 1.

2. N=1{0,{0}, {{0}},...}, o=0, S=AneN.{n}.

The definition of chains is not in a form that can be expressed in simple type
theory. Thus we need an equivalent characterization of chains that can be ex-
pressed in simple type theory. Given a function f € X — X, we callaset P € X

f-closed if fx € P whenever x € P. Given a chain, a set of nodes is S-closed if
and only if it is closed under reachability.

Proposition 4.4.1 Let o € N and S € N — N. Then (N,o0,S) is a chain if and
only if o ¢ Rans§, S is injective, and P = N for every S-closed set P < N that
contains o.

Proof We can picture (N,0,S) as a graph. Since S is a function N — N, every
node has exactly one outgoing edge. The condition o0 ¢ RanS means that o has
no incoming edge, and injectivity of S means that every node has at most one
incoming edge. Hence we know that the nodes reachable from o yield a chain.
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The third condition makes sure that there are no nodes that are not reachable
from o. -

The new characterization of chains translates directly into STT. We fix a sort N
and names o : N and S : NN and obtain the formula chain as the conjuction of
three formulas:

1. Vx. Sx=*o0

2. Vxy. Sx=Sy — x=y

3. Vp. po - (Vx. px - p(Sx)) - (Vx.px)

We say that the formula chain specifies chains and refer to the three subformulas
of chain as the axioms of the specification.

Proposition 4.4.2 A logical standard interpretation 7 satisfies the formula chain
if and only if (IN,70,7S) is a chain.

The third axiom of chain is known as the induction axiom since it justifies
natural induction: To show that a property p holds for all numbers, show that it
holds for 0 and that it holds for x + 1 whenever it holds for x € N.

Given o and S, it is easy to specify addition. We choose a name + : NNN and
specify addition by the conjunction of two formulas:

1. Vy.o+y =y
2. Vxy. Sx+y=x+Sy

The formulas specify addition by induction on the first argument. The specifica-
tion exploits that every natural number has either the form o or Sx, and that we
can express the sum Sx + y as the sum x + Sy whose first argument is smaller
(i.e., closer to the origin). From the perspective of programming, one would say
that one has defined a procedure for addition that computes by recursion on
its first argument. Inductive definitions have been used in mathematics for a
long time. They are also fundamental for programming, where one speaks of re-
cursive definitions (i.e., recursive procedures, recursive data types). In case you
don’t feel comfortable with inductive definitions, get yourself acquainted with
functional programming. (There are plenty of textbooks, ML and Haskell are the
most popular languages.)

Given addition, we can write a term leq : NNo that evaluates to a predicate
that tests whether its first argument is less or equal than its second argument:

leq := Axy.dz.x+z=y

Now we can write a term finite : (No)o that evaluates to a predicate that tests
whether a set of natural numbers is finite:

finite := Ap.IxVy.py —leqy x
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Exercise 4.4.3 (Multiplication) Specify multiplication - : NNN using addition.

Exercise 4.4.4 (Order) Specify the less-or-equal predicate <: NNo for natural
numbers in three different ways:

a) Inductively using Vy.
b) With 3y using addition.
¢) With Vy, quantifying over S-closed sets.

Exercise 4.4.5 (Induction Axiom) From the proof of Proposition d.4.1lyou know
that the induction axiom in the specification of chains is needed to exclude nodes
that are not reachable from the origin (so-called junk nodes).

a) Draw examples of graphs that satisfisfy the first and second axiom for chains
but contain junk nodes.

b) The induction axiom can be replaced by other formulas. One possibility is
Vp.dp — (Vx.p(Sx) — px) — p0. Draw pictures to understand what sets
of nodes this formula excludes.

c¢) Can you think of other formulas that can replace the induction axiom?
d) Explainwhy Vp. (Vx.p(5x) — px) — p0 cannot replace the induction axiom.

Exercise 4.4.6 (Finiteness) Let f : 0o be a variable.

a) Find a term injective : (00)o such that a logical standard interpretation sat-
isfies the formula injective f if and only if it interprets f as an injective func-
tion.

b) Find a term surjective : (0o)o such that a logical standard interpretation
satisfies the formula surjective f if and only if it interprets f as a surjective
function.

c¢) Find a formula finite that is satisfied by a logical standard interpretation if
and only if it interprets the type o as a finite set. Hint: A set X is finite if and
only if every injective function X — X is surjective.

Exercise 4.4.7 Find an infinite set A of formulas such that every finite subset
of A has a standard model but A does not have a standard model.

Exercise 4.4.8 (Transitive Closure) Let R € X x X. The transitive closure of R is
Rt ={(x,¥) e XXX | VR € XxX: R transitive A R R’ = (x,y) €R'}.
In words we can say that R* is defined as the intersection of all transitive rela-
tions that contain R. One can show that R is the least transitive relation that
contains R.

In STT we represent relations as functions tto. Give a term TC : (tto)tto thatin
logical standard interpretations evaluates to a function that yields the transitive
closure of a relation. Use the variables x,y,z:tand v,v’ : uo.
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Exercise 4.4.9 (Termination) A binary relation R is terminating if there exists
no infinite sequence xg, X1, X2, ... such that (x,,x,+1) € Rforallm € N. Letr :
o oo be a variable. Find a term terminates : (0o 0)o such that a logical standard
interpretation satisfies the formula terminates+ if and only if it interprets v
as the characteristic function of a terminating relation. Do not use the natural
numbers. Hint: A relation R does not terminate if and only if there exists a
nonempty R-closed subset of Dom R.

Exercise 4.4.10 (Pairs) Let variables pair: ot«, fst: xo, and snd : &t be given.
Find a formula that is satisfied by a logical standard interpretation 7 if and only
if 7« is in bijection with the set 70 x 7T and pair, fst, and snd are interpreted as
the pairing and projection functions.

Exercise 4.4.11 (Lists) Let variables nil : «, cons : ocxx, hd: o, and tl : xx
be given. Find a formula that is satisfied by a logical standard interpretation if
and only if & represents all lists over ¢ and nil, cons, hd, and tl represent the list
operations. Make sure « contains only elements that are reachable from nil by
finitely many applications of cons.

4.5 Validity, Satisfiability, Logical Equivalence

A formula is valid if it is true in every logical interpretation, and satisfiable if it
is true is some logical interpretation. A formula is unsatisfiable if it is not satis-
fiable. Valid formulas express logical laws (e.g. =—x = x). A satisfiable formula
expresses a fact that is true in at least one logical interpretation. An unsatisfiable
formula expresses a statement that is false in every logical interpretation (e.g.,
X = X).

Proposition 4.5.1 A formula s is valid iff its negation —s is unsatisfiable.

Valid formulas express properties of the logical operations. Since we can
specify domains like, for instance, the natural numbers with formulas, we can
express properties of specifiable domains as validity properties. For instance,
take the formula chain, which specifies the natural numbers, and a formula s
that expresses some property that involves the natural numbers. We know the
following:

1. If the formula chain — s is valid, s is true in every standard model of chain.
2. If the formula chain — —s is valid, s is false in every standard model of chain.

3. Up to representation a standard model of chain interprets N as the set of
natural numbers, o as zero, and S as the successor function AneN. n + 1.
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Thus, if we have an algorithm that verifies the validity of formulas, we can use
this algorithm to verify properties of the natural numbers.

A formula is weakly wvalid if it is true in every standard model. Clearly, every
valid formula is weakly valid. On the other hand, we will show in §[10.2] that
there are weakly valid formulas that are not valid.

Two terms are logically equivalent if they have the same type and evaluate to
the same value for every logical interpretation. Note that semantically equivalent
terms are always logically equivalent. Logic equivalennce reduces to validity.

Proposition 4.5.2 Let s and t be terms of the same type. Then s and t are logi-
cally equivalent iff the formula s = ¢ is valid.

Proposition 4.5.3 Logic equivalence is a compatible and stable relation on terms.
Exercise 4.5.4 Find an unsatisfiable formula sx such that 3s is satisfiable.
Exercise 4.5.5 Find an unsatisfiable formula sx=+tx such that s+t is satisfiable.

Exercise 4.5.6 Find a satisfiable formula that has no free variable and is not
valid.

Exercise 4.5.7 Find terms that are logically equivalent but not semantically
equivalent.

Exercise 4.5.8 Argue the semantic equivalence of the formulas V f and Vx.fx.

Exercise 4.5.9 Determine for each of the following statements whether it is true
or false. If the statement is false, give a counterexample.

a) Either s is satisfiable or —s is satisfiable.

b) Either s is valid or —s is valid.

¢) Either s is valid or —s is satisfiable.

d) If s and ¢ are valid, then s A t is valid.

e) If s and t are satisfiable, then s A t is satisfiable.

f) If s At is satisfiable, then both s and ¢ are satisfiable.

g) If s v t is satisfiable, then s is satisfiable or t is satisfiable.
h) If s v t is valid, then s is valid or t is valid.

i) If s — t is satisfiable and s is satisfiable, then t is satisfiable.
j) If ds is satisfiable, then sx is satisfiable if x not free in s.
k) If Vs is satisfiable, then st is satisfiable.
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1) If Vs is valid, then st is valid.
m) If st + su is satisfiable, then t # u is satisfiable.
n) If s # t is satisfiable, then s and —t are satisfiable or ¢ and —s are satisfiable.

o) If s + t is satisfiable, then sx =+ tx is satisfiable if x that is not free in s # t.

Exercise 4.5.10 Express validity in terms of logic equivalence and logic equiva-
lence in terms of validity.

4.6 Propositional Logic

Propositional logic is a straigthforward logic that has numerous applications in
Computer Science. We will obtain propositional logic as a subsystem of simple
type theory. The formulas of propositional logic are obtained with the proposi-
tional constants L, T, =, A, V, —, = and variables of type 0. With propositional
formulas one can express the de Morgan Law —(x A y) = =x v =y for conjunc-
tion and the Contraposition Law x — y = =y — —x for implication. We give a
rigorous definition of propositional formulas as formulas of simple type theory.

Definition. A propositional variable is a variable of type 0. A propositional for-
mula is a A-free formula where every free name is either a propositional variable
or a propositional constant. A tautology is a valid propositional formula.

The de Morgan Law and the Contraposition Law stated above are examples of
equational tautologies. Peirce’s Law ((x — y) — x) — x is an example of a
nonequational tautology.

Proposition 4.6.1 A formula is propositional if and only if it can be obtained
with the grammar s :=x | L | T| s|sAs|sVvs|s—s|s=swhere x ranges
over propositional variables.

When we evaluate a propositional formula, we only need to know the values
of the propositional variables occurring in the formula. Thus to determine the
satisfiability and validity of a formula s, there is no need to consider full-blown
logical interpretations. Rather it suffices to consider the functions Vs — {0, 1}.
Since Vs is finite, there are only finitely many such functions, and thus satisfia-
bility and validity of propositional formulas are decidable. In fact, satisfiability
of propositional formulas is the canonical NP-complete problem.

Proposition 4.6.2 Satisfiability of propositional formulas is NP-complete.
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4.7 First-Order Predicate Logic

First-order predicate logic extends propositional logic by adding the quantifiers
V« and 3, the identities =4, and variables of type «; ... &, S where n = 0. Recall
that B ranges over base types and « ranges overs sorts (all base types but o).
What makes first-order predicate logic first-order is the fact that quantifiers and
identities are only available for sorts, and that functional variables can only have
sorts as argument types. The first and the second axiom of the specification of
chains are formulas of first-order predicate logic. The third axiom is not since it
quantifies over a function type xo.

Definition. A first-order variable is a variable whose type has the form «; ... &,
where n > 0, o, ..., &, are sorts and B is a base type. A first-order formula is a
formula s that can be obtained with the grammar

x ::= first-order variable
ti=xt...t

Su=t|L|T|S|sAS|sVS|s—s|s=s|t=qt]| Vyx.s]|Ixx.S

where « ranges over sorts. Note that the pattern xt ...t subsumes x, and hence
first-order variables are terms of category t. Also note that the grammar only
generates typed terms. Every first-order formula is S-normal since abstractions
can only appear as arguments of quantifications.

An example of a first-order formula is (-Vx.px(fx)) = Ax.—px(fx) where
x ., f:u, and p : wo are first-order variables. The induction axiom of §[4.4l
is not first-order since it contains the higher-order quantifier Vy,. There are
formulas that contain neither quantifiers nor identities and are not first-order.
An example is x A px.

A first-order formula is pure if it is relational and identity-free. Note that a
first-order formula is relational if and only if it contains no variables of a type
o1 ... Xpx where n > 1. A first-order constant is either a propositional constant
or one of the constants =4, V4, 3« Where « ranges over sorts. A first-order name
is a first-order constant or a first-order variable. A first-order term is a A-free
term s such that the type of s is a sort and every name that occurs in s is a
first-order variable.

Exercise 4.7.1 Give a f-normal formula that contains only first-order names but
is not first-order.

Exercise 4.7.2 The following formulas are all valid. For each formula determine
the types of the occurring variables. Moreover, decide for each of the formulas
whether it is propositional and whether it is first-order. For first-order formulas
also decide whether they are pure.
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a) f(f(fx)) - fx

b) Vaxy.x=y - y=x

0 (Vax. fx ngx)= (Vax. fxX) AN (Vay. gy)
d) (Vax. fx Agx)=(Vaf) A (Vxg)

e) x=qy =Vf. fx— fy

f) dx.x

Exercise 4.7.3 Find a first-order formula that is logically equivalent to f =g g.

Exercise 4.7.4 Find a propositional formula that is logically equivalent to the
higher-order formula Vp. pxy v -pxy.

4.8 Remarks

Simple type theory originated in 1940 with Church [20]. Ten years later
Henkin [35] introduced nonstandard interpretations and showed that Church’s
proof system can prove exactly the valid formulas. A textbook covering sim-
ple type theory is Andrews [3]. Simple type theory is a prominent example of
a higher-order logic. There are higher-order logics with more expressive type
systems [8]. Simple type theory provides the logical base of the proof assistants
Isabelle [52] and HOL [34].

The usual accounts of first-order logic and type theory (e.g., Andrews [3])
distinguish between logical constants, nonlogical constants, and variables. In
contrast, we just have logical constants and variables. Our variables act both as
nonlogical constants and as variables in the proper sense. Given a term, its free
variables act as nonlogical constants and its bound variables act as variables in
the proper sense. The unification of nonlogical constants and variables simplifies
the semantic definitions.
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In Chapter [3] we learned how to write (simply typed) terms. In Chapter @] we
learned how to give these terms meaning using logical interpretations. In this
chapter we will begin learning to reason deductively. The process of reasoning
we introduce will be mechanical and will apply only to syntax (terms). On the
other hand, we must take care that the reasoning process respects semantics
(logical interpretations).

Formulas (terms of type o) are interpreted either as 0 (false) or 1 (true) in
any logical interpretation. A formula can either be valid (1 in all logical inter-
pretations), satisfiable (1 in some logical interpretation), or unsatisfiable (1 in no
logical interpretations). Suppose we want to determine a formula s is valid. We
could introduce a proof system for validity. On the other hand, s is valid if and
only if —s is unsatisfiable. For this reason we can instead give a proof system
for unsatisfiability. Accordingly we will define a tableau refutation calculus for
finite sets of B-normal formulas A. In order for the calculus to correspond to the
semantics, we must establish two facts:

Refutation Soundness: If A is refutable, then A is unsatisfiable. (In particular,
if —s is refutable, then s is valid.)

Completeness: If A is unsatisfiable, then A is refutable. (In particular, if s is
valid, then —s is refutable.)

Refutation soundness will be easy to justify since it will follow from soundness
of each rule. Completeness will be more challenging.

In this chapter we will focus on tableaux for the propositional fragment of
simple type theory. Propositional formulas are formulas where the only free
names are propositional constants (L, T, =, V, A and =) and variables of type
0. There is an easy naive algorithm for deciding satisfiability of a propositional
formula: Consider each possible assignment of values 0, 1 to each variable p : o
that occurs in the formula. The formula is satisfiable if and only if one of these
assignments leads to evaluating the formula as 1. Satisfiability of propositional
formulas (SAT) is a well-known example of an NP-complete problem. In fact,
SAT was the first problem shown to be NP-complete [21]. Since satisfiability is
decidable, validity and unsatisfiability are decidable as well.

Tableaux will consider a different algorithm for deciding unsatisfiability of
finite sets of propositional formulas. Tableaux will scale to larger fragments of
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simple type theory.

5.1 An Example: Peirce’s Law

Let us consider an interesting formula called Peirce’s Law:
(p—-a)—-p)—-p

Here we assume p, g : o are (distinct) names. We can argue that Peirce’s Law is
valid by considering logical interpretations.

Let 7 be any logical interpretation. The interpretation 7(—) of implication
must be the function in B — B — B such that

H—)ab - {O ifa=1landb =0

1 ifa=0orb=1
for a, b € B. The following proposition is obvious.

Proposition 5.1.1 For any formulas s and t and any logical interpretation 7:
If7es—t,then7etor7eE —s.
If7=—-(s—1t),then? = sand?7 = —t.

Assume Peirce’s Law were not valid. Then there must be some logical inter-
pretation 7 such that

7= ~(((p—-a)—p)—rp).

Consequently,
TEp

and

1=((p—q) —p.

Hence either 7 = p or 7 = —=(p — q). We cannot have 7 = p since this contradicts
7 = —-p. So we must have 7 = =(p — q). This means 7 = —g and 7 = p, which
again contradicts 7 £ —p. Therefore, there can be no such logical interpretation
7. In other words, Peirce’s Law is valid. We summarize this argument in the
form of a tree in Figure 5.1l This tree is our first example of a tableau. The root
of the tree contains the negation of Peirce’s Law. Each child node represents a
consequence of its ancestors. We represent the case split by splitting the main
branch into two branches.
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“(((p—q)—p)—p)
(p—a)—vp
p
-(p —q)
14 p
-q

Figure 5.1: Tableau for Peirce’s Law

s—t (s - t) -s, s
T, — 7.
t|—s s, t

Figure 5.2: Tableau rules for implication

5.2 Tableau Rules: Implication

A branch is a finite set of f-normal formulas. We sometimes refer to a single
formula s as a branch, by which we mean the singleton branch {s}. Note that
Figure [5.1] contains two branches. The construction of the tableau in Figure 5.1]
starting from the branch containing only the negation of Peirce’s Law requires
the three rule schemas shown in Figure[5.2] These are the first three rule schemas
of what will be our tableau refutation calculus TaS for simple type theory. The
remaining rules will be given throughout the chapter.

Each branch in Figure[5.1lis clearly unsatisfiable because each branch contains
both p and —p.

In general, a tableau rule (or rule) is a tuple (A, Ay, ..., A,) of branches with
n > 0 such that A ¢ A; for each i € {1,...,n}. We can also write this tuple in
the form
A
Ay ‘ ‘An

We refer to A as the head of this tableau rule and refer to each A; as an alterna-
tive of the rule. If n > 2 we say the rule is branching.

We usually indicate a certain set of tableau rules by giving a rule schema. For
example 7. in Figure[5.2]is the set of rules (A, A1, A>) where for some s,t: 0 we
haves -t € A/t ¢ A ~s¢ A A1 = Au {t} and A» = AU {—-s}. We say a rule
applies to A if A is the head of the rule.

From an operational point of view, the tableau rule 7. can be applied to A
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whenever s — tisin A, t ¢ A and —s ¢ A. Applying 7_. in such a situation yields
two branches Au {t} and A U {—s}.

While schemas like 7. and 7-_ are technically sets of rules, we will often
refer to them simply as rules.

A tableau calculus is given by a set of tableau rules. Relative to a tableau
calculus, we say a branch A is closed if (A) is a rule in the calculus. 7- is an
example of such a rule and explains technically why we can say both branches of
the tableau in Figure [5.I] are closed. If a branch is not closed, we say it is open.
A branch is maximal if it is either closed or no rule applies to it.

Given a tableau calculus 7 we can define the set of 7 -refutable branches
inductively.

If (A,Aq,...,Ay) is arule in 7 and A; is 7 -refutable for all i € {1,...,n},
then A is 7 -refutable.

(The base case of this inductive definition is when n = 0.) We will simply say
refutable when the tableau calculus 7T is clear in context.

We will often consider fragments of the full language. A fragment F is simply
a set of B-normal terms. An F-branch is a branch that only contains formulas
from F. We refer to the set of all f-normal terms as the full fragment.

We can now define soundness and completeness of a tableau calculus 7 rel-
ative to a fragment F.

Refutation Soundness: 7 is refutation sound with respect to F if every

refutable F-branch is unsatisfiable.

Completeness: 7 is complete with respect to F if every unsatisfiable F-

branch is refutable.
We can also define a related notion.

Verification Soundness: 7 is verification sound with respect to F if every

maximal open ¥ -branch is satisfiable.

A tableau rule is sound if either A is unsatisfiable or A; is satisfiable for some
i e {l,...,n}. (When n = 0, this simply means that A is unsatisfiable.) We
will only consider sound tableau rules. Most tableau rules will satisfy a stronger
property: If 7 = A, then 7 £ A; for some i € {1,...,n}.

Proposition 5.2.1 Let R be a tableau rule

A
Al""‘An

Suppose for any logical interpretation 7, if 7 = A, then 7 = A; for some i €
{1,...,n}. Then the rule R is sound.

Exercise 5.2.2 Prove Proposition [5.2.11
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-((q—-p)—p)

Figure 5.3: Tableau with a maximal open branch

Exercise 5.2.3 a) Is the tableau rule (@) sound?

b) Let A be a branch. Let s : 0 be such that s ¢ A and —s ¢ A. Is the tableau rule
(A, AU {s},AuU {—s}) sound?

Exercise 5.2.4 Let (A, Ay,...,Ay) be any tableau rule. Argue that if A; is satisfi-
able for some i € {1,...,n} then A is satisfiable. (Hint: It is extremely easy.)

A set of rules is sound if every rule in the set is sound. Soundess of the rule
sets 7. and 7-_. follow from Propositions and

Exercise 5.2.5 Prove soundness of the rule set 7- using Proposition[5.2.1]

Proposition 5.2.6 Let 7 be a tableau system. If every rule in 7 is sound, then 7
is refutation sound with respect to the full fragment.

Proof Suppose sound tableau rules have been used to extend a branch A to
closed branches A;q,...,A,. If A were satisfiable, then there would be some i €
{1,...,n} such that A; is satisfiable, which is impossible since the rules defining
closedness are also sound. -

Since we will only include sound rules in our tableau calculi, all of our tableau cal-
culi will be refutation sound with respect to the full fragment. Hence our tableau
calculi will be refutation sound with respect to any fragment. Consequently, it
was not necessary to define refutation soundness with respect to fragments. On
the other hand, completeness and verification soundness will depend strongly
on the fragment in question.

We will primarily be interested in using tableaux to show unsatisfiability of a
branch A. In some special cases we will be able to use tableau to show satisfiabil-
ity of a branch A. Consider the formula (q — p) — p. To show that this formula
is not valid, we must find a logical interpretation 7 such that7 = = ((q — p) — p).
Consider the tableau in Figure [5.3l The right branch is a maximal open branch.
Note that any interpretation 7 such that 7p = 0 and 7gq = 0 will satisfy all the
formulas on the right branch, including —=((q — p) — p).
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-T —S, S —-s SAt (s AL)
T, — Ty — T S— " L
S s, t -s | ot
svit —(svi) s—t (s —t)
Ty Ty ——— T. T, ———
st —s, ot t|-s s, —t
s=t -(s=t)
TBQ - TBE -
s,t|—s,—t s,—t|t,s
Figure 5.4: Propositional tableau rules (TaP)

5.3 Tableau Rules: Propositional Connectives

We have given enough rules to reason about formulas that only involve implica-
tion and variables of type o. In this section we give rules which suffice to reason
about formulas using the propositional constants 1, T, 7, V, A and =. The rules
for L are given by

T, =

That is, any branch containing 1 is closed.

We have already given a rule schema 7- involving negation. This is not yet
enough to completely reason about negation. For example, we cannot yet refute
the unsatisfiable formula —— 1. Just as 7-_. applies to negated implications, we
will need rules for reasoning about negations in front of each logical constant.
In particular, we need a rule for a negation in front of a negation.

-1

T--

K

For the remaining propositional connectives, there is one rule for the connec-
tive and one rule for a negation in front of the connective. These rules (along
with all previous rules) are summarized in Figure 5.4l These rules define our
tableau system TaP for propositional logic. We will soon show this tableau sys-
tem terminates, is verification sound and is complete. This implies TaP gives a
decision procedure for propositional logic.

Exercise 5.3.1 For each of the rules in Figure[5.4] give true statements analogous
to the statements in Proposition [5.1.1] so that soundness of each rule schema
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avc
“(bnad)
c—d
-(b —a)
b,—a

a -d
b d -c

Figure 5.5: Tableau refutation

follows from Proposition [5.2.11 For example, the statement corresponding to the
T, rule is:

If7esaAnt,thenZ7Ee=sand 7 = t.

Consider the following example. Fix distinct variables a, b, c,d : 0. We infor-
mally associate these variables with four sentences.

a means “Alice is happy.”
b means “Bob is happy.”

¢ means “Carol is happy.”
d means “Dave is happy.”

Suppose either Alice or Carol is happy: a v c. Suppose Bob and Dave cannot both
be happy: = (b A d). Finally suppose Dave is happy whenever Carol is happy:
¢ — d. The tableau refutation in Figure demonstrates that Alice is happy
whenever Bob is happy: b — a. That is, the branch witha v ¢, - (b A d),c - d
and —(b — a) is unsatisfiable.

Exercise 5.3.2 Let a, b, ¢ : 0 be variables. Give tableau refutations of the follow-
ing branches.

a) axa

b) {a=b,b=a}

c) fa=b,b=c,a #c}

d (anb-c)#(a—-b-c)
e) (a—Db)=(=b—-—a)

f) ~(anb)#-av-b

g) ~(avb)#-an-b

h) =((a - b) v (b — a))
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5.4 Termination

Given a tableau system 7 and a fragment F, a 7 -F-chain is a finite or infinite
sequence of F-branches
AgSAIGA G- -

where for each i there is some rule in 7" with A; as its head and A;.; as one of
its alternatives. We will simply say chain when 7 and ¥ are clear in context. The
notion of a chain allows us to define termination.

Termination: 7 is terminating with respect to F if there is no infinite chain.

Completeness follows from termination and verification soundness.

Lemma 5.4.1 Suppose 7 is a tableau system that is terminating and verification
sound. If a branch A is unsatisfiable and not refutable, then there is some branch
A’ where A’ is not refutable and some rule in 7" with A as head and A’ as an
alternative.

Proof A is not closed since it is not refutable. A is not a maximal open branch
since it is unsatisfiable and 7 is verification sound. Hence some rule in 7 has
the form (A, Aq,..., Ay) with n > 1. If A; were refutable for every i € {1,...,n},
then A would be refutable. Hence there is some i € {1,...,n} such that A; is not
refutable. Choose A’ to be this A;. -

Proposition 5.4.2 Suppose 7 is a tableau system that is terminating and verifi-
cation sound. Then 7 is complete.

Proof Let A be an unsatisfiable branch. Assume A is not refutable. We will
inductively construct an infinite chain

Ay GAI GA S -

contradicting termination. We will further ensure that each A, is unsatisfiable
and not refutable. Let Ag be A. Assume we have

A)GAIGA G- S Ay

Since A, is unsatisfiable and not refutable, we can apply Lemma to obtain
Ay .1 which is unsatisfiable (since A,, & A, +1) and not refutable and such that

A)GAIGA G- S Ay S Apn

is a chain. We inductively obtain an infinite chain, contradicting termination. g
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We will now show TaP terminates (on the full fragment). For the termination
proof it helps to define a finite superset of a branch A that none of the TaP rules
can escape. For this reason, we define the subterm universe SU(A) of a branch
A to be the set

{s|s :01is a subterm of some t € A} U {—s|s :0 is a subterm of some t € A}

Clearly A < SU(A).

Exercise 5.4.3 Let A be a branch. Argue that each rule (A, A1,...,A,) in TaP is
such thatif A’ =< SU(A), then A; c SU(A) foralli € {1,...,n}.

We now show TaP terminates.

Proposition 5.4.4 TaP terminates.

Proof Suppose there were an infinite chain
Ay GAI GA S -
Clearly Ag = SU(Ag). By Exercise [5.4.3lwe know A; = SU(Ag). Hence we have
Ao G A1 €A & ---cSU(Ao)

This is impossible since SU (Ag) is finite. -

5.5 Propositional Examples

In this section we give the construction of several tableau refutations in full
detail. The reader should understand how the final tableau in each example is
constructed and why every branch in the final tableau is closed.

Example 5.5.1 We refute the following branch:

a—-cAd
—-C
a

The rule 7. applied to a — ¢ A d gives

a—-cAd
le
a
cnd -a
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5 Propositional Tableaux

We apply 7, to ¢ A d and obtain

a—-cnd
-c
a
cnd
c -a
d

Example 5.5.2 We refute the following branch:

anb—-cnad
—|(—|C — 1AV —|b)

The rule 7-_. applied to = (—¢c — —a Vv —b) gives

aAb-cAd
-(—¢c - —a Vv —b)
-C
—(—a Vv —b)

We apply 7-v to = (—a Vv —b) and obtain

anb-cnad
-(—¢c — —a Vv —b)
-C
-(ma Vv ~b)
——a

_|_|b
Applying 7_. to a A b — ¢ A d we obtain

anb—-cnad
—(=c —» na v —b)
e
—(—a Vv —b)
-a
—=b
cAd | ~(aAb)
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The rule T, applied to ¢ A d gives

aAb-cAd
-(—¢c - —a Vv —b)
ls
—(—a Vv —b)
—a
-=b
cnd
c —(a ADb)
d

We apply 7-, to =(a A b) and obtain

anb-cAd
—(—-c - naVv —b)
-c
=(—a Vv —b)

1
—\—|b
ng ~(a A D)

Example 5.5.3 We refute the following branch:
an(a—-b)zaArb
The rule T3 applied to a A (a — b) £ a A b gives

an(a—-b)zanhb

an(a->b) anb
—(anb) =(an(a-D>b))

We apply T, to a A (a — b) and obtain

an(a—-b)zanhb

an(a-Db)
—(aAnb) aAb
a —(a A (a—Db))
a—>b

2009/8/2
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Applying 7_. to a — b we obtain

an(a—-b)zanbhb

an(a->b)

—(a A b)
a
a—Db

b —a

The rule 7-, applied to —(a A b) gives

anb

—(an(a—-Db))

an(a—-b)zanbhb

an(a—->b)
—(a ADb)
a
a—-Db

b
-a -b

-a

We apply 7, to a A b and obtain

anb
—(an(a-Db))

an(a—-b)zanbhb

an(a—->b)
—(a Ab) anb
a —(an(a—Db))
a—-Db a
b b
-a ‘ -b o4
Applying T-, to =(a A (a — b)) we obtain
an(a—-b)zanb
an(a-D>b)
~(anb) anb
—(a A (a— b))
a
a—-Db a
2 b
— T3 -a —a | -(a-Db)

64
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The rule 7-_. applied to —(a — b) gives

5.5 Propositional Examples

an(a—-b)zanhb

aAn(a-—-D>b) anb
—(a ADb) —(aA(a—-Db))
a a
a—-Db b
b a a -(a - Db)
-a -b -b
Example 5.5.4 We refute the following branch:
a—-bx-avhb
The rule T3 applied to a — b = —a Vv b gives
a—-bx-avhb
a—>b —avVvb
—(—aVv b) -(a—Db)
We apply 7-v to =(—a Vv b) and obtain
a—-bx-avhb
a—>b
- (—ma Vv b) —aVvb
-b
Applying T_. to a — b we obtain
a—-bx-avhb
a—>b
—|(—|a;/lb) —aVvbhb
b -(a - b)
b -a
The rule 7-_. applied to —(a — b) gives
a—-bx-avhb
a—Db
~(=avb) —aVvbhb
—(a — b)
A a
-b
b -a b

2009/8/2
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We apply 7, to —a Vv b and obtain

a—-b#x-avhb

a—-Db —aVvb

-(ma Vv b) -(a — b)
——a a
-b -b

b ‘ -a —a ‘ b

Example 5.5.5 We refute the following branch:

a=-b
a=b
The rule T3, applied to a = b gives
a=-b
a=b
a -a
b -b
We apply T3, to a = —b and obtain
a=-b
a=b
a
b -a
—a -b
-b
_|_\b
Applying Ty, to a = —b we obtain
a=-b
a=b
a a
b b
-a
— _|_|b
b —p a
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5.6 Completeness of the Implication Fragment

5.6 Completeness of the Implication Fragment

Let TaP_. be the tableau system given by the rules 7., 7-_., 7-- and 7-. We
define the set PropImp of propositional implication formulas by the grammar

su=p | s | s—s

p : 0 is avariable

In this section we will prove the following completeness result.

Theorem 5.6.1 (Restricted Propositional Completeness)
1. TaP. is verification sound with respect to PropImp.

2. TaP. is complete with respect to PropImp.

By Proposition [5.4.4] we know TaP_ terminates. Hence by Proposition
part (2) of Theorem follows from part (1). We dedicate the rest of this
section to proving part (1).

To prove the verification soundness we must construct an interpretation. Re-
call our attempt to refute —=((q — p) — p ending with the tableau in Figure [5.3]
The right branch

A={=((g—-p) —-p)@-rp),p q}

is open and maximal. Is A satisfiable? In other words, is there a logical interpre-
tation 7 such that 7 £ A? Yes, as mentioned above, any logical interpretation 7
such that 7p = 0 and 7q = 0 will satisfy A. We can use a similar idea to prove
the following general result.

For any set A of formulas and logical interpretation 7 we say 7 respects A if

4y [ 1 ifpeA
P=l0 ifpea

for all variables p : 0. The following proposition is obvious.

Proposition 5.6.2 For any set A there is a logical interpretation 7 which respects
A.

Suppose 7 respects A. Clearly 7 = p for names p € A. We cannot in general
conclude 7 = A (i.e.,, 7 £ s for all s € A). However, we will soon define a property
of sets A of formulas which will guarantee 7 = A if A contains only PropImp-
formulas.

We define the following evidence conditions of a set A of formulas:

- If -s € A, then s ¢ A.
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5 Propositional Tableaux

E.. If -—s€ A, thens € A.
E.Ifs—-teA then—-se€Aortc A.
F._. If=(s—t)e A thens € Aand —t € A.

We say a set A of formulas is PropImp-evident if it satisfies these four evidence
conditions. (For the rest of this section we will simply say evident for PropImp-
evident.)

We will prove two lemmas.

Lemma 5.6.3 Let A be a branch. If A is open and maximal with respect to TaP_,
then A is evident.

Lemma 5.6.4 Let A be an evident set of formulas and 7 be a logical interpretation
which respects A. For all s € PropImp, we have the following:

1. If s € A, then 7s = 1.

2. If -s € A, then 7s = 0.

The first part of Theorem [5.6.1] follows from these two lemmas. Suppose A
is open and maximal. Let 7 be a logical interpretation which respects A. By
Lemma [5.6.3]it is evident. By Lemma[5.6.4]7 = A. Hence A is satisfiable.

We now prove the two lemmas. The proof of the first lemma is very easy.

Proof (Proof of Lemma [5.6.3) We verify each of the four properties.
- Assume Z- does not hold. Then {s, -s} = A for some formula s. In this case
T- applies and A is closed, contradicting our assumption.

E-- Assume F-- does not hold. We must have -—s € A and s ¢ A. In this case
T--, applies, contradicting our assumption that A is maximal.

. Assume Z_ does not hold. We must have s -t € A, s ¢ Aandt ¢ A. In
this case 7_. applies, contradicting our assumption that A is maximal.

F__ Assume Z-_ does not hold. We must have = (s — t) € A and {s, ~t} ¢ A.
In this case 7-_ applies, contradicting our assumption that A is maximal.

The proof of the second lemma is by mutual induction on s € PropImp. That
is, we will prove both parts of the lemma at the same time, and we are allowed
to use the induction hypothesis from either part if the formula is smaller.

Proof (Proof of Lemma[5.6.4) We need to prove for every s € PropImp the two
properties hold:

(1) If s € A, then 7s = 1.
(25) If =5 € A, then 7s = 0.
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There are three kinds of formulas in PropImp: variables p, negations —s and
implications s — t. We consider each case.
For the base case of the induction we consider a variable p € PropImp.

(1p): Assume p € A. We must prove 7p = 1. This is trivial since 7p was defined
to be 1.

(2p): Assume —p € A. We must prove 7p = 0. By Z- we know p ¢ A. By
definition 7p = 0.
Next we consider —s € PropImp. Our inductive hypothesis is that both (1)

and (25) hold.

(1-5): Assume —s € A. We must prove 7(—s) = 1. By (25) we know 7s = 0 and so
1(—s) = 1.

(2-5): Assume ——s € A. We must prove 7(—s) = 0. By £-- we have s € A. By
(15) we know 7s = 1 and so 7(—s) = 0.

Finally we consider s — t € PropImp. Our inductive hypothesis is that (1),
(25), (1¢) and (2¢) hold.

(1s—¢): Assume s — t € A. We must prove (s - t) = 1. By E_ either —s € A or
tcA If-secAthenis=0by(2)andso7(s —t)=1.Ift € Athen 7t = 1
by (1;) and so 7(s — t) = 1. In either case we have the desired result.

(25—¢) Assume —(s — t) € A. We must prove 7(s — t) = 0. By Z-_ both s € A
and -t € A. By (1) and (2;) we have Js=1and 7t = 0. Hence (s — t) = 0. u

5.7 Completeness of the Propositional Fragment
We define the set Prop of propositional formulas by the grammar

Ssus=p | L | T]|]s|s—>5|SAs|svs | s=s

p : 0 1is avariable

We can now state the completeness result we want to prove.

Theorem 5.7.1 (Propositional Completeness)
1. TaP is verification sound with respect to Prop.
2. TaP is complete with respect to Prop.

We will use the an interpretation 7 which respects A. We will also use two
lemmas. Since there are more tableau rules we need to expand our notion of
evident to include more evidence conditions.

We will say A is Prop-evident if the following 12 evidence conditions hold:
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E-, For all formulas s, s ¢ A or —s ¢ A.

E, 1¢A.

F-+ T ¢ A.

E-- If -—s € A, thens € A.

F_ Ifs—-te A then—-seAort e A.

F._. If=(s—-t)e A thens € Aand —t € A.
F, fsvte A, thense Aort € A.

F.y If =(svt) e A then -s € A and —t € A.
Fr, Ifsnte A thense Aandt € A.

Fn If=(sAt)e A then s € Aor -t € A.
Fpq If s=t € A, then {s,t} € Aor {—s,t} € A.
Tee If =(s=t) € A, then {s,—t} € Aor {-s,t} < A.

Note that this includes the four evidence conditions from the previous section.
For the remainder of this section we will simply say evident for Prop-evident.

Lemma 5.7.2 Let A be a branch. If A is open and maximal with respect to TaP,
then A is evident.

Lemma 5.7.3 Let A be an evident set of formulas and 7 be alogical interpretation
which respects A. For all propositional formulas s, we have the following:

1. If s € A, then 7s = 1.
2. If -s € A, then 7s = 0.

We can prove Lemmas [5.7.2] and [5.7.3] using the same techniques as Lem-
mas [5.6.3] and 5.6.41 We sketch the proofs and leave the reader to check the
details.

Proof (Proof of Lemma[5.7.2) £-,F,,F-+ since A is open.
E-- since T-- does not apply.

E_ since 7- does not apply.

E-._. since T-_ does not apply.

F, since T, does not apply.

F., since T-, does not apply.

F, since T, does not apply.

F., since T-, does not apply.

Fgq since Ty, does not apply.

Fge since Ty does not apply. -
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Proof (Proof of Lemma/[5.7.3) The proof is by induction on the propositional
formula s:

For variables p use E-.
For T use E--.

For 1L use E,.

For —s use E--.

For s — tuse Z_. and Z-_.
For s v t use E, and Z-..
For s At use E, and E-,.

For s = t use Eyq and Fpq. m

Finally, we can prove propositional completeness.

Proof (Proof of Theorem[5.7.1) The first part of Theorem [5.7.1] follows from
Lemmas and Suppose A is open and maximal. Let 7 be a logical
interpretation which respects A. By Lemma it is evident. By Lemma
7 = A. Hence A is satisfiable.

As with Theorem [5.6.1] the second part of Theorem [5.7.1] follows from the
first part and termination via Propositions [5.4.2] and [5.4.4 -

Implicit in the proof above is the fact that any search for a refutation will
either terminate with a refutation or with a satisfiable set of propositional for-
mulas extending the set we intended to refute. Consequently, we have a decision
procedure for propositional formulas.

5.8 Remarks
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6 Tableaux with Quantifiers

In Chapter 5]l we gave rules for the propositional logical constants and proved
the corresponding calculus is complete for propositional logic. In this chapter
we will give tableau rules for quantifiers V and 3. The given calculus will be
complete for pure first-order formulas. In the next chapter we will give the final
tableau rules for handling equality. Note, however, that we can already reason to
some degree with equality once we have quantifiers by using Leibniz equality.

6.1 Tableau Rules for Quantifiers

We will give a tableau system TaQ for quantifiers by including all of the tableau
rules from TaP (see Figure [5.4) and adding rules for quantifiers. In particular, a
branch A will be closed (with respect to TaQ) if and only if 1L € A, =T € A, or
{s,—s} < A for some s.

Letp:To, f:0T,x:0 and y : T be distinct variables. Consider the branch
Ap with two formulas: 3x.p(fx) and Vy.—py. Clearly A is unsatisfiable: Sup-
pose 7 were a model of Ag. Let P be 7p and F be 7f. Since 7 £ Ix.p(fx),
there must be some X € 70 such that P(FX) = 1. On the other hand, since
7 E Vy.mpy wemust have PY = 0 forall Y € 70. Choosing Y to be FX we have
a contradition.

How can we model this semantic argument using tableau rules? Suppose we
add p(fx) to the branch Ag to obtain

A1 =AU {p(fx)}
Next suppose we add —p(fx) to A; to obtain
Ar =AU {_‘P(fx)}

Since p(fx) and —p(fx) are in A,, A> will be closed. Our quantifier rules will
be such that (Ag, A1) and (A, Ap) are rules of TaQ. Hence Figure will be a
TaQ-refutation of Ayp.
Let us first consider the rule (A;, A»>) and the following schema.
Vos

— t:0
st
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6 Tableaux with Quantifiers

Ax.p(fx)
Vy.-py
p(fx)
—p(fx)

Figure 6.1: Tableau refutation with quantifiers

This schema indicates a set of rules including (A, A7) whenever Vys € A, t : O,
st ¢ Aand A’ is A U {st}. Is the rule (A1, A>) a member of this set of rules?
Recall that Vy.—py is notation for V+(Ay.—py). Hence the rule schema would
allow us to add (Ay.—py)(fx) to the branch A;. This would not yield A,, as we
desired. We instead would like to obtain the f-normal form —p(fx).

Let [s] denote Bis. Recall from Chapter[3]that Bis yields a f-normal form for
s which is unique up to ~,. Now we can give the appropriate rule schema 7v:

Ty E t:o
[st]

The reader should check that (A1, A>) in our example is in the set of rules given
by this schema. (Hint: The particular type o will be T.) Soundness of each rule
in Tv follows from Proposition[5.2.1] and the following fact:

For any logical interpretation, if 7 = Vs, then 7 = [st].

Next we turn to the rule (Ag, A;). Here we used the formula 3x.p(fx) to
justify adding p(fx) to the branch. The idea is that if there is some element
satisfying a property, then we can use the variable x to name such an element.
The correct rule schema 73 justifying this step is

dos

3 —— x:0 fresh
[sx]

We say a variable x is fresh for a set A if there is no term ¢t € A such that x is
free in t. Note that x is fresh in A so that (Ao, A1) is a rule generated by 73. We
say a variable x is free in a set A if there is a term t € A such that x is free in t.

Consider the following simpler (and incorrect) rule schema without the fresh-
ness condition:

Using this rule, we could refute the branch {3x.px, —-px} even though this
branch is clearly satisfiable. That is, one rule in the incorrect schema is (A, A")
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where A is {Ix.px, -px} and A’ is {Ix.px, ~px, px}. Since A is satisfiable
and A’ is unsatisfiable, we know that the rule (A, A”) is not sound. Since we only
want sound rules in our tableau system, we require the freshness restriction.

Is every rule in the schema 73 sound?

For all previous rules we have argued soundness by showing the stronger
property that a model of the head of the rule is also a model of one of the alter-
natives and applied Proposition [5.2.1l In this case we do not have this stronger
form of soundness. Consider the branch A = {3,p} where p : 10 and x : ( are
variables. Let 7 be a logical interpretation with 7t = {0,1}, 7x = 0, 7p0 = 0 and
Ip1 = 1. Clearly 7 = A. On the other hand, 7 # px.

Every rule given by 73 is sound, but this must be proven by returning to the
definition of soundness. A rule is sound if either the head is unsatisfiable or
one of the alternatives is satisfiable. Let (A, A U {[sx]}) be a rule given by 75
where 3,5 € A and x is fresh for A. Suppose the head A is satisfiable. Let 7 be
a logical interpretation with 7 = A. In particular, 7 = 3s. Consequently, there is
some a € 7o such that 7sa = 1. Since x is fresh for A, we can apply Coincidence
(Proposition 4. 1.2) to conclude ﬁ‘t =7t = 1forall t € A. Coincidence also
means that ﬁ‘(sx) = Jsa = 1. Therefore, 71X = AU {[sx]} and the alternative is
satisfiable, as desired.

As usual, we also have tableau rules for the negated version of the logical
constants.

VoS k= P
7" x:o0 fresh T3 7
—[sx] —[st]

Ty

Note the similarity between the schemas Ty and 7-3 as well as between the
schemas 73 and 7-vy. Combining these rules with the ones defining TaP, we
obtain a tableau calculus TaQ. All the rules defining TaQ are generated by the
schemas in Figure

Example 6.1.1 We often must apply 7v several times to the same formula with
different terms t. (The same is true for 75.) For a simple example of this, we
show the formula (Vx.px) — pa A pb is valid (where p : 0o and x,a,b : o are
variables) by refuting its negation. After applying 7-_ and 7-, we have

- ((Vx.px) — pa A pb), Vx.px, =(pa A pb)
-pa | -pb

We close the left branch by applying Tv to Vx.px with a.

- ((Vx.px) — pa A pb), Vx.px, = (pa A pb)
-pa, pa | -pb
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-T —S, S —-s SAt (s AL)
TL - TﬂT - - - T A “A
S s, t -s | ot
svt a(svit) s—t (s —t)
T\/ T—\\/ Tﬁ T—‘H
st —s, ot t|-s s, —t
s=t (s =t) Vos
Teq ————— Tgg —————— Ty — t:o
s,t|—s,—t s, ot |t, s [st]
dos —Vys —dgs
3 ~7° x:0 fresh T v 7" x:o0 fresh T3 7
[sx] —[sx] —[st]
Figure 6.2: Tableau rules for TaQ

We close the right branch using Ty applied to Vx.px with b.

- ((Vx.px) — pa A pb), Vx.px, =(pa A pb)
-pa, pa | -pb, pb

Clearly TaQ does not terminate. For a simple example let x : o be a variable
and xg, X1, X2, ... be an infinite sequence of distinct variables of type o. Consider
the infinite chain

Ay G AL GA S -

where Ag is {Vx.px} and each A;; is A; U {px;}.

Proposition 6.1.2 TaQ does not terminate (on the full fragment).

The example above is somewhat unsatisfying. Technically we have given a
chain and proven nontermination. However, there was no real motivation for
applying Tv to Vx.px with each x;. Likewise, we could have applied 73 to
dx.px infinitely many times (with fresh x;) to obtain a chain. In the examples
above we obtained a refutation by applying 75 at most once and Ty only with
terms that only contain variables that occur free in the branch. Such restrictions
would rule out the infinite chain above. However, such a restriction on 7y would
be a bit too strong, as the next example demonstrates.

Example 6.1.3 [Drinker’s Paradox] Consider the valid formula

dx.dx - Vy.dy
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where d : 10 and X,y : ( are variables. This is sometimes called the “Drinker’s
Paradox” (see Wikipedia), though it is not really a paradox. One can translate
the formula into natural language as follows: In every bar, there is someone who,
if he drinks, then everyone drinks. We show the Drinker’s Paradox is valid by
refuting it’s negation.

—3dx.dx - Vy.dy

Note that there are no variables of type ( free in the branch. If we were only
allowed to apply 7-3 to terms containing free names in the branch, then we
would be stuck. However, if we apply 7-3 using x, then we have

—3dx.dx - Vy.dy
—(dx - Vy.dy)

Applying a few more rules we obtain

—dx.dx - Vy.dy
—(dx - Vy.dy), dx, -Vy.dy, ~dy

We now apply 7-3 to ~3x.dx — Vy.dy again, this time using .

—dx.dx - Vy.dy
-(dx - Vy.dy), dx, -Vy.dy, ~dy
~(dy - Vy.dy)

Applying 7-_ to = (dy — Vy.dy) adds dy to the branch completing the refu-

tation.
—dx.dx - Vy.dy

-(dx - Vy.dy), dx, -Vy.dy, ~dy
~(dy - Vy.dy), dy

We will revisit restricting the 7y and 73 to only use variables free in the
branch later. Examples such as Example [6.1.3] will be dealt with by allowing the
use of a fixed default variable of the right type if no variable of the right type
occurs free in the branch. For now we will informally describe why the tableau
system would still not terminate even with such a restriction.

Consider the formula

Vx3dyrxy

The only free variable is ¥, which is clearly of a different type than x. Suppose
Xo is the default variable we are allowed to use in such a situation. Applying 7Tv
with xo we add 3y.rxoy to the branch. Applying 75 with a fresh variable x; we
add rxpx1 to the branch. Now since x; is free in the branch we can apply 7Tv
and obtain 3y.rx;y. Clearly we can keep applying rules in this manner forever.
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6.2 First-Order Examples

In this section we give a number of examples of tableau refutations restrict-
ing ourselves to first-order formulas (without equality). Since the formulas are
first-order, all quantifiers will be over a sort «. For simplicity assume all bound
variables are of a particular sort «.

Example 6.2.1 We refute the following branch:

Vx3dyrxy
—Vx3yzrxy nryz

T_v applied to =Vx3yz.rxy A ryz using x gives

Vx3ay.rxy
AVx3dyzrxy Avryz
—Ayzarxy Aryz

We apply Tv to Vx3y.rxy with x and then 73 to 3y.rxy with y to obtain

Vx3dyrxy
—Vx3yzrxy nryz
—Ayzrxy Aryz, Ay rxy, rxy

T3 applied to ~3yz.rxy A ryz using vy gives

Vx3dyrxy
AVx3dyzrxy Avryz
—Jdyzrxy Avyz, Ay rxy, rxy
—dzrxXy Avyz

We now revisit Vx3y.rxy this time instantiating with y to add 3y’.ryy’ to
the branch. Notice that substituting y for x in 3y.rxy required renaming the
bound variable y to be y’. Applying 75 to 3y’.ryy’ with z we obtain

Vx3dyrxy
—Vx3dyzrxy nryz
—Jdyzrxy Avyz, Ay rxy, rxy
—dzrxy Avyz, Ay ryy', ryz

We complete the refutation by applying 7-3 to =3z.¥xy Aryz using z followed
by T-,.
Vx3dyrxy
AVx3dyzrxy Aryz
—Jdyzrxy Avyz, Ay rxy, rxy
—Azrxy Aryz, AV ' vyy', ryz
(rxy Aryz)
rxy ‘ —ryz
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6.2 First-Order Examples
Example 6.2.2 We prove (Vx.px A gx) — Vx.px by refuting its negation using
the following tableau.
“((Vx.px Agx) - VXx.px)
VX.px A qx, “Vx.px, - pXx, pxX A qx, pX, 4x
Example 6.2.3 We refute the following branch:
Vx.px — qx, Vx.px, "Vx.qx

Applying 7-v with x and 7v to both universally quantified formulas with x we
obtain the refutation.

Vx.px — qx, Vx.px, "Vx.qx, ~qx, px, px — qx
ax | -px

Example 6.2.4 The equation (Ix.px A q) = (Ix.px) A q is valid. Below we show
the refutation of one direction, leaving the full equivalence as an exercise.

dx.px A g
—((Ax.px) A q), pPX A4, PX, q
—dx.px, "px ‘ —q

Example 6.2.5 (Russell’s Law/Turing’s Law) How would you answer the follow-

ing questions?

1. On a small island, can there be a barber who shaves everyone who doesn’t
shave himself?

2. Does there exist a Turing machine that halts on the representation of a Turing
machine +y if and only if v does not halt on the representation of y?

3. Does there exist a set that contains a set y as element if and only if y ¢ y? 5

The answer to all 3 questions is no, and the reason is purely logical.
Russell’s or Turing’s Law: Let f : 1o be a name and x, y : t be names. We can
prove —3AxVy.fxy = = fyy by refuting its negation.

IxVy.fxy =-fyy
Vy.fxy=-fyy
fxx=-fxx
fxx - fxx
- fxx - fxx
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6 Tableaux with Quantifiers

Exercise 6.2.6 Prove the validity of each of the following formulas by giving a
TaQ tableau refutation of its negation.

a) (Vx.px Agx) = (Vx.px) A Vx.qx
b) (Vx.px) Vv (Vx.qx) - Vx.px V qx
¢) (Ix.px Vv gx) = (Ax.px) v Ax.qx
d) (3x.px A gx) - (Ix.px) A Ax.qx
e) (Ax.px Aq) = (TAx.px) A q

f) (Vx.pxvVvq)

(Vx.px) vV q
g) paVv pb - dx.px

Exercise 6.2.7 Give a TaQ tableau refutation of the branch with the three formu-

las
VXyrxy —-ryx
VXYyzrxy —vryz —rxz
-Vx.(qy.rxy) - rxx

6.3 Higher-Order Examples

We now consider a few higher-order examples. Many of these examples make
use of Leibniz equality.

Example 6.3.1 Let f : o0, p : 00 and x : o be variables. We prove
Af.Vxp.p(fx) — px by refuting its negation. Essentially we want to prove
that there is a function f such that for all x, fx is equal to x (in the sense of
Leibniz). In the first step we must give an instantiation term for the 7.3 rule. We
use Ax.x as this term. In this case, normalization will reduce

AfVxp.p(fx) - px)(Ax.x)

to
Vxp.px — px
Hence we obtain the following branch:
~3fVxp.p(fx) — px
—Vxp.px — px
Using the obvious rules we complete the refutation.
~3fVxp.p(fx) — px
—Vxp.px — px
-Vp.px — px
~(px - px)

pXx
—|px
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6.3 Higher-Order Examples

Example 6.3.2 Next we prove that L is not Leibniz equal to 7. We start with a
formula asserting that 1 and T are Leibniz equal.

VpplL —-pT
The rule Ty applied to Vp.pL — pT using — gives

VpplL —-pT
1] —- T

We complete the refutation using propositional rules.

Vp.pl —-pT
1] —- T
=T —\—|J_’J_

We next give two tableau refutations which prove Leibniz equality is symmet-
ric. In both cases, we will refute the following branch:

Vp.pa — pb
-Vp.pb - pa

That is, we begin by assuming a is Leibniz equal to b, but b is not Leibniz equal
to a.

Example 6.3.3 (Symmetry of Leibniz, Proof I) The rule 7.y applied to
- Vp.pb — pa using p followed by T-_. gives

Vp.pa — pb
-Vp.pb - pa
~(pb — pa), pb, ~pa

Applying Ty with Ax.—px followed by 7_. we obtain the refutation

Vp.pa — pb
-Vp.pb - pa
-(pb — pa), pb, “pa, ~pa — ~pb

Example 6.3.4 (Symmetry of Leibniz, Proof II) We begin again with the branch

Vp.pa — pb
-Vp.pb - pa
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This time instead of applying 7-v we start by applying Ty using Ax.Vp.px —
pa gives
Vp.pa — pb
-Vp.pb - pa
(Vp.pa - pa) - Vp.pb - pa

We apply 7_. to (Vp.pa — pa) — Vp.pb — pa and obtain

Vp.pa — pb

-Vp.pb - pa
(Vp.pa - pa) - Vp.pb - pa
Vp.pb - pa ‘ -Vp.pa - pa

Note that the left branch is closed already. Two more rule applications close the
right branch.

Vp.pa — pb
-Vp.pb - pa
(Vp.pa - pa) - Vp.pb - pa
-Vp.pa - pa
~(pa - pa), pa, ~pa

Vp.pb - pa

Our final higher-order example of this section is a version of Cantor’s Theo-
rem. Consider a type o. The type oo corresponds to sets of elements of type
o. Cantor’s Theorem states that there are always more elements of oo than
there are elements of 0. One way to express this precisely is to say there is no
surjection from o onto oo. The following formula

-AfVgax.fx =g

where f : 000, g: 00 and x : 0 are variables expresses Cantor’s Theorem. How-
ever, this formula contains an identity =4, at a type other than o. Consequently,
we cannot currently prove this version of Cantor’s Theorem. On the other hand,
we know that two functions are equal if they give the same result for any inputs.
Hence we can express Cantor’s Theorem as the formula

-3df.Vg.Adx.Vy.fxy =gy

where 7y : ¢ is a variable distinct from x. We refute the negation of this version
of Cantor’s Theorem.

Example 6.3.5 (Cantor’s Theorem, Version I) We refute the following branch:

AfVgaxVy.fxy =gy
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The rule 73 applied to 3fVgIxVy.fxy = gy using f gives

AfVgaxvy.fxy =gy
VgaxVy.fxy =gy

We now want to apply Tv with a term of type go. We use the term Ax.— fxx.
We then apply 73 to obtain

AfVgaxVy.fxy =gy
Vgax.Vy.fxy =gy
IxVy.fxy =-fyy

Vy.fxy =-fyy

We complete the refutation by applying 7v to Vy.fxy = —fyy using x fol-
lowed by Tgq.
AfVgaxVy.fxy =gy
VgaxVy.fxy =gy
IxXVy.fxy =-fyy
Vy.fxy =-fyy
fxx=-fxx
fxx - fxx
- fxx = fxx

Exercise 6.3.6 (Cantor’s Theorem, Version II) Prove the validity of the follow-
ing version of Cantor’s Theorem by refuting its negation.

—3fVg3xVp.p(fx) — pg

where f: w0, g: 1o, p:(to)o and x : t are variables.

Exercise 6.3.7 Let f : 1o, g : to, x : t and h : (t0)o be variables. Consider the
formula

AgVx3Ih.h(fx) A —hg

Determine if this formula is valid, unsatisfiable or neither. If it is unsatisfiable,
give a TaQ tableau refutation of it. If it is valid, give a TaQ tableau refutation of
its negation. If it is neither valid nor unsatisfiable, go to the next problem.

Exercise 6.3.8 Recall the Peano axiom of induction (where N is a sort and o : N,
S:NN,p:No and x : N are variables):

Vp. po— (Vx. px - p(Sx)) - (Vx.px)
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6 Tableaux with Quantifiers

Let induction refer to the Peano axiom of induction. The following formula says
that any nonempty set that is closed under predecessor must contain zero:

Vp.(Ax.px) A (Vx.p(Sx) - px) — po

Let induction?2 refer to this formula. Prove induction and induction2 are equiva-
lent by giving a TaQ refutation of

{induction, =induction2}

and a TaQ refutation of
{—induction, induction2}

Exercise 6.3.9 Give TaQ tableau refutations of the following formulas.
a) Vp.(p—) — p(Ax.T) where p : (00)o and x : o0 are variables.

b) Vp.(p—) — p(Ax.L) where p : (00)o and x : 0 are variables.

6.4 Completeness for Pure First-Order Formulas

Recall that pure first-order formulas are first-order formulas which contain no
equations and no variables of a type ;... &, where n > 1. For simplicity we
will restrict our attention to one sort ¢ and the constants —, A and V,. We can
directly describe this fragment of pure first-order formulas by the grammar

Su=px---x|S|sAs|Vx.s

where p : (- - - 10 and x : ( are variables. We say A is a pure first-order branch if
it is a branch containing only formulas in this fragment.

Our goal in this section is to prove completeness of TaQ with respect to
the pure first-order fragment. We will actually prove completeness of a more
restricted tableau system TaQ’' where the applicability of 7v and 7-v are re-
stricted.

Godel is generally credited as the first to prove a completeness theorem for
first-order logic [31]. One could argue that Skolem was the first to prove com-
pleteness in [60]. Henkin later proved a completeness theorem for simple type
theory [35] and realized he could use some of the ideas to give a simpler com-
pleteness theorem for first-order logic [37]. Smullyan generalized Henkin’s tech-
niques to give a very modular proof of completeness. We use Smullyan’s abstract
consistency method for proving completeness of TaQ’ for pure first-order logic.
We will later use this same method to prove completeness of a tableau system
for simple type theory.
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6.4 Completeness for Pure First-Order Formulas

—S, S —-s SAt —(SAL)
- -- T A AT
S s, t as | -t
f Vs
v y € H (A), A branch
[sy]
f _‘VLS i
v v .t fresh, (—Vx.s) not evident on branch

—[sy]

Figure 6.3: Tableau rules for TaQ/

Fix a variable x( of type (. This variable x( will act as a default variable for
applying the 7y rule when there is no variable of type t free in the branch.
Let A be a set of formulas. We make the following definitions.

Let 'V, A denote the set of variables x : ¢ free in A.
For any set A of formulas, let 7{ (A) be defined as follows:

VA ifVA£0

{xo} otherwise.

H(A) = {

We call 74 (A) the Herbrand universe of A. Note that the Herbrand universe
of A is always nonempty by construction.

We say a formula ~V,x.s is evidentin A if =s§ € A for some variable y : .

We now define TaQ’ to be the tableau calculus given by Figure [6.31 The fol-
lowing proposition is obvious.

Proposition 6.4.1 If a branch A is Tan -refutable, then it is also TaQ-refutable.

Proof Every rule in Tan is also a rule in TaQ. (The reader should verify this.) g

6.4.1 Termination of the Bernays-Schonfinkel Fragment

Clearly TaQ’ does not terminate on the pure first-order fragment. Consider the
formula
Vx.-Vyrxy

We can apply 7, \.J,c and 7. fv in sequence to add formulas of the form —»xgxq,
¥ Xx1X2, and so on.
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6 Tableaux with Quantifiers

On the other hand, TaQ/ does terminate if A is a branch only containing pure
first-order formulas of the form

Vxi-:-Vxn.S

where s is quantifier-free. This is easy to see: The Herbrand universe of A is
finite and will not become bigger as we apply rules. Hence the 7, J rule can only
be applied finitely many times. It is also easy to see that we could use the same
technique if A only contained formulas of the form

dyr1 - - AymVx1---VXxu.s

where s is quantifier-free (assuming we include a rule like 73 but restricted like
77,

This fragment is known as the Bernays-Schonfinkel fragment of first-order
logic. For this fragment we can show completeness simply by showing verifica-
tion soundness. As before, verification soundness follows by proving a Model
Existence Theorem for evident sets.

6.4.2 Evident Sets and Model Existence

As in the propositional case, we will describe evidence conditions that a set E
of formulas may satisfy.

E. If -se€E,thens ¢ E.

E.. If -~—s € E,thens € E.

Fr, IfsanteE, thense Eandt € E.

Fn If=(sAnt)eE then -se Eor ~t €E.

TJVC If Vs € E, then [sy] € E for all y € J{ (E).
ffv If -V, s € E, then —[sy] € E for some vy : (.

We say E is pure first-order evident (or simply evident) if it satisfies these evi-
dence conditions.

In analogy with the propositional case, we can prove the existence of a model
of any evident set.

Theorem 6.4.2 (Pure First-Order Model Existence) Let E be a set of pure first-
order formulas. If E is pure first-order evident, then there is a (standard) model
of E.

Proof Let 7 be a standard interpretation with

Ji=HE
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6.4 Completeness for Pure First-Order Formulas

Ix =x
for each x € H'E and

Jox o = 1 ifpx;---xp€E
px1 "7 | 0 otherwise

for each variable p : t---1w0 and x1,...,x, € HE. We will prove 7 = E by
inductively proving for every pure first-order s we have

(15) If s € E, then 7 & s.
(25) If -s € E, then 7 # s.
Since every s € E is pure first-order, the first fact ensures 7 = E.
We first consider s of the form px; - - - x,.
(Ipx,---x,) Assume px; - - - xy € E. By the choice of 7p we know 7 & pxy - - - Xp.
(2px,---x,) Assume —px;---x, € E. By Z- we have px;---x, ¢ E. By the
choice of 7p we know 7 # pxy - - - xp.
We next consider s of the form —t.
(1-¢) Assume —t € E. The inductive hypothesis (2;) implies 7 # t and so 7 = —t.

(2-¢) Assume -t € E. By E-- we have t € E and so 7 = t by the inductive
hypothesis (1;). Hence 7 # —t.

We now consider s of the form ¢ A u.

(1¢paw) Assume (t Au) € E. By E, we have t € E and u € E. By inductive
hypotheses (1;) and (1) wehave 7 =etand7=uandso7 =t A u.

(2¢py) Assume —(t Au) € E. By -, we have -t € E or -t € E. If -t € E, then
7 # t by inductive hypothesis (2;) and so 7 # t A u. If ~u € E, then 7 # u by
inductive hypothesis (2,) and so 7 # t A u.

We finally consider s of the form V,x.t.

(1vx.t) Assume (Vx.t) € E. In order to prove 7 = Vx.t we must prove (11)3‘, =t
for every v € 71. Let y € 7t be given. That is, v € H (E). By TE{; we know
t3 € E. By inductive hypothesis (1¢3) we have 7 = t3. This implies (7)§ =t as
desired.

(2vx.t) Assume —(Vx.t) € E. We first argue that there is some z € # (E) such
that -t € E. By ffv there is some 7y such that ﬂt§ € E. If y € H(E),
then we take z to be this y. Otherwise, x is not free in t and we take any

z € H (E). (If x is not free in t, t¥ is the same as t¥ for any z.) By inductive
hypothesis (2;x) we have 7 # t¥. Hence 7 # t and so 7 ¥ Vx.t. -

Verification soundness follows immediately from the Model Existence Theo-
rem and the fact that open maximal branches are evident. Since we do not have
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C-. If -sisin A, then s is not in A.

C.- If -—sisin A, then Au {s}isinT.

C, IfsatisinA,thenAu {s,t}isinT.

C.rn If-(sAt)isin A, then Au {—-s}or Au {—t}isinT.
C{; If Visisin A, then AU {[sy]}isinT for all vy € H (A).
CJ:V If -V, sisin A, then AU {—[sy]} isin T for some y.

Figure 6.4: Pure first-order abstract consistency conditions (must hold for
every A €1)

termination, we cannot yet conclude completeness. A new idea (abstract consis-
tency) is required.

6.4.3 Abstract Consistency and the Extension Lemma

We say a branch A is Tan -consistent (or consistent) if it is not Tan -refutable.
Ultimately we will show completeness by showing every consistent branch is sat-
isfiable. Due to the Model Existence Theorem we know that it is enough to show
every consistent branch can be extended to an evident set. In particular, we are
interested in ways consistent sets can be extended while remaining consistent.

A (pure first-order) abstract consistency class is a set I' of branches such
that every branch A € T satisfies the conditions in Figure

Lemma 6.4.3 (Extension Lemma) Let I be a pure first-order abstract consistency
class and A € I'. Then there exists a pure first-order evident set E such that
ACE.

Proof Let ug,ui,u2,... be an enumeration of all pure first-order formulas. We
construct a sequence Ag € A; € Ap € - - - of branches such that every A,, € T.
Let Ag := A. We define A,,.1 by cases. If thereisno B € I' such that A,uU{u,} < B,
then let A, ;1 := A;,,. Otherwise, choose some B € I such that A,, U {u,} < B. We
consider two subcases.

1. If u, is of the form —V,x.s, then choose A, ;1 to be BuU {-s3} el for some

variable y : t. This is possible since I satisfies Cfv.
2. Otherwise, then let A, be B.

Let E := | J An. Note that HE < | J H A,. (Itis possible that H (A,) = {xo}
neN neN
for some n but that xo ¢ #H E.) We show that E is evident.
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6.4 Completeness for Pure First-Order Formulas

F- If —s and s are in E, then —s and s are in A, for some n, contradicting C-.
F-- Assume ——sisin E. Let n be such that u,, = s and r > n be such that =—s
isin A,. Since A, U {s} € A, U {s} €T (using C--), we have s € A,,+1 € E.

E, Assume s AtisinE. Let n,m be such that u,, = s and u,, =t. Letr > n,m
besuchthat s Atisin A,. By CA, Ay U {s,t} €I. Since A,, U {s} € A, U {s,t},

we have s € A1 € E. Since A, U {t} =< A, U {s,t},wehavet € A;,,;1 S E.

E-, Assume —(s A t) isin E. Let n,m be such that u,, = s and u,, = t. Let
¥ > n,mbe such that (s At)isin A,. By C-,, Ay U{-s} eTor A,u{-t} €T.
In the first case, A, U {—s} € A, U {—s} €T, and so —s € A,.1 < E. In the
second case, A, U{—t} c A, u{—-t} €I,and so -t € A;,.1 S E. Hence either
—sor ~tisin E.

Fy Assume V,x.s is in E. Let y €  (E) be given. Let n be such that u, =

S§. Let ¥ = n be such that Vx.s is in A, and v € # (A,). By Cy we have

Ay U {5§} eT. Since A, U {uy} € Ay U {5§}, we have s§ =Uy € Ap+1 € E.
F_v Assume -V, x.sisin E. Let n be such that u,, = -Vx.s. Let ¥ > n be such

that —=Vx.s is in A,. Since A, U {-Vx.s} < A, €T, we have s} € Aps1 € E

for some 7y by construction. -

6.4.4 Completeness

Let F{aQ be the set of all branches A which are not TaQ”-refutable. We will prove

F{aQ is a pure first-order abstract consistency class and use this to prove Tan is
complete with respect to pure first-order branches.

Lemma 6.4.4 FfaQ is a pure first-order abstract consistency class.

Proof We must check six conditions.

C- Suppose —s,s € A € F{aQ. Then we can refute A using 7-. Contradiction.

C.- lLet——se A€ F{aQ. Suppose AU {s} is not in F{aQ. Then Au {s} is refutable
and so A is refutable by 7--, a contradiction.

Cr Let(sat)eAe F{aQ. Suppose A U {s,t} is not in F{;Q. Then A U {s,t} is
refutable. Hence A can be refuted using 7 .. Contradiction.

C.n Let 7(sAt) € A€ l}faQ. Suppose AU {—s} and A U {—t} are not in l}faQ.
Then AU {—s} and A U {—t} are refutable. Hence A can be refuted using 7-,.
Contradiction.

C{; LetVix.s € A e F{;Q. Suppose A U {s3} ¢ F{aQ for some y € H (A). Then
AU {s§} is refutable. Hence A can be refuted using TJ.
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Cfv Let -V, x.s € A € F{aQ. Suppose A U {—|S§} ¢ F{aQ for every v : . Then

AU {=s} is refutable for every y : «. Hence A is refutable using 7- f y and the
finiteness of A. Contradiction. -

Theorem 6.4.5 (Pure First-Order Completeness) Tan is complete with respect
to pure first-order branches.

Proof Assume A is a pure first-order branch which is not TaQ/ -refutable. Then
Ae l}faQ. By Lemma l}faQ is a pure first-order abstract consistency class. By
the Extension Lemma (Lemma[6.4.3) there is a pure first-order evident set E such
that A < E. By the Model Existence Theorem (Theorem E is satisfiable.
Hence A is satisfiable. n

6.5 Remarks

In Exercise the validity of certain quantifier laws such as

(Ax.px A q) = (Ax.px) A q
and

(Vx.pxvq) =(Vx.px)Vq
have been established. Using quantifier laws such as these it is easy to transform
any first-order formula into a prenex form:

Qix1 -+ QmXm.S

where each Q; is V or 3 and s is quantifier-free. Note that the prenex formula

Vx3dy.rxy

is satisfiable if and only if
Vx.rx(fx)

is satisfiable. In automated theorem proving, the new variable f is called a
Skolem function since Skolem considered such formulas in [60]. In this way,
we can reduce satisfiability of sets of first-order formulas to satisfiability of first
order formulas of the form

Vx1---VXxXm.s

where s is quantifier-free.
Given a set A of first-order formulas, one may naturally consider the terms
generated by the grammar
t o= ft---t
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where f: &1 - - - o x (With m = 0) is free in A. This is the natural generalization
of the Herbrand universe 7 (A) from the pure first-order case to the general
first-order case. For simplicity, let us assume that for each sort « there is some
x : o« free in A. In the general first-order case it makes sense to refine the
Herbrand universe to be 7, (A) by iteratively defining

Ho(A) := {x: «|x is free in A}
and
Hn1(A) = {fty - -tmlty, ..., tm € Hy(A), fis free in A, m > 0}.

Both Skolem [60] and Herbrand [38] considered such terms, so we could just as
well call it the Skolem universe.
In [60] Skolem showed that if A is a set of first-order formulas of the form

VXx1---VXxXm.s

where s is quantifier-free, then there is some n such that unsatisfiability of A be-
comes clear by considering terms from 7, (A). Herbrand showed related results
in [38]]. Taken together, the results in [60] and [38] can be taken as a proof of
completeness of first-order logic. (As noted earlier, the first proof of complete-
ness was given by Godel [31].) Certainly the techniques of Skolem and Herbrand
in [60] and [38] had a significant impact years later in the field of automated
deduction [25]. The Herbrand Award for Distinguished Contributions to Auto-
mated Deduction is named after Herbrand.

Henkin's proof of completeness [37] primarily consisted of extending a con-
sistent set to a maximally consistent set. This is the essence of the proof of the
Extension Lemma (Lemma [6.4.3). A set is maximally consistent if adding any
new closed formula to the set would make the set inconsistent. Once one has a
maximally consistent set, obtaining a model of this set is easy.

In [43] Hintikka showed how to give a model of a set which may not be max-
imally consistent. It is enough to have a set that satisfies certain closure condi-
tions. Hintikka called such a set a model set. We have called such a set evident.
The fact that evident sets are satisfiable is sometimes called Hintikka’s Lemma
(e.g., in [61]). We have called it the Model Existence Theorem (Theorem [6.4.2).

While Henkin argued using consistency, Smullyan recognized that the tech-
nique only relied on certain properties of sets of formulas. Smullyan made these
properties explicit giving a notion of abstract consistency [62] (see also [61]).
Given some notion of abstract consistency and some abstractly consistent set, it
can be extended to be an evident set (a Hintikka set in Smullyan’s terminology; a
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model set in Hintikka’s terminology). This is what we have proven in our Exten-
sion Lemma (Lemma [6.4.3). Combining this with the Model Existence Theorem
we conclude completeness.

In the context of simple type theory the completeness result (relative to stan-
dard models) can be extended to fragments that extend first-order logic by al-
lowing A-abstractions and embedded formulas [15]]. The construction of a model
is significantly different in this extended first-order (EFO) fragment.
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7 Tableaux with Equality

In this chapter we give the final tableau rules defining the refutation calculus TaS
which is complete for STT. The final rules allow us to reason about equations
and disequations. They also allow us to reason about embedded formulas via
disequations.

7.1 Functional Equality

We must give rules for equations and disequations at function type. The rules
are similar to the quantifier rules.

S =0T t S ::to--r t
_ Teg —— x fresh
[sul] = [tu] [sx] + [tx]

FQ

As a simple example, we refute the branch with f = g and g # f where

f, g : to. The rule T4 applied to g # f using x (which is fresh) allows us to add

gx % fx to the branch. We apply Tzq to f = g with x and add fx = gx to the
branch. The refutation is completed using T3 and Tg.

f=9,9#f gx = fx, fx=gx
gx, _‘fx fX, gx
fx | —gx gx | ~fx

Using Tyq we can prove the following version of Cantor’s Theorem:
-3fVgix.fx =g

where f : 000, g: 00 and x : o are variables. We begin the refutation using the
T35 and Ty with the instantiation term Ax.— fxx. This results in the branch

dfvgix.fx =g
Vgix.fx=g
Ax.fx = Ax.— fxx
fx =Ax.~fxx
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7 Tableaux with Equality

The rule Ty, applied to fx = Ax.—fxx using x allows us to add fxx = - fxx
to the branch. The refutation is finished using T3, as usual.

AfVgix.fx =g
Vgix.fx=g
dx.fx = Ax.~fxx
fx =Ax.~fxx
fxx=-fxx
- fxx

fxx, ~fxx S fxx

7.2 Mating, Decomposition and Confrontation

Although we have now given rules for all of the logical constants, we do not yet
have a complete system. Consider the following example.

Let p : 00, x : 0 and Y : o be variables. Consider the branch A with the
formulas x, v, px and —py. The set A is unsatisfiable. Suppose 7 were a model
of A. We must have 7x = 1 and 7y = 1. Hence 7x = 7y. Thus 7(px) = 1(py),
which is impossible since 7(px) = 1 and 7(py) = 0.

We have not yet given any rule which applies to this A. The rule we give will
be, in some ways, a generalization of the rule 7-. Consider the formulas px and
-py. If x and y were the same variable, then 7- would apply and close the
branch. In other words, we can conclude from px and —py that x and y must
be different. We need a rule which will allow us to add the disequation x # y to
the branch. If x # vy is on the branch, then the rest of the refutation is clear:

X, ¥, PX, 7pY, X FY
—|y X

In general a mating rule Ty, is given by the scheme

XS1...8n, Xt ...ty

Tumat
S1Et1 - | spy=+ty

Here we have two formulas xs;---s, and —xt; ---t, on the branch where
X : 01---0y0 is a variable. In such a case we know there must be some
i € {1,---,n} such that s; and t; must be different. For each i we create a
branch with the disequation s; # t;.

Note that we include the possibility that n = 0 as a mating rule. In such a case
we have x and —x on the branch and no alternatives. Hence a mating rule with
n = 0 is a rule that closes a branch. The mating rule when n = 0 is a special case
of 7. While we will keep 7- in our calculus, it turns out that one only needs
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7.2 Mating, Decomposition and Confrontation

the special case where there is a variable x such that x and —x is on the branch.
That is, 7- can be replaced by mating (in the presence of all the other rules of
Tas.

Exercise 7.2.1 Let a,b : o and p : oo be given. Refute the following branches
using the mating rule and TaQ rules.

a=b, pa, ~pb

pa, pb, -p(a A b)

pla Ab), ~p(b Aa)

Exercise 7.2.2 Let f : oo and x : o be variables. Prove f(f(fx)) = fx by
refuting its negation using only Ty, (mating) and 7g.

Until now, we have no rules for equations and disequations at a sort. In par-
ticular, we cannot refute x # x when x : x. A decomposition rule is generated
by the following scheme

XS1...5n FaXt1...tn

Tore S1#Fb |- | sp=Ety

Here we have a disequation between xs;---s, and xt; - --t, on the branch
where x : 01 - - - 0y &. As in the mating rule we create a branch with the disequa-
tion s; # t; foreach i € {1,...,n}. If n = 0, this means the branch is closed. In
particular, any branch with a formula x # x for a variable x : « is closed.

As a nontrivial example of the decomposition rule, consider a branch with
X, v, fx # fy where x,y : 0 and f : o are variables. Using Tpgc we add x # y
to the branch. The refutation is finished with Tg.

X, ¥, [x+ fy,x#y

Exercise 7.2.3 Using only decomposition and T, refute f # f where f : t(tt)t
is a variable.

Our final rules are confrontation which applies when there is both an equa-
tion and a disequation of a sort « on the branch. The schema for confrontation
is

S=xl,uU+xV

TCON

SFUu,t+uls+v,t+v

As a single example of confrontation consider a branch with x = y and y # x
with x, v : . Confronting x = y against y # x gives

X=y,Y#x
x+y, ¥ty | x#x
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7 Tableaux with Equality

1 - —S, S —-s SAt (s AL)
T, - T — T .= T 7, J8r0
S s, t -s | ot
sVt a(svit) s—t (s —t) s=t
Ty Ty ——— 7T_ T ———  Tpgq —————
st —s, ot t|—s s, —t s,t|—s,—t
-(s=t) VoS =Py
Tgg —————— Tth'(r 3 " x:0 fresh
s,—t|t, s [st] [sx]
= Vgs$ —dss S=¢g7t
T v 7" x:o0 fresh T3 ” tio Tra T
—[sx] —[st] [su] = [tu]
S +gr t XS1...52, °xt1...t
Tre " "9T " x:0 fresh T MaT " "
[sx] =+ [tx] S1#t |- |sp+tn
XS1...50 Fa Xt1 ...ty S=qlt,U#FxV
TDEC
StEL || Sn#ln S¥u,t+xul|s+v,t+v
Figure 7.1: Tableau system TaS

Both branches are closed by decomposition (with n = 0).

Exercise 7.2.4 Using only mating, decomposition and confrontation, refute the
branch with the formulas ¢ = d, gc and ~qd where c,d : t and q : (o are variables.

7.3 The Full Tableau System

Figure [Z.I] gives all the rules of our tableau system TasS.
The following example uses mating, confrontation and decomposition.

Example 7.3.1 Let D : (10)t, x,y,z: t and p : (0 be variables. We will refute the
following branch.
VzD(Ay.y =z)=z
px
Vy.py -y =x
—p(Dp)
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Mating (Tyat) pXx with -p(Dp) gives

Vz.D(Ay.y =z) =z, px
Vy.py -y =x, ~p(Dp), x # Dp
We apply Tv to Vz.D(Ay.y = z) = z with x and obtain
Vz.D(Ay.y =z) =z, px

Vy.py -y =x, "p(Dp), x # Dp
DAy.y=x)=x

Applying Tcon (confrontation) to D(Ay.y = x) = x and x # Dp yields

Vz.D(Ay.y =z) =z, px
Vy.py -y =x, ~p(Dp), x # Dp
DAy.y=x)=x

DAy y=x)#x, x # x ‘ D(Ay.y =x) # Dp
Decomposing (Tpec) D(Ay.y = x) # Dp vyields

Vz.D(Ay.y =z) =z, px
Vy.py -y =x, p(Dp), x # Dp
DAy.y=x)=x

D(Ay.y =x) # Dp

DAy y=x)#x, x #x Ay = x) £ p

We apply Tz to (Ay.y = x) # p with y and obtain

Vz.D(Ay.y =z) =z, px
Vy.py -y =x, p(Dp), x # Dp
DAy.y=x)=x

D(Ay.y =x) +# Dp
DQAy.y =x) # X, X # x Ay.y=x)#p
Y =X#py

Applying Ty to ¥ = x # py we obtain

Vz.D(Ay.y =z) =z, px
Vy.py — vy =x, ~p(Dp), x # Dp
DAy.y=x)=x

D(Ay.y =x) # Dp
Ay.y =
DAy.y = x) £ x (yiix;c)#v
x4 x y = Py
y=x Py
“py y#X

2009/8/2
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7 Tableaux with Equality

Mating —py with px gives

Vz.D(Ay.y =z) =z, px
Vy.py —y=x, 7pDp), x # Dp
DAy.y=x)=x

D(Ay.y =x) # Dp
Ay.y=x)#p
DAy.y =x) #x Y =X%py
X #x =x
J;vy Py
y#EX yEX

We apply Tv to Vy.py — v = x with v followed by 7_. to finish the refutation.

Vz.D(Ay.y =z) =z, px
Vy.py —y=x, 7pDp), x # Dp
DAy.y=x)=x

D(Ay.y =x) # Dp
Ay.y=x)+p
DAy.y =x) #x Y =X#%py
X #x y=x py, ¥y #x
“py py -y =Xx
y#x y=x | -py

Exercise 7.3.2 Let h : ot be given. Prove h(hT = h1) = h1 is valid by giving a
TaS-refutation of its negation.

Exercise 7.3.3 Use TaS to refute the branch

x, ¥, p(fx), ~p(fy)

where x,v : 0, f : ot and p : to are variables.

Exercise 7.3.4 Let p : 1o, C,D : (10)t and x, y : t be variables. Use TaS to refute
the branch
Vp.(Ix.px) - p(Cp)
—IDVp.(Ax.px AVY.py - x =7y) — p(Dp)

Exercise 7.3.5 Let f : t, v : wwo and x, v,z : t be variables. Use TaS to refute the
branch

Vr.(Vx3y.rxy) —» AfVx.rx(fx)
“Vr.(Vx3yrxy aAVzrxz -y =2z) - AfVxrx(fx)
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Exercise 7.3.6 Let C: (t0)(, p:to, 7 : uo, f :wand x, y : t be variables. Use TaS
to refute the branch

ACVp.(Ax.px) — p(Cp)
“Vr.(VxIy.rxy) - AfVx.rx(fx)

Exercise 7.3.7 Prove with TaS that px = Vy. y=x — py with x : ¢ is valid.
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8 Tableaux Examples

In this chapter we give a number of examples showing how to represent concepts
in STT and prove things about them using tableau. We will also give an extended
tableau system TaS™ which makes proving more practical.

8.1 Example: A Formal Proof by Induction

Here we give a formal proof by induction on the natural numbers. First we give
the informal proof. For every natural number n, let Sn denote the successor of
n (i.e., n + 1). The following is the first inductive proof given in Landau [48].

Proposition 8.1.1 For every natural number n, Sn # n.

Proof The proof is by induction on n.
Base case: SO # 0 since no successor of a natural number is 0.

Inductive case: Assume the inductive hypothesis: Sn # n. We will prove
S(Sn) # (Sn). Assume S(Sn) = Sn. Since the successor function is injective,
St = n, contradicting the inductive hypothesis. -

We now repeat this informal proof in the formal setting of simple type theory.

Example 8.1.2 Recall the formula chain from Chapterdl This was the conjunc-
tion of the three formulas

1. Vx. Sx=+o

2. Vxy. Sx=Sy — x=y

3. Vp. po - (Vx. px - p(Sx)) - (Vx.px)

where Nisasortando :N,S:NN, x,y : N and p : No are variables. (These for-
mulas come from Peano’s axioms for the natural numbers in 1889.) We prove the

desired result by including the three formulas of chain and the negated formula
- Vx.Sx # x. That is, we refute the branch

Vx.Sx # o0
Vxy.Sx =Sy -x=y
Vp.po A (Vx.px — p(Sx)) - Vx.px
-Vx.5x # x
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8 Tableaux Examples

The fact that we will prove the result by induction corresponds to applying the
rule Ty to Vp.po A (Vx.px — p(Sx)) — Vx.px using the instantiation term
Ax.Sx + x. The result is the branch.

Vx.Sx #o0
VxySx =8y -x=y
Vp.po A (Vx.px — p(Sx)) - Vx.px
-Vx.Sx # x
So+o0A(Vx.Sx #x - S(Sx) #Sx) - Vx.Sx +# x

We apply 7_. to the new formula. Note that the left branch is now closed.

Vx.Sx # o0
Vxy.Sx =8y -x=y
Vp.po A (Vx.px - p(Sx)) - Vx.px
-Vx.Sx # x
So+o0A(Vx.Sx +#x - S(Sx) #Sx) - Vx.Sx +# x
Vx.Sx + x ‘ “(So#0AVXx.Sx #x - S(Sx) + Sx)

Applying T7-, gives us two open branch corresponding to the base case and the
inductive case.

Vx.Sx #o0
VxySx =Sy -x=y
Vp.po A (Vx.px — p(Sx)) - Vx.px
-Vx.Sx # x
So+o0A(Vx.Sx #x — S(Sx) #Sx) - Vx.Sx +# x
-(So#0AVXx.Sx #x - S(Sx) + Sx)

Vx.Sx + x —So#0 | “Vx.Sx #x — S(Sx) # Sx

The rule Ty applied to Vx.Sx # o using o results in a closed branch. This
corresponds to the base case.

Vx.Sx # 0
Vxy.Sx =Sy -x=y
Vp.po A (Vx.px - p(Sx)) - Vx.px
-Vx.Sx # x
So+0oA(Vx.Sx +x—S5(8x)#Sx) - Vx.Sx +x
-(So#0AVXx.Sx #x - S(Sx) + Sx)
Vx.Sx # x —So # o0

Soto Vx.Sx #x — S(Sx) # Sx

We next prove the inductive case. Let y be a natural number for which we assume
Sy # y. We must prove S(Sy) # Sy. Technically, we apply T-v to -Vx.Sx #
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x — S(Sx) # Sx followed by 7-_..

Vx.Sx # o0
VxySx =Sy -x=y
Vp.po A (Vx.px — p(Sx)) - Vx.px
-Vx.Sx # x
So+o0A(Vx.Sx +#x — S(Sx) #Sx) - Vx.Sx +# x
“(So#0AVXx.Sx #x - S(Sx) +# Sx)
-Vx.Sx #x — S(Sx) # Sx

Vx.Sx # x -So # o0 Sy #y—SSy) +Sy)
So#o Sy +y
—S(Sy) # Sy

The rule 7y applied to Vxy.Sx = Sy — x = v (injectivity of successor) using
Sy and then y gives

Vx.Sx # o0
VxySx =Sy -x=y
Vp.po A (Vx.px — p(Sx)) - Vx.px
-Vx.Sx # x
So+0A(Vx.Sx+x—S5(8x)#Sx) > Vx.Sx +x
-(So#0AVXx.Sx #x - S(Sx) +# Sx)
“Vx.Sx #x - S(Sx) + Sx
Sy #y — S(Sy) +#Sy)
Vx.Sx # x -So#o0 Sy +vy
So # o —S(Sy) #Sy
Vy'.S(Sy) =Sy =Sy =)'
SSy)=8Sy-Sy=y

Applying T_. to we finish the tableau refutation.

Vx.Sx # o0
VxySx =Sy -x=y
Vp.po A (Vx.px - p(Sx)) - Vx.px

-Vx.Sx # x
So+0A(Vx.Sx +x—S5(8x)#Sx) > Vx.Sx +#x
“(So0#0AVXx.Sx #x — S(Sx) # Sx)

“Vx.Sx #x - S(Sx) + Sx

Sy £y =SSy #Sy), Sy #y
Vx.Sx # x -So # o0 -S(Sy) # Sy
So#o Vy'.S(Sy) =Sy =Sy =)'
SSy)=8Sy-Sy =y
Sy=y | S(Sy)+Sy
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The attentive reader will note that although there are many identities =5 we
have not used any tableau rules that explicitly reason about identities. The same
refutation would work if =5 were uniformly replaced by a variable » : NNo.

8.2 Skolem’s Law and the Axiom of Choice

For types o and T let Skolem + be the formula
Vr.(Vx3y.rxy) —» AfVx.rx(fx)

where v : 010, f : 0T, x : 0 and y : T are variables. When Skolem, - holds

we can commute universal and existential quantifiers. Skolem [59] used this

technique to reduce satisfiability of first-order formulas to satisfiability of first-

order formulas of the form Vxj - - - x;,.s where s is quantifier-free (see §[9.9).
For every type o let Choice, be the formula

ACVp.(Ax.px) - p(Cp)

where C: (00)0, p : 00 and x : o are variables. Choice, formulates the axiom of
choice in simple type theory (see §[I0.I). It turns out that a logical interpretation
satisfies Skolem, - for all types o and 7 iff it satisfies Choice, for every type o.
We prove this in two steps using tableau. For any types ¢ and T we will show
Skolem + holds if Choice; holds. For any type o we will show Choice, holds if
Skolemg,,o holds.

Choice, and Skolem + are weakly valid but not valid (see §[10.1]and §[10.2).

Example 8.2.1 Let 0 and T be types. We refute the branch containing Choice;
and the negation of Skolem, ;. After applying 7-v, 7-_ and 73 we have

ACVp.(Az.pz) - p(Cp)
“Vr. (Vx3ayrxy) - AfVxrx(fx)
“(Vx3y.rxy) — AfVxrx(fx))
Vx3dyrxy
—AfVx.rx(fx)
Vp.(3z.pz) — p(Cp)

The rule 7-3 applied to =3 fVx.rx(fx) using Ax.C(rx) gives

ACVp.(Az.pz) - p(Cp)
“Vr.(VxIy.rxy) - AfVx.rx(fx)
—“(Vx3yrxy) — AfVxrx(fx))
Vx3ay.rxy
—AfVx.rx(fx)
Vp.(3z.pz) - p(Cp)
—Vx.rx(C(rx))
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Applying T-v with x and 7y with ¥x we obtain

ACVp.(Az.pz) - p(Cp)
“Vr. (Vx3yrxy) - AfVxrx(fx)
—“(Vx3yrxy) — AfVxrx(fx))
Vx3dyrxy
—AfVx.rx(fx)
Vp.(3z.pz) — p(Cp)
—Vx.rx(C(rx)), " rx(C(rx))
(Fzrxz) - rx(C(rx))

The rest of the refutation is unsurprising.

ACVp.(Az.pz) - p(Cp)
“Vr.(Vx3yrxy) - AfVxrx(fx)
—“((Vx3y.rxy) — AfVxrx(fx))
Vx3dyrxy
—AfVx.rx(fx)
Vp.(3z.pz) - p(Cp)
—Vx.rx(C(rx)), “rx(C(rx))
(Fzrxz) - rx(C(rx))
—dzrxz
Ay rxy, rxy, "rxy

rx(C(rx))

For the other direction we will make use of an extra (sound) rule in the schema

Tou:

We leave it to the reader to find a TaS-refutation (without making use of the extra
rule).

Example 8.2.2 Let o be a type. We refute the branch containing Skolemy, » and
the negation of Choice,.

Vr. (Vx3dyrxy) - AfVx.rx(fx)
—3CVp.(3z.pz) — p(Cp)

The rule Ty applied using Axy.(3z.xz) — xy gives

Vr. (Vx3dyrxy) - AfVx.rx(fx)
—3CVp.(z.pz) — p(Cp)
(Vx3y.(Az.xz) —» xy) — AfVx.(Fz.xz) - x(fx)
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We apply 7_. to (Vx3y.(3z.xz) - xy) — AfVx.(Iz.xz) — x(fx) and obtain

Vr. (Vx3dyrxy) - AfVx.rx(fx)
-3CVp.(3z.pz) — p(Cp)
(Vx3y.(Az.xz) —» xy) — AfVx.(Fz.xz) — x(fx)
AfVx.(Az.xz) — x(fx) ‘ -Vx3y.(Az.xz) — xy

Note that the left branch is closed by 7-. The remainder of the refutation is
similar to the Drinker’s Paradox (Example [6.1.3).

Vr. (Vx3dyrxy) - AfVx.rx(fx)
-3CVp.(3z.pz) — p(Cp)
(Vx3y.(Az.xz) —» xy) — AfVx.(Fz.xz) — x(fx)

-Vx3y.(Iz.xz) - xy
—-3dy.(Iz.xz) - xy
AfVx.(3z.xz) — x(fx) —((Fz.xz) - xy)
dz.xz, " xy, xz
—((3z.xz) - xz), ~xz

8.3 An Extended Tableau System

The tableau system TaS is complete for STT. For now we will state this result and
leave the proof for a future chapter.

Theorem 8.3.1 TaS is complete with respect to the full fragment of STT.

Of course, TaS is also refutation sound. Consequently, we have the following
results.

Corollary 8.3.2 For any branch A, A is TaS-refutable iff A is unsatisfiable.

Corollary 8.3.3 Let 7 be any tableau system such that every rule of TaS is a rule
of T and every rule of 7 is sound. For any branch A the following are equivalent.

1. Ais T -refutable.

2. Some subset A’ of A is T -refutable.
3. A is unsatisfiable.

4. Ais TaS-refutable.

Corollary [8.3.3] motivates the definition of an extended tableau system TaS™
for which proving is easier. We define TaS* by adding four sets of rules to the
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rules of TaS. First the schema 7-, is a generalization of 7-, that allows us to
close a branch when there are complementary formulas up to ~.

Next the schema 7~ allows us to close a branch when a formula conflicts with
reflexivity of equality (up to ~g).

S#s 8

T¢Lx

s ~ s
The schema 7Tgym allows us to close a branch when two formulas are comple-
mentary equations up to symmetry of equality and ~.

S =0 t, t/ %o’ S/
Tsym ——— § ~« S,,t ~ t,

Finally, a cut rule T¢yt allows us to consider two cases s or —s (for a formula s)
at any point during a proof.

Tcut
s|—s
Now TaS" is the set of rules given by TaS, T-«, T+« Tsym and Teyt-
From Corollary [8.3.3] we have the following results.

Proposition 8.3.4 For any branch A the following are equivalent.
1. Ais TaS*-refutable.

2. A is unsatisfiable.

3. Ais TaS-refutable.

Proposition 8.3.5 (Weakening) A branch A is TaS™-refutable iff some subset of
A is TaS™-refutable.

In the remainder of this chapter we will use the word refutable to mean
TaS*-refutable and give examples of TaS*-refutattions. By weakening (Propo-
sition we can conclude that a branch A is refutable whenever a subset A’
has already been refuted. Consequently, we make the convention that a branch
can be closed by a reference to an earlier refutation of a subset of the branch.

The following example shows how the new rules and conventions can simplify
proving.
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Example 8.3.6 Leta,b:0and g : o - - - 00 be variables where g expects n argu-
ments. We can refute the branch with a, b, qa - - - a and —gqb - - - b using only
the rules from TaS. The tableau has 2n branches. If we first refute the branch
with a, b and a # b and then use this (via weakening) we only need to show n
branches. Finally, if we use weakening and use Tt with Leibniz equality of a
and b, then we can refute the branch showing only 3 branches (independent of
n). o

8.4 Transitive Closure

Suppose R is a binary relation on a set X. We can define the transitive closure
R inductively as follows:
1. If (x,y) € R, then (x,y) € R".
2. If (x,y) e RT and (v,z) € R*, then (x,z) € R™.
We often describe R* as the least transitive relation which contains R. In this
section we will show how to define the transitive closure of a relation in STT
and prove that it is indeed the transitive closure. We will furthermore prove an
inversion principle.

In simple type theory we represent binary relations using a type of the form
oTo. For any o and T, let &, + be the term

ArY' Nxyrxy —v'xy

for some variables v,*’ : 0710, x : 0 and y : T. When the types o and T are clear
in context, we write simply <. As usual, we use infix notation and write s < t for
c applied to s and t.

To represent transitivity we must assume o and T are the same type. Given
variables v : 0 oo and Xx, y, z : 0 transitivity can be represented as

Ar NXyzrxy —vyz - rxz

Let trans, (or simply trans) be this term.
Given these conventions and variables »,7’ : coo and x, y : 0 we can repre-
sent transitive closure as

Arxy Vv v v’ —transt’ — 1r'xy
For any term s : ooo let s* stand for the normal term

[(Arxy Vv v v’ — transt’ — r'xy)s]
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8.4 Transitive Closure

Now we consider a relation over the specific sort . Letv,v’,s: tto and x, y, z :
t be variables. Note that % is the term

Axy Vv'.[r cv'] - [trans?'] - ¥'xy

We will prove ¥ contains ¥ and »* is transitive. Furthermore, we will prove that
r* is the least such relation.
We first prove [v < v 1.

Example 8.4.1 We show r* contains » as follows.

—[rcrt]
“Vyrxy — [rTxy]

—(rxy — [r*xy)), rxy, ~[r*xyl
-Vr'.r cv'] - [trans?'] - v'xy
“([r c7v'] - [trans¥'] - ¥'xy), [r = 7']
—([transv’] — ¥'xy), [trans7'], = ¥v'xy
Vyrxy - v'xy, rxy - r'xy
r'xy ‘ rXy

We now turn to proving r* is transitive.
Example 8.4.2 We show r™ is transitive as follows.

—[trans ]
~Vyz[rxyl - [r*yz]l - [r*xz]
~Vz.[rtxy]l - [r*yz] - [r*xz]
~([r*xy] = [r*yz] - [r'xz]), [r"xy]
~([r*yz]l - [r*xz]), [r*yzl], ~[r*xz]
—Vr'ilr cr']l - [trans?r'] - r'xz
—([r cv'] - [transv'] = v'xz), [r = 7']
—([trans¥'] — v'xz), [trans7¥'], =¥'xz
Vyzr'xy -v'yz -r'xz
Vz¥'xy -v'yz -r'xz
r'xy -r'yz -r'xz
r'yz -r'xz

-r'x
r'xz -r'yz Y

Now we prove v is the least transitive relation extending v.
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8 Tableaux Examples

Example 8.4.3 We prove v is the least transitive relation extending » by refut-
ing the branch with [» < 5], [transs] and —[r T < s5].

[v c 5]
[trans s]
—[rt c s
“Vy.lrtxy] — sxy
([r*xy] —sxy), [r*xyl], ~sxy
[ < s] — [trans s] — sxy
[transs] — sxy
sXy ‘ =[trans s]

-[r € 5]

Inductively defined sets and relations satisfy a property commonly called an
inversion principle corresponding to their definition. In the case of transitive
closure, the inversion principle corresponds to the fact that if 7 = [»*xy] then
either 7 = rxy or 7 = Jw.[r*xw] A [¥rT*wy] (Where w : ¢ is a variable). Deduc-
tively, this means the branch with [»*xy] and ~(rxy v Iw.[r T xw] A [rTwy]
is refutable.

Let inv stand for the formula

Axyrxy vaw.[r xw] A [rTwy]

We refute the branch with [»*xy] and —[invxy] in a series of steps.

Note that inv corresponds to a binary relation. This relation contains r and
is transitive. Once we have proven these facts we can conclude the inversion
principle by applying the definition of ¥* to inv.

First we show inv contains 7.

Example 8.4.4 —[r < inv] is refutable.
—[r € inv]
—Vyrxy — [invxy]
—(rxy — [invxy]), rxy
—(rxy v az.[r*xz] AlrTzy]), ~rxy
Az [rtxz] AlrTzy]

We now turn to proving inv is transitive. We do this in the next four examples.

Example 8.4.5 We refute the branch with 3w.[rTxw] A [rTwy] and - [rTxy]
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8.4 Transitive Closure
using Tyt with [trans v+ ].

Aw.[r*xw] A [vTwyl, -lrtxy], [rTxw] A [rTwyl], [rTxw], [rTwy]
[trans ]
Vyz.[rtxyl - [rtyz] - [rtxz]
Vz.[rtxw] - [rTwz] - [rTxz] =[trans v ]
[r*xw] - [r*wy] - [r*xy] 8.4.2)
[r"wy] - [r"xy]
[rexyl | ~lriwy]

S[rtxw]

Example 8.4.6 We refute —[inv € r*] using T¢yt with [¥ = 1.

alinv e rt]
—Vy.linvxy] - [rTxy]
=(linvxy] — [r*xy])
rxy Vv az.[rtxz] Alrtzy]

-[rtxy]
rxy
[r crt] . .
Vyrxy — [rtxy] =[r crt] dz.[r*xz] A lrTzy]
rxy — [r'xy] 841 @45
[r*xy] ‘ rXy

Example 8.4.7 We refute the branch with [v*xy], [*tyZz], and —[invxZz].

[r*xy], [rtyz], ~(rxzvAZ' .[r*xzZ' ]| AlrtZz'z])
—rxz
—3AZ . [rtxzZ' ] A [rTZ'z]
—([r*xyl Alrfyz])
S[rtxyl | -lrtyzl
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8 Tableaux Examples

Example 8.4.8 We refute —[transinv] using cut (T¢yt) with [inv € r*1.

—[transinv]
—Vxyz.linvxy] — [invyz] — [invxz]
—Vyz.linvxy] - [invyz] — [invxz]
—Vz.linvxy] — [invyz] — [invxZz]
= ([invxy] — [invyz] - [invxz]), [invxy]
= ([invyz] — [invxz]), [invyz], =[invxz]
[inv 2 7rt]
Vxy.linvxy] — [rtxy]
Vy.linvxy] - [rtxy]
[invxy] — [r*txy]
[r*xy] —linv € r*]
Vy'linvyy'l - [r"yy']
linvyz] - [rTyZz] —linvxy]
—[invyZz]

vzl | gam

We can now refute the original branch to prove the inversion principle.

Example 8.4.9 We prove the inversion principle by refuting the branch with

[r*xy] and —[invxy].

[*xy], —linvxy]

[ cinv] = [transinv] — [invXxy]
[transinv] — [invxy]
=[transinv]

[invxy] B4B)

= [ € inv]

B.4.4

112
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9 Basic Deduction

In this chapter we look at deduction rules that derive valid formulas from valid
formulas. A famous example is modus ponens

s—1 K
t

a deduction rule that appeared in Aristotle’s philosophical writings more than
two thousand years ago. We call rules that derive valid formulas from valid
formulas basic deduction rules to distinguish them from tableau rules and other
types of deduction rules. Proof systems obtained with basic deduction rules are
known as Hilbert systems.

We will use basic deduction rules as a means to formulate basic reasoning
principles. We will also list a variety of logical laws that express important prop-
erties of the logical operations. As a special form of basic deduction we will
consider rewriting with equational laws and apply it to obtain prenex forms and
negation normal forms.

9.1 Substitution Rule

We start with a deduction rule that does not depend on the presence of logical
constants. If a formula s is valid, then every substitution instance SOs of s is
valid. We express this fact with the substitution rule

s
Sub —
SOs

where s ranges over formulas, S over substitution operators, and 6 over substi-
tutions. Here is an instance of the substitution rule:
XV X

(x—-y)V-lx—-y)

The substitution rule is sound since if s is valid, then s evaluates to true no
matter how the values of the free variables of s are chosen, and a substitution
instance SOs just takes away some of the freedom there is for choosing values.
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9 Basic Deduction

Formally, a basic rule is a tuple (si,..., sy, s) of formulas where n > 0. A
basic rule (s1,..., su, s) is sound if the conclusion s is valid whenever all of the
premises sy, ..., s, are valid. We specify basic rules through schematic rules like

Sub and speak of the instances of a schematic rule. Rules without premises (i.e.,
n = 0) are called initial, and rules with premises are called proper. A Hilbert
system is a set of basic rules. A Hilbert system is sound if all its rules are sound,
and complete if it can derive all valid formulas.

Given a Hilbert system, it is common to call the schemes for the initial rules
logical axioms and the schemes for the proper rules inference rules. We may
also refer to the schemes for the initial rules as laws.

9.2 Replacement Rule

Equality is a basic primitive in mathematical reasoning. In STT equality appears
through the identity predicates =4, : o0coo. The main deduction principle for
equality is replacement of equals with equals. We formalize this principle with
the schematic rule

Cl[t]
One possible instance is

X=XVX Vx.x = x

Vx.x = (x VXx)

As the instance shows, obtaining C[t] from C[s] may involve capture. This is
sound since the validity of s = t means that s and t evaluate to the same value
no matter which values their free variables take. We can combine Sub and Rep
into a new rule

s=t C[S0Os]
C[SOt]

SR

which give us the instance

X=XVX Vx.x = 1—x

VXx.x =XV oox
We say that SR is a derived rule since it can be derived from Sub and Rep:

s=t
—  Sub
SO0s = SOt C[SOs]
C[S0Ot]

Rep
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9.3 Beta and Eta

Note that the soundness of a derived rule follows from the soundness of the
rules in its derivation.
Here are rules that account for the reflexivity, symmetry, transitivity, and
compatibility (see §3.9) of equality:
s=1 s=1 t=u s=1

Sym Tra ——— Com

Ref —
s=s t=s S=u Cls] =CJt]

Sym, Tra, and Com can be derived from Ref and Rep. The derivation of Sym is as
follows:

Exercise 9.2.1
a) Derive Com from Ref and Rep.

b) Derive Tra from Rep. Convince yourself that every instance of Tra is an in-
stance of Rep.

9.3 Beta and Eta

We formulate the - and n-law with the following rules:

—_— — X ¢ Ns
B (Ax.s)t = s7 1 (Ax.sx) =s
One can show that the deduction system given by the rules Rep, f and n can
derive an equation s = t if and only if the terms s and t are fn-equivalent. The
subsystem consisting of Rep and f can derive Ref

B

(Ax.s)x =s (Ax.s)x =5

Rep
s=s

and a special case of the substitution rule:

Sub_
sy =15

The full system consisting of Rep, 8, and n can derive the following rules:

sx =1x
— x ¢ N(s=t) x
s=t (Ax.s) = Ay.s3,

yENs
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9 Basic Deduction

Rule FE accounts for functional extensionality (see § [2.10), and Rule « formulates
the o-law.

We can simplify the basic deduction system consisting of Rep, S and n by
replacing n with a more constrained rule n’

s=t Cls]
Clt] h (Ax.s)t = s} g Ax.fx) = f

where x and f range over variables. This does not give away deductive power
since Sub_ can be derived from Rep and B and n can be derived from n’ and
Sub_.

We may also have an intial rule known as A-conversion:

A

S ~gnt
s—1 Bn

The soundness of A-conversion follows from Theorem [4.2.11 Note that A-conver-
sion subsumes Ref, «, 8, and n.

Note that the deduction system we have introduced so far can only prove
equations since for all rules the conclusion is an equation whenever all the
premises are equations.

Exercise 9.3.1

a) Derive Sub_- with Com, f, Sym, and Tra.

b) Derive FE from Com, n, and Rep.

¢) Derive & from n, B, Sym, and Rep. Hint: See §[3.8l
d) Derive n from n’ and Sub-_.

9.4 Modus Ponens and Generalization

Hilbert systems for first-order predicate logic typically come with two proper
rules called modus ponens and generalization:

s—1 K Ky
MP —— Gen
t Vx.s

With modus ponens we can derive proper rules from initial rules. For instance,
given the initial rule

4

Tra
s=t —-t=u—s=u
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9.4 Modus Ponens and Generalization

we can derive the proper rule Tra:

4

Tra
s=t - t=u—s=u s=t

MP
t=u - s=u t=u

S=u

For STT there are complete Hilbert systems whose only proper rule is Rep.
Suppose we have a system with Rep and $ and the following initial rules:

T= — T — VT ——— x ¢ Ns
S=T =S ToS=S (Vx.s) =s

This system is quite powerful. It can derive MP and Gen. It can also derive Sub
and a normalizing substitution rule NS:

s S
Sub — NS —
SOs BOs

Below is a derivation of the modus ponens rule MP. We exploit that Sym is deriv-
able from Rep and B.

T— — Rep

Rep
Exercise 9.4.1 Derive Gen with T=, VT, Sym, and Rep.

s
Exercise 9.4.2 Derive the substitution rule — from T=, Sym, Sub_, and Rep.
St
Exercise 9.4.3 Recall that we can derive Sub- with Rep and . Hence weaker
versions of T=, T—, and VT suffice where the metavariable s is replaced by
some fixed variable xg : 0. Give the formulations with xo. For VT the side
condition x # X is necessary.

Exercise 9.4.4 The generalization rule Gen is sound. On the other hand, there
are formulas s such that the formula s — Vx.s is not valid. Give such a formula s
and explain why Gen is sound.
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9 Basic Deduction

9.5 Important Tautologies

We now look at equational tautologies that express important properties of the
propositional constants. Recall that a tautology is a valid propositional formula.

A Boolean equation is a propositional formula s = t where s and t contain
no other constants but L, T, -, A, and V. A Boolean identity is a valid Boolean
equation. Figure shows the most prominent Boolean identities. Note that
every Boolean identity is a tautology.

The identities in Figure exhibit a symmetry known as duality: If we take a
boolean identity and apply the substitution

[Li=T, T: =1, (A):=(V), (V):=(A)]

to it, we obtain another Boolean identity. The duality between A and v and T
and L also shows in the de Morgan laws.

It turns out that the Boolean identities are laws that also hold for the basic set
operations. Take a set X and interpret L as the empty set @, T as the full set X,
— as set complement with respect to X, A as intersection N, and Vv as union U.
Then the Boolean identities hold for all subsets of X. A general interpretation
of the Boolean identities is known as Boolean algebra. A main result says that a
Boolean equation s = t is valid in a nontrivial Boolean algebra if and only if it is a
tautology. The study of Boolean algebras originated in 1847 with George Boole’s
book An Investigation of the Laws of Thought [12]. Whitesitt [68] is a more recent
textbook on elementary Boolean algebra.

Figure shows tautologies that express important properties of implication
and equivalence.

9.6 Boolean Case Analysis and Boolean Expansion

Consider the deduction system given by Rep, B, n, and the initial rule

Taut — s tautology
S
that proves all tautologies One may hope that this system can prove all valid
formulas that contain no non-propositional constants. This is not the case. Here
are valid formulas the system cannot prove:

fL—-f1-fx Boolean case analysis
fx=-xANfLVXAST Boolean expansion
fUfF(fx)) = fx Kaminski’s equation

I Recall that it is decidable whether a formula is a tautology.
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9.6 Boolean Case Analysis and Boolean Expansion

XAN(YAZ)=(XAY)AZ
xv(yvz)s(xvy)vz
XAY=EVYAX
XVYy=yvVvx
XAX=EX
XVX=EX
XA (yvz)ysxAY)VIXAZ)
xVyArz)ysxvy)Ar(xvVz)
XA(XVYy)=x

XV(XAY)=x

XANT =X
XVI1I=X
XANL=1
XVT=T
XNANTX =1
XV X =T

“(XAY)=-xV -y

(X VYy)=x ATy

T = 1
1L =T
X =X

Figure 9.1:

associativity

commutativity

idempotence

distributivity

absorption

identity

dominance

complement

de Morgan

double negation

Boolean identities
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9 Basic Deduction

X =y ="y - X contraposition
X—>Y—>Z=XAY —Z Schonfinkel
X—>yYy—-zZ=y—-X—2 exchange

X—>X=T

1-x=T

T-X=X

X - 1=-x

X—-T=T

X—>Y="XVYy
X—-y=(KxX=xAY)

(x=y)=(y=x) commutativity

x==2)=(x=y)=2) associativity
(x=y)=(-x=-y) contraposition
(x=x)=T

(x=-y)=kx=zy)
(x=1)=—x
(x=T)=x
x=y)=x-Y)A Yy —-Xx) Boolean extensionality
x=y)=xAry)v(ioxA-y)
(xzy)=KxA7Y)V(xXAY)
x=xAy)=(y=xVYy) golden rule
(X—=YV)AX=EXAY modus ponens

(x=y)Ax=xAYy

xvy)A(nxVvz)—(yVz) resolution

(yAz) = (xAY)V(oxAZ)

Figure 9.2: Tautologies for implication and equivalence
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9.7 Quantifier Laws

We can fix the problem by adding the initial rule

BC

A
JL—fT—fx

where f : 00 and x : o are fixed variables. To demonstrate the power of BCA we
derive the rule

The derivation of BCR is as follows:
1. f1 - fT — fx with BCA.
2. (Ax.s)L — (Ax.s)T — (Ax.s)x with Sub
(Sub for [ f := (Ax.s)] is derivable with Taut, see Exercise [9.4.2).
3. s¥ — s¥ — s with § and Rep.
4. s from s¥ and s¥ with MP (MP is derivable with Taut).

We will not investigate the system with Taut and BCA further. It can prove
Boolean expansion and Kaminski’s equation, but finding the proofs is tedious.

Exercise 9.6.1 Prove the validity of the following formulas with tableaux.

a) fL—-fT—-fx

b) fx=-xAfLVXAST
0 (x=y)Afx=kx=y)Afy

9.7 Quantifier Laws

Figure shows the most important equational quantifier laws. The laws are
schemes that produce valid formulas. The schemes are necessary so that the
laws can address quantification at all types. We can see a law as a scheme for
sound and initial basic rules. In fact, laws and schemes for sound and initial
basic rules are the same thing.

We call a law monomorphic if its logical content can be expressed with a
single formula. All the laws for the propositional constants we have stated so
far are monomorphic. A law is polymorphic if it is not monomorphic. Most laws
in Figure are polymorphic. An example is the instantiation law Vs f — fx.
Polymorphism is needed so that the law can address quantification at different
types o. The elimination law (V,x.x) = 1 is an example of a monomorphic law
since only quantification at o is concerned.
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9 Basic Deduction

Vf - fx
Sfx —3f
(Vx.y) =y
(Ix.y) =y
(Vx.x) =1
(Ax.x)=T
(Vx.fx)=fLASfT
Ax.fx)=fLV fT

(Vx.px) = Vx.p(—-x)
(Ax.px) = Ax.p(—x)

(Vxy.fxy) =Vyx.fxy
(Axy.fxy) =3yx. fxy

(Vxx.fx) =Vx.fx
(IAxx. fx) =3Ax. fx

-(Vx.fx)=3dx.~fx
-(3Ax. fx) =Vx.~fx

(Vx.fx)Any=Vx.fxAy
Ax.fx)vy=3Ax.fxVvy
(Vx.fx)vy=Vx.fxVvy
Ax.fx)Ay=3x.fx Ay

(Vx.fx)—-vy=3Ax.fx -y
(Ax.fx) - y=Vx.fx -y
vy - (Vx.fx)=Vx.y - fx
v - (3x.fx)=3x.yv - fx
(Vx.fx) A (Vy.gy) =Vx.fx Angx
(Ax.fx) v (3y.gy) = 3Ix. fx v gx
(Vx.fx) - (Ay.gy) =3x. fx - gx

ifx =y
ifx =y

ifx=+y
ifx=+y
ifx =y
ifx =y

ifx =y
ifx =y
ifx=+y
ifx=+y

Figure 9.3: Quantifier laws

instantiation

elimination

Boolean quantifiers

commutativity

idempotence

de Morgan

scope extension

distributivity
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9.7 Quantifier Laws

For each o, the quantifiers V, and 3, are dual to each other. This shows in
the de Morgan laws. It also shows in the fact that most laws come in pairs where
the paired laws are dual to each other.

From the instantiation laws (see Figure one can derive corresponding
instantiation rules for the quantifiers:

Vx.s st
< aI
'y dx.s

Here is a derivation of the universal instantiation rule VI:

— Law
Vf - fx

Sub
(Vx.s) = (Ax.s)t Vx.s
(Ax.s)t = s7 (Ax.s)t

st

MP

Rep

Russell’s law and Cantor’s law are two nonequational quantifier laws whose
validity was already established with tableaux:

—AxVy. pxy = “pyy Russell’s law
-31fVgix. fx=g where f: 000 Cantor’s law

Both laws say that certain values do not exist. Russell’s law yields the undecid-
ability of the halting problem for Turing machines, and Cantor’s law yields the
uncountability of the power set of the natural numbers. Here are Skolem’s law
and the axiom of choice:

(Vx3y.pxy) =3fVx.px(fx) Skolem’s law
ACVp. p - p(Cp) Choice

Both laws are weakly valid but not valid (see §[10.1] and §[10.2). Using tableaux,
in §[8.2lwe have shown that Skolem and Choice are equivalent in the sense that
an interpretation satisfies all instances of Skolem iff it satisfies all instances of
Choice. The dual of Skolem’s law is also weakly valid:

(AxVy.pxy) =V fIx.px(fx) dual of Skolem’s law
Exercise 9.7.1 Derive the existential instantiation rule 31.

Exercise 9.7.2 Derive the idempotence laws for quantifiers from the elimination
laws for quantifiers.
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9 Basic Deduction

Exercise 9.7.3 Identify all monomorphic laws in Figure Hint: A law is
monomorphic if the types of the quantifiers occurring in the law are fixed.

Exercise 9.7.4 Prove the quantifier laws with tableaux. If the laws are polymor-
phic, assume sorts for the type parameters. For instance, prove Vf — fx for
specific variables f : @o and x : «.

Exercise 9.7.5 Give interpretations in which the following formulas are false:
a) (Vx.fxvgx)— (Vx.fx) v (Vx.gx)

b) (3x.fx) » (Ax.gx) — Ix. fx A gx

¢ (Vx.fx - gx)— (Ax. fx) - (Vx.gx)

Exercise 9.7.6 (Unique Existential Quantification 3!) Let 3!:= Ap.dx.p = (=)x.
The predicate 3! checks in every interpretation whether its argument is a sin-
gleton set. We can also see 3!x.s as a quantification that holds if and only if
there is a unique x such that s holds. Show that 3! is not commutative, that
is, that the equivalence (3!x3!y.pxy) = A!yAlx. pxy is not weakly valid. Hint:
Consider 3!: (00)o.

Exercise 9.7.7 Skolem’s law and its dual are logically equivalent. To show this,
assume p : ;20 and prove with tableaux that the formulas

Vp. (Vx3y.pxy) =3AfVx.px(fx)
Vp. @xVy.pxy) =V fAx.px(fx)

are logically equivalent.

9.8 Normal Forms and Rewriting

To decide the validity of a formula s, we may first employ a normalization step
that translates s into a logically equivalent formula s” and then decide the validity
of s’. The decision procedure for validity can then assume that the formulas it
works with are in a certain normal form. Here are properties we may require of
such a normal form:

1. The formula does not contain a S-redex (f-normal form).

2. Every negated subterm —s of the formula has the property that s has the form
XS1 ... Sy, where x is a variable or an identity (negation normal form).

3. The formula has the form Qx;...QunXxyn.s where n >0, Qq,...,Q4, are quan-
tifiers, and s is a quantifier-free formula (prenex form).
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9.8 Normal Forms and Rewriting

Often, the normal form can be obtained by rewriting the formula with equational
laws. Here is an example that rewrites a formula to negation normal form:

—Vx3y.py Vv axy initial formula

=3dx.—~3Ay. py v gxy rewrite with =(Vx. fx) = 3x.—fx
=dxVy.=(py vV qxy) rewrite with = (3x. fx) = Vx.-fx
= dxVy.mpy A ~gxy rewrite with ~(x v y) = = x A 7y

The rewrite steps are obtained from the laws by first applying NS (normalizing
substitution) and then possibly Com (compatibility). For the first rewrite step we
have

Law

-(Vx.fx)=3Ax.-fx
~(Vx3y.py vagxy)=3Ix.~3Iy. py vV agxy

NS, f=Ax.3y.py v gxy
For the second rewrite step we have

Law

—Ay.fy)=Vy.~fy
—“(3Ay.py vaxy) =Vy.=(py Vv axy)
(Ix.~3y. py vaxy) = IxVy.~(py v qxy)

NS, f=Ay.py vaxy

Com, C = dx.e
Finally, the third rewrite step can be obtained as follows:

Law

—|(X\/y) E—|X/\—|_’y
—(py Vagxy) = "py A gxy
(AxVy.—~(py v agxy)) =3IxVy.~py A 7gxy

NS, x:=py, y :=qxy

Com, C = 3xVy.e

To obtain the equivalence between the initial and the final formula, the three
rewrite steps are combined with two applications of Tra (transitivity). We can
obtain the rewrite steps by a new rewrite rule
s=1
C[BOs] = C[BOt]

Rew

that combines NS and Com.
Here is an example that rewrites a formula to prenex form:
- (Vx.px) v Vx3y.qxy initial formula
= (3x.-px) v Vx3Ay.qxy rewrite with - (Vx. fx) = Ix.—fx
= Vx.(Ax.-px) v Iy.qxy rewritewith y vVx.fx =Vx.yV fx
= Vx3Ay.mpy Vv agxy rewrite with (Ix. fx) v 3y.gy) = 3y.fy v gy
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9 Basic Deduction

As it comes to the laws we use, we take the laws given in this section up to minor
changes such as x-renaming and commutativity of A and v.

Following algebraic tradition, we call valid equations s = t identities. Recall that
we use the word identity also for the constants =,. Thus you have to understand
the context to know what we mean.

A BSR formula is a relational first-order formula that is in 3* V*-prenex form,
that is, in prenex form where existential quantifiers do not occur below uni-
versal quantifiers. An example of a BSR formula is 3xVy.pxy — x=y. BSR
formulas matter since their satisfiability is decidable, a fact that was discov-
ered by Bernays, Schonfinkel, and Ramsey (hence the acronym BSR). A Bernays-
Schonfinkel formula is an identity-free BSR formula. The satisfiability of BSR
formulas can be decided with a terminating tableau system. For Bernays-
Schonfinkel formulas such a system was discussed in §[6.4.1] If one has to decide
the satisfiability of a formula that is not BSR, one may try to rewrite the formula
into an equivalent BSR formula using the quantifier elimination and scope exten-
sion laws. If this succeeds, one can decide the satisfiability of the formula. See
Exercise

Exercise 9.8.1 Look at the rewrite steps of the derivation of a prenex form given
above: ~(Vx.px) v Vx3y.qxy = --- = Vx3Ay.-py Vv qxy. For each rewrite
step give the context C and the substitution 6 to be used with the rule Rew.

Exercise 9.8.2 Give a set of identities so that every formula can be rewritten into
negation normal form. Hint: You need one identity per logical constant.

Exercise 9.8.3 Give a set of identities so that every formula can be rewritten
into a logically equivalent formula containing no other constants but — and the
universal quantifiers V.. Hint: Recall Leibniz’ law.

Exercise 9.8.4 Give a set of identities so that every first-order formula can be
rewritten into prenex form. Assume the identities

XAY=YAX
XVYy=yVvx
X—>yY="XVYy

X=Y=XAYVIXATY

Six additional rules suffice (for each of the constants —, A, Vv one rule for V and
one rule for 3).
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Exercise 9.8.5 Rewrite each of the following formulas to a logically equivalent
formula that is in prenex and negation normal form. Annotate each step with the
law you use. Keep the number of quantifiers as small as possible by prefering
distributivity laws over scope extension laws. For (©) three quantifiers suffice.

a) pxy - Vxy.pxy
b) ~(IxVy.pxy) v Vx.qx
¢) (m(AxVy.pxy)VvVx.qx) A\Vxy.fxy

Exercise 9.8.6 Rewrite the formula Vy3x.px — py into an equivalent BSR for-
mula. Hint: Use the scope extension laws to first push the quantifiers inside and
then pull them out in reverse order.

Exercise 9.8.7 A first-order formula is monadic if it does not contain identities
and its free variables all have types of the form « or «xo. An example of a monadic
first-order formula is Vy3x.px — py. Show that for every monadic first-order
formula one can obtain a logically equivalent monadic first-order formula that
is in 3*V*-prenex form (Bernays-Schonfinkel form). The trick is to first push
all quantifiers inside as much as possible (so-called miniscoping) and then pull
them out in the right order. With miniscoping one can reach for monadic for-
mulas a form where quantifiers are not nested and where quantified formulas
don’t have free variables (i.e., Vx.px v =gx). One exploits that a quantifier-free
first-order formula can be rewritten into CNF and DNF. One starts at innermost
quantifications.

9.9 Skolemization

Two formulas s and t are equi-satisfiable if s is satisfiable if and only if t is
satisfiable. Logically equivalent formulas are always equi-satisfiable, but there
are equi-satisfiable formulas that are not logically equivalent.

Proposition 9.9.1 Let 3x.s be a formula. Then 3x.s and s are equi-satisfiable.

A formula is in universal prenex form if it has the form Vx;...Vxy.s
where s is quantifier-free (prenex form with universal quantification only). Uni-
versal prenex form is also known as V*-prenex form or Skolem form. Most
automated provers for first-order logic employ universal prenex form. The fol-
lowing theorem is due to Skolem [59].

Theorem 9.9.2 (Skolem) For every first-order formula there exists an equi-
satisfiable first-order formula in universal prenex form.
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9 Basic Deduction

Proof Let s be a first-order formula. Then there exists a logically equivalent
first-order formula t in prenex form. By rewriting with Skolem’s law we obtain a
formula u in 3* V*-prenex form (existential quantifiers before universal quanti-
fiers) such that t is satisfiable in a standard model iff u is satisfiable in a stan-
dard model. By dropping the existential quantifiers of u we obtain a first-order
formula v in universal prenex form such that u and v are equi-satisfiable (Propo-
sition [0.9.1). By Proposition [10.4.3]it follows that s and u are equi-satisfiable. g

The translation process from prenex form to universal prenex form described
in the proof of the proposition is called Skolemization, and the functional vari-
ables introduced by rewriting with Skolem’s law are called Skolem functions.
As an example, consider the first-order formula Vx3y.px7y. Rewriting with
Skolem’s law yields 3fVx.px(fx). Now we drop the existential quantifier and
obtain the first-order formula Vx.px(fx). This formula contains the Skolem
function f and is equi-satisfiable to the initial formula Vx3y.pxy.

Exercise 9.9.3 Find equi-satisfiable first-order formulas in universal prenex form
for the following first-order formulas. Try to minimize the number of quantifiers
and Skolem functions.

a) (Vx.px) Adx.qx

b) (Vx.px) — dx.qx

¢) Vx.px — qx A3dx. fx

d) Vxy3dz.pxyz

e) (Ax.px)Vv (Ax.qx) v Vx.fx

f) IxVy3azVadb.pyrnqa-b=xvVvz=a

9.10 Equality Laws

Figure shows the most important laws for equality. Note that «, f and n are
special in that they are polymorphic with respect to types and terms.

An equational law s = t gives us two implicational laws s — t and t — s.
We say that the equational law has two directions. Often one direction is more
important than the other. This is the case for functional equality, where the
direction (Vx. fx = gx) — f = g is known as functional extensionality. It is
also the case for Leibniz, where (Vp.px — py) — x = y is the more significant
direction.

Exercise 9.10.1 Give a set of identities so that every formula can be rewritten
into a logically equivalent formula containing no other constants but identi-
ties =g.
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X=X
x=y)=(y=x)
X=y-y=zZ—-X=2

x=y-fx=fy

(Vx.fx=9gx)—-f=g
(Vx. f(fx) =x) = (Vx.p(fx)) = Vx.px)

reflexivity
symmetry

transitivity

functionality
functional extensionality

autoinversion

f=9g=Vx.fx=9gx functional equality
x=y = Vp.px - py

X=y—-fx=x=y-fy

Leibniz

internal replacement

XAy =Vf.fxy=fTT Henkin
Vf = f=Ax.T
Af = f+ Ax.L
(Ax.s) = Ay.s, if vy ¢ N(Ax.s) o
(Ax.s)t = sf
(Ax.sx) = s ifx ¢ Ns n

Figure 9.4: Equality laws

Exercise 9.10.2 Show by rewriting that x Ay = (Af. fxx) = (Af. f7T7T) is valid.
Exercise 9.10.3 There is a single monomorphic law in Figure Find it.

Exercise 9.10.4 Except for «, B, and n, all laws in Figure[9.4] can be proven with
tableaux. Make sure you can do this.

9.11 Andrews’ System
Andrews [3] studies a small Hilbert system for STT and shows its Completeness

His system takes Rew as its only proper rule. All other rules are initial and appear
in Figure

2 Andrews [3] actually considers a system for STT with description. His completeness proof
carries over to STT without description.
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9 Basic Deduction

T = (=0) = (=) DT
1 =(Ax.T) = Ax.x DL
—= (=)L D-
A=Axy. (Af.fxy)=Af.fTT DA
V =Axy. 7 (mx A DY) Dv
- =AXY.X=EXAY D—
V = (=)(Ax.T) DV
A=Af.-Vx.~fx D3
(Vx.fx)=fLAfT BUQ
(f=9) =Vx.fx=gx FEQ
x=yv—-fx=fy Fun
(Ax.x)s =s B1
(Ax.st)u = (Ax.s)u((Ax.t)u) B2

(Ax.s)t =s if x ¢ Ns B3
(Axy.s)t = Ay.(Ax.s)t if y ¢ Ntu{x} Ba

Figure 9.5: Initial rules of Andrews’ system

Andrew’s system takes the identities as its primary constants. All other con-
stants can be eliminated using Rew and the first 8 rules. In fact, we can say that
the first 8 rules define the non-equational constants in terms of the identities.

Andrews’ system does not employ a substitution operator. Instead, the
basic properties of substitution and S-reduction are provided by the rules
B1, B2, B3, Ba-

If we only consider formulas with identities, Rew, B, and the three rules ob-
tained from BUQ, FEQ, and Fun by eliminating the non-equational constants ac-
cording to the definitional rules suffice for a complete system.

All rules but Fun are stated as equations. Fun be stated equivalently as the
equational rule x=y = x=y A fx=f7y. This can be shown with D—, Rew, and
the Bi-laws.

Andrews’ system constitutes a surprisingly compact account of the logical
assumptions STT is based upon. Since it is sound and complete, we can see it
as an inductive definition of the set of valid formulas. We can also see it as an
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algorithm that enumerates the valid formulas.

To start working with Andrews system, it suffices to understand how we can
obtain formulas from the initial rules and the proper rule Rew. No understanding
of substitution or B-reduction is needed. This means that checking proofs is
easy. However, finding proofs is difficult in Andrews’ system. The situation is
comparable with a machine language where execution is easy but programming
is difficult. In fact, Andrews’ erects on his primitive Hilbert system a more high-
level deductive system and shows how high-level proofs can be compiled into
low-level proofs.

Exercise 9.11.1 Derive Ref in Andrews’ system.
Exercise 9.11.2 Derive B1, B2, B3, B4 with Ref and B. Use Proposition [3.4.4]

Exercise 9.11.3 Derive the formula x=y = x=y A fx=f7y with Fun, D—, Rew,
and the B;-laws. Conversely, derive Fun with the B;-laws, Rew, and D— from the
initial rule x=y = x=y A fx=fy.

9.12 Remarks

Hilbert systems were the first proof systems systematically investigated. They
are obtained with rules that derive valid formulas from valid formulas. Finding
proofs in Hilbert systems is a difficult and unrewarding task. Clearly, tableau
systems are much better suited for proof search.

The first substantial Hilbert system was given by Gottlob Frege [26] in 1879
for a logic that became first-order predicate logic. The first completeness result
for first-order predicate logic was obtained by Godel [31] for a Hilbert system.
Church’s [20] initial presentation of simple type theory expressed equality with
Leibnz’ law and came with a Hilbert system with 6 proper rules. A slightly re-
vised version was shown complete by Henkin [35] in 1950. In 1963, Henkin [36]
switched to simple type theory with primitive equality and the replacement rule.
For simple type theory with primitive equality Andrews’ devised and proved com-
plete a surprisingly small Hilbert system.
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10 Models

There are many formulas s such that neither s nor —s is valid. To show that
this is the case for a formula s, we need to construct two models, one in which s
is true and one in which s is false. For first-order formulas standard models
suffice, but in general nonstandard models are needed. We will introduce the
logical relation technique for constructing nonstandard models.

10.1 Description and Choice

The function types of nonstandard models may not contain all functions that
exist for this type. As a consequence, formulas that assert the existence of func-
tions may be false in some nonstandard models although they are true in all
standard models. We will now consider such formulas. For every type o we
define the following formulas:

ACV4op. Ip — p(Cp) Choices
dDVsx.D(=x) = x Descy
Voexyaf. fx=y A fy=x Swap,

Choice, asserts the existence of a choice function C : (0o)o that for every
nonempty subset of o returns one of its elements. Desc, asserts the existence
of a description function D : (0o0)o that for every singleton subset set of o
returns its single element. Finally, Swap, asserts for all x, v : o the existence of
a swapping function f : oo that swaps x and 7. Note that the variables x and
v in Swap, are chosen to be different from each other.

Proposition 10.1.1 The formulas Choice, — Desc, and Desc, — Swap, are
valid for every type o.

Proof Both claims can be shown with tableaux. The first claim follows with
the instantiation D := C, and the second claim follows with the instantiation
f:=Aa.D(Ab.(a=x — b=y) A (a=y — b=Xx)). -

Proposition 10.1.2 If Swap,; is invalid, then Desc, and Choice, are invalid.

Proof Straightforward consequence of Proposition [I0.1.11 -
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10 Models

We have defined a frame D to be standard if D(oT) is the set of all func-
tions Do — DT. If we assume the so-called axiom of choice for the underlying
set theory, Choices is true in every standard model for every type o. In 1904,
Zermelo used the axiom of choice to prove that every set can be well-ordered.
This result came as a surprise and made clear that the notion of infinite sets is
far from straightforward. In response to criticism of his proof, Zermelo carefully
spelled out the assumptions about sets he was using in his proof, thus founding
set theory. It turned out that one can have different set theories. In particular,
one can have a set theory where the axiom of choice is assumed.

Proposition 10.1.3 The formulas Swap,, Desc,, and Choice, are weakly valid
for every type o.

Proof The weak validity of Choices follows from the axiom of choice which we
assume for the underlying set theory. The weak validity of Desc, and Swap,
follows with Propositions [10.1.1] -

Exercise 10.1.4 One can show that Choice, is valid whenever the type o is con-
structed using only the base type o.

a) Show with tableaux that Choice, is valid.

b) Give a term of type ((00)o)oo that evaluates to a choice function for sets of
functions of type oo.

Exercise 10.1.5 Show with tableaux that Choice, — Desc, is valid.

Exercise 10.1.6 Show with tableaux that Desc, — Swap,; is valid.

10.2 A Nonstandard Model

We will now construct a nonstandard model in which Swap, is false for every
sort «. Consequently, Swap,, is not valid. Thus, by Proposition [I0.1.1] Desc, and
Choicey are not valid. The construction uses an inductive technique known as
logical relations technique.

First we construct an admissible frame D. We define sets Do and relations
<o € Do x Do by induction on types:

DB = {0,1}
D(oT) = {feDo-Dt|Va,beDo: asb= fa=s:fb}
a=<,b ;= true
azsbh = a=0va=»>b

f=2org 1= Va,beDo: a<,b= fa=:gb
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10.2 A Nonstandard Model

The definition first fixes for every base type B the set DB and the rela-
tion <g. Then, step by step, it first obtains the set D(o 1) and then the relation
<o1E€E D(oT) X D(oT). We can think of D(oT) as the set of all monotone func-
tions Do — DT. Note that all sets Do are finite since Dp is finite for all base
types B.

The relations <, are examples of what is known as logical relations. The
characteristic features of logical relations is their definition by induction on
types and the particular way <, is obtained from <, and <-.

Lemma 10.2.1 a Xy a foralla € Do.

Proof If o is a base type, the claim is obvious. Otherwise let o = Ty, f € D(Tu),
and a <; b. By the definition of <, it suffices to show that fa <, fb. This
follows by f € D(tu) and the definition of D(Tu). -

Lemma 10.2.2 D is a frame.

Proof We have to show that D maps every type to a nonempty set. We show this
by induction on types. For the base types the claim is obvious. For a functional
type o1 we know by the inductive hypothesis that there is some b € DT. Let
f =AaeDo.b. Clearly, f € Do — D7. By Lemma[10.2.1]lwe have b < b. Hence
f € D(oT) by the definition of D(oT). -

It's now easy to see that D(xwx) does not contain the swapping function
{(0,1), (1,0)} since it is not monotonic. Hence D is a nonstandard frame.

Lemma 10.2.3 For every sort o: {(0,1), (1,0)} € (Dx - D) — D(xx).
Lemma 10.2.4 D(co0) = (Do — Do) and D(oT10) = (Do — (DT - Do)).
Proof Easy. Follows from the fact that <, is always satisfied. -

Lemma 10.2.5 D admits logical assignments, that is, contains the values needed
for the logical constants.

Proof The interpretation for L and T are available since Do = {0, 1}. The types
of the remaing logical constants are of the form oo and oTo. By Lemma [10.2.4]
we know that D provides all functions for these types. Hence the logical opera-
tions are available. -

It remains to show that D is admissible, that is, that every assignment into D
can evaluate every term. This is the most delicate part of the construction. We
define a relation <X on the assignments into D:

1] = VoeTlyVx eNamy: Ix Zs Ix
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Lemma 10.2.6 Let s : 0 be a term and 7 and J be assignments into D such that
7 < 7. Then s € Dom7 N Dom J and 7s <, 7s.

Proof By induction on s. Let s : ¢ be a term and 7 and 7 be assignments into D
such that 7 X 7. Case analysis.

Let s = x. Then the claim is obvious from the definitions.

Let s = tu where t : yo. By the inductive hypothesis we have 7t <uo Jt and
Ju <, Ju. Hence (1t)(u) =4 (Jt)(Ju) by the definition of <,,. The claim
follows by the definition of evaluation functions.

Let s = Ax.t : ut = o. By the inductive hypothesis we have t € Dom?"
Domj]a for all a € Du. Also by the inductive hypothesis we have 7" ’Jx
whenever a <, b. Hence (Aa€7p. ilxt) € Do. Thus s € D7 by the deﬁmtion of
evaluation. Analogously, s e DJ. To show Is < js let a <X, b. It suffices to
show 7sa <+ Jsb. This holds since 7sa = th < j"t = Jsb by the definition of
evaluation and the inductive hypothesis. -

Lemma 10.2.7 D is an admissible frame that admits logical interpretations.

Proof By Lemmas and [I0.2.5we know that D is a frame that admits logi-
cal assignments. Let 7 be a logical assignment into D. By Lemma [10.2.1lwe have
7 X 1. By Lemma we know that 7 can evaluate every term. Hence 7 is a
logical interpretation. -

Theorem 10.2.8 The formulas Swap,, Descy, and Choicey are not valid.

Proof By Lemma [I0.2.7]1 we have a logical interpretation 7 into 2. By
Lemma [10.2.3] we know that Swap, is not true in 7. Hence Swap, is invalid.
The invalidity of Descy and Choicey follows with Proposition [10.1.1] -

Exercise 10.2.9 Answer the following questions.
a) Does Desc, have a standard model?

b) Is Swap, satisfiable?

c¢) Is =Choice, satisfiable?

d) Is —Desc, satisfiable?

e) Is =Swap, satisfiable?

f) Is Desc, A ~Swap, satisfiable?
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Exercise 10.2.10 A function f € A — B is called a constant function if there is
some b € B such that fa = b for all a € A. Let D be the frame defined by
induction on types as follows:
DB = {0,1}
D(oT) := {f €Do—Dt| fisaconstant function }

a) Is D admissible?

b) Does D admit logical assignments?
Exercise 10.2.11 Let D be the frame defined by induction on types as follows:

DB = {0,1}
D(oT) = {feDo-Dt|Va,beDo: alsb= fa=s:fb}
afgb = a=0va=>b

f=2org 1= Va,beDo: a<,b= fa=:gb

a) Is D admissible?

b) Does D admit logical assignments?

10.3 Simple Type Theory with Description or Choice

If we define the set of valid formula with a smaller class of models, we obtain
more valid formulas. Seen this way, restricting the class of models means to
weaken the notion of validity. Here are four obvious model classes:

1. All models.

2. Models that satisfy Descs for every type o.
3. Models that satisfy Choices for every type o.
4. Standard models.

By Propositions [10.1.1] and [I0.1.3] we know that every model that satisfies (3)
satisfies (2), and that every model that satisfies (4) satisfies (3). Thus the condi-
tions required of the models get increasingly stronger, and the respective sets
of valid formulas get increasingly larger. By constructing suitable nonstandard
models one can show that this increase is strict, both as it comes to models and
as it comes to formulas. Hence each of the four model classes yields a different
notion of validity.

We have already seen proof systems that are complete for the class of all
models. These proof systems can be extended so that they become complete for
the class with description or the class with choice. Complete proof systems for
the class of standard models are impossible (see §I1.3).
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The extension of Andrews’ system (§[Q.11) to description or choice is straight-
forward. One justs adds one initial rule:

Choice -
Descy Choices,

Desc

In fact, Andrews’ [3] only considers simple type theory with description.

The extension of our tableau system TaS to the presence of description or
choice functions is also straightforward: One adds rules that look exactly as
the rules for Andrews’ system. However, as tableau rules Desc and Choice are
peculiar since they have no premises. Recall that all rules of TaS have premises.
The addition of Desc and Choice destroys termination even for propositional
formulas. Moreover, Choice subsumes the cut rule (§@8.3), as is shown by the
following tableau.

ACVp.dp - p(Cp) Choice rule
Vp.3p - p(Cp)
(Ix.5) — s p := Ax.s where x ¢ N's
s | —3dx.s
—-s

10.4 First-Order Validity

We will now show that a first-order formula is valid if and only if it is weakly
valid. Thus for first-order formulas there is no need to consider nonstandard
interpretations. First we show that the coincidence proposition can be strength-
ened for first-order formulas.

Proposition 10.4.1 (First-Order Coincidence) 7s = Js holds for every first-order
formula s and all logical interpretations 7 and J that agree on all variables and
all sorts in the footprint of s.

Proof By induction on s. Let s = x5;... S, be a first-order formula and 7 and 7

be logical interpretations that agree on all variables and all sorts in the footprint

of s. Case analysis.
x is a first-order variable. Then s1,..., s, are first-order terms. Since s1,..., S,
are A-free, their footprints do not contain sorts. Thus 7s; = Js; for all i
{1,...,n} by Proposition @.I.5l Hence 7s = Js since 7x = Jx by assumption.
x is a propositional constant. Then s,...,s, are first-order formulas. Thus
7s; = Js; foralli € {1,...,n} by the inductive hypothesis. Hence Is = Js
since 7 and J agree on propositional constants.
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X = (=«). Then n = 2 and s; and s> are first-order terms. Analogous to the
case where x is a first-order variable we obtain 7s; = Js; and 7s» = Js». Thus
no matter how 7 and 7 interpret «, we have Is = 7Js.

s = Vyx.t. By assumption we have 7o = Jx. By the inductive hypothesis
we have 75t = 7%t for every a € 7 = Jo. Hence 4(Ax.t) = J(Ax.t). Thus
T(Va(Ax.1)) = J(Va(Ax.1)).

§ = dyx.t. Analogous. -

Lemma 10.4.2 Let D be a frame and F be a standard frame that agrees with D
on all base types. Then D(B;... Bn) € F(B1... Bn) for all n > 1 and all base
types B, ..., Bn.

Proof By induction on n. For n = 1 the claim holds by assumption. Other-
wise, let ¢ = B»...B,. By the inductive hypothesis we have Do < Fo. Hence

D(B10) = (DB1 — Do) = (FB1 — Do) = (Fb1 - Fo) = F(pro). .
Theorem 10.4.3 Every satisfiable first-order formula has a standard model.

Proof Let 7 = s and s be first-order. We choose a standard interpretation 7
that agrees with 7 on all sorts and all variables that are free in s. This is pos-
sible since all variables that are free in s are first-order and hence have a type
o] ... &u B which satisfies 7(x;... cnB) S J(x1 ... ¢ B) by Lemma [10.4.2] By
Proposition [I0.4.]]we have 7 & s. -

Corollary 10.4.4 A first-order formula is valid if and only if it is weakly valid.

Proof Let s be a weakly valid first-order formula and suppose s is not valid. Then
—s is satisfiable. By Theorem we know that —s has a standard model.
Hence there is a standard interpretation in which s is false. Contradiction. The
other direction is trivial. -

One can show that Theorem and Corollary also holds for the
larger class of EFO formulas [15]. An EFO formula is a formula that does not
contain identities and quantifiers for function types.

Exercise 10.4.5 Give a satisfiable formula that has no standard model.

10.5 Remarks

Andrews [2] [1] seems to be the first who published actual constructions of non-
standard models. In [1]], Andrews constructs a nonstandard model using logical
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relations that shows a problem with Henkin’s [35] original definition of interpre-
tations. The construction of nonstandard models by means of logical relations
is further developed by Brown [13].

The technically most involved aspect of completeness proofs are model ex-
istence theorems that assert the satisfiability of evident sets. For the model
constructions in the proofs of the model existence theorems the logical relations
technique can be used, both for the construction of standard and nonstandard
models [16} [15] [14].
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11 Decidability

11.1 Undecidability

In the late 1920’s, Hilbert and Ackermann formulated the Entscheidungsprob-
lem [40]: Is there an algorithm that decides the satisfiability of first-order for-
mulas? Here is a famous quote from their textbook Grunziige der theoretischen
Logik [40] where they write that the Entscheidungsproblem is the most impor-
tant problem of mathematical logic.

Das Entscheidungsproblem ist geldst, wenn man ein Verfahren kennt, das
bei einem vorgelegten logischen Ausdruck durch endlich viele Operationen
die Entscheidung tiber die Allgemeingiltigkeit bzw. Erfiillbarkeit erlaubt.
(...) Das Entscheidungsproblem muss als das Hauptproblem der mathema-
tischen Logik bezeichnet werden.

As it turned out, the answer to the Entscheidungsproblem is negative: There
is no algorithm that decides the satisfiability of first-order formulas. To show
this, a formal notion of computability had to be established. One possibility are
u-recursive functions as developed by Herbrand, Godel, and Kleene. In 1936,
Alonzo Church put forward a bold thesis: The computable functions from
the natural numbers to the natural numbers are exactly the p-recursive func-
tions. Based on this assumption he proved the undecidability of the Entschei-
dungsproblem [19]. In 1937, Alan Turing put forward a similiar thesis: A func-
tion from strings to strings is computable if and only if it can be computed with
a Turing machine. Based on this assumption he again showed the undecidabil-
ity of the Entscheidungsproblem [66]. The equivalence of Church’s and Turing’s
thesis was quickly established.

Theorem 11.1.1 (Church 1936) Validity of first-order formulas is undecidable.

11.2 Completeness and Semi-Decidability
A complete proof system gives us an algorithm for enumerating all valid for-

mulas. Since there are complete proof systems, validity and unsatisfiability are
semi-decidable. The first completeness result was established by Kurt Godel [31]
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in 1930 for a basic deduction system for first-order logic devised by Ackermann
and Hilbert [40]. Combined with Church’s undecidability result this implies that
the set of satisfiable (first-order) formulas is not semi-decidable. The first com-
pleteness result for simple type theory was obtained by Leon Henkin [35] in 1950.
Complete tableau systems for simple type theory are a recent achievement [14].
The tableau system TaS introduced in §[7.3]is complete [14].

Theorem 11.2.1 (Henkin 1950) Validity of formulas is semi-decidable.

Exercise 11.2.2 Answer the following questions.
a) Is the set of satisfiable first-order formulas semi-decidable?
b) Is the set of valid formulas semi-decidable?

c) Is the set of unsatisfiable first-order formulas decidable?

11.3 Limited Expressivity

The semi-decidability of validity means that the expressivity of valid formulas
is limited. For instance, there cannot be an algorithm that for every Turing ma-
chine produces a formula that is valid iff the Turing machine does not halt on a
particular input since the respective problem for Turing machines is not semi-
decidable. This principal limitation of expressivity was first recognized by Kurt
Godel who in 1931 proved a spectacular result known as Godel’s first incom-
pleteness theorem [32]. To state Godel’s result we need a few definitions.

We fix a sort N and variables o : N, S : NN, + : NNN, and - : NNN. An
interpretation is arithmetic if it is logical and interprets (N, o, S, +, -) as the nat-
ural numbers with zero, the successor function, addition, and multiplication.
A formula is arithmetic if it is first-order and each of its free names is either
a propositional constant or one of =y, Vy, Iy, 0, S, +, . We call a formula
arithmetically valid if it is arithmetic and true in some arithmetic standard in-
terpretation. By first-order coincidence we know that an arithmetic formula is
arithmetically valid if it is true in every arithmetic interpretation. Using the no-
tion of semi-decidability (which did not exist in 1931), we can formulate Godel’s
result as follows.

Theorem 11.3.1 (Godel)
The set of arithmetically valid formulas is not semi-decidable.

Proposition 11.3.2 There is a formula s such that for every arithmetic formula t
the formula s — t is weakly valid if and only if t is arithmetically valid.
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11.4 First-Order Reduction Classes

In the light of §[4.4]the proposition looks straightforward since we can specify
the natural numbers in standard models. However, the specification is up to rep-
resentation and thus a rigorous proof of the proposition is technically involved.

Theorem 11.3.3 The set of weakly valid formulas is not semi-decidable.

Proof By contradiction. Suppose the set of weakly valid formulas is semi-
decidable. By Proposition [I1.3.7] it follows that arithmetic validity is semi-
decidable. This contradicts Theorem -

We can now say why we care about nonstandard interpretations: While stan-
dard interpretations alone give us a noncomputational notion of validity, adding
nonstandard interpretations gives us a computational notion of validity. Semi-
decidability of validity is crucial since otherwise complete proof systems do not
exist.

Theorem 11.3.4 There is no formula s such that for every arithmetic formula t
the formula s — t is valid if and only if £ is arithmetically valid.

Proof By contradiction. Suppose there is such a formula. Since validity is semi-
decidable, it follows that arithmetic validity is semi-decidable. This contradicts

Theorem [T1.3.11 n

In conclusion we can say that weak validity subsumes arithmetic validity while
validity does not, and that subsumption of arithmetic validity is not an option
for a logical system since it must be paid for by non-semi-decidability.

Exercise 11.3.5 Argue that logical equivalence of formulas is semi-decidable.

Exercise 11.3.6 Argue that there is no formula stand such that a logical inter-
pretation 7 satisfies stand if and only if 7 is a standard interpretation.

11.4 First-Order Reduction Classes

A first-order reduction class is a set R of first-order formulas such that there
is an algorithm that computes for every first-order formula an equi-satisfiable
formula that is in R.

Proposition 11.4.1 Let R be a first-order reduction class. Then it is undecidable
whether a formula in R is satisfiable.

Proof By contradiction. Suppose there is an algorithm that decides satisfiability
for R. Since R is a reduction class we have an algorithm that decides satisfiability
of first-order formulas. Thus we have an algorithm that decides validity of first-
order formulas. Contradiction with Church’s Theorem [TT.T.11 -
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11 Decidability

Proposition 11.4.2 First-order formulas in universal prenex form are a first-
order reduction class.

Proof Skolemization, see §[9.9 -

In 1915, Leopold Léwenheim [49] found a first-order reduction class that
shows that equations and most functional types can be translated away. In 1936,
Laszl6 Kalmar [47] sharpened Loéwenheim’s result such that only variables of
type t and a single variable of type tto (a binary predicate) is needed.

Theorem 11.4.3 (Lowenheim-Kalmar) Pure first-order formulas obtained with
variables of type t and a single variable of type tto are a first-order reduction
class.

11.5 Decidability Results

In 1928, Bernays and Schonfinkel [9] showed that the satisfiability of pure first-
order formulas in universal prenex form is decidable. The result was sharped by
Ramsey [55] in 1930 so that equations are allowed. We defined formulas of this
form as BSR formulas (§[9.8).

Theorem 11.5.1 (Bernays-Schonfinkel-Ramsey)
Satisfiability of BSR formulas is decidable.

The satisfiability of BSR formulas can be decided with a terminating tableau
system. For Bernays-Schonfinkel formulas such a system is presented in §[6.4.11
When extended with the confrontation rule, the system still terminates and de-
cides the satisfiability of BSR formulas [15]. This gives us a straightforward proof
of Theorem

A basic formula is a lambda-free formula that contains only quantifiers and
identities at base types. Two examples of basic non-first-order formulas are
px — py — p(x Ay)and px = p(p(px)) (both are valid). One can show that
TaS terminates on basic formulas [16] [15]. Thus TaS decides the satisfiability of
basic formulas. One can also show that a basic formula is valid if and only if it
is weakly valid [16} [15].

Theorem 11.5.2 (Brown-Smolka) Satisfiability of basic formulas is decidable.

Basic formulas include quantifier-free first-order formulas. Thus satisfiability
of quantifier-free first-order formulas is decidable. Using results on congruence
closure [51] one can show that satisfiability of quantifier-free first-order formulas
is NP-complete.
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Exercise 11.5.3 For each of the following claims find out how it follows from the
results stated.

a) Satisfiability of quantifier-free first-order formulas is decidable.
b) Satisfiability of formulas 3x; ... x,.s where s is BSR or basic is decidable.
¢) Validity of formulas Vx; ... x,.s where s is basic is decidable.

d) Validity of formulas Vx;... x,3Yy1... Ym.S where s is a quantifier-free rela-
tional first-order formula is decidable.

11.6 Remarks

There are many decidable fragments of first-order logic. The monograph by
Borger, Gradel and Gurevich [17] is dedicated to the classical first-order decision
problem and is a valuable source of information.

2009/8/2 ] 4 5



11 Decidability

146 2009/8/2



12 Natural Deduction

In 1935 Gentzen [30] published a paper creating two new kinds of proof systems:
natural deduction calculi and sequent calculi. In this chapter we consider natural
deduction calculi. The goal of natural deduction is to have a system whose proof
rules are natural in the sense that they formalize proof patterns used in mathe-
matical practice. Natural deduction calculi are of both theoretical and practical
importance. Different natural deduction calculi can be found in many modern
proof assistants (e.g, Isabelle/HOL [52], TPS [4] and Coq [10]).

12.1 Abstract Proof Systems

Before considering another deductive system, we define abstract proof systems
and illustrate how Hilbert systems and tableaux calculi are instances of abstract
proof systems. Natural deduction calculi will also be instances. Abstract proof
systems give us the opportunity to explain the notion of formal proof.

An abstract proof system is given by a set of propositions and a set of proof

steps. A proof step is a pair ({x1,...,xn}, x), which may be written as
Xl P X‘y,_
X
where x1,...,x,,Xx are propositions. The objects xi,...,Xx, are the premises

and the object x is the conclusion of the proof step. A proof step is initial if it
has no premises.

Proof steps carry their premises as a set, so there is no order between the
premises. Specifying an order for the premises is not essential.

Given a proof system S and a set P of propositions, the closure S[P] is defined
inductively:

1. If x € P, then x € S[P].
2. If (Q,x) € § and Q < S[P], then x € S[P].

Due to the inductive definition of closures, we obtain proof trees that verify
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12 Natural Deduction

statements of the form x € S[P]. The proof tree

X1 X2 X3

X4 X5

X6

verifies the statement xg € S[{x>}] provided the following pairs are proof steps
of S (0,x1), (0,x3), ({x1,x2},x4), ({x3},x5), ({x4,x5},x6). Obviously, we
have x € S[P] if and only if there is a proof tree that verifies x € S[P].

Proposition 12.1.1 Let S be a proof system. Then:
1. P c S[P]

2. PcQ = S[P]cS[Q]

3. Q< S[P] = S[PuQ]=S5[P]

A proposition x is derivable in a proof system S if x € S[@]. A proof step
(P, x) is derivable in a proof system S if x € S[P]. Derivability of a proof step
means that it can be simulated with proof steps that are in S. If we extend a
proof system with derivable steps, the closures do not change. However, we may
obtain smaller proof trees for given x and P. A proof tree that uses derivable
rules can always be compiled into a proof tree just using basic rules.

Let V be a set. A proof step (P, x) applies to V if P = V. A proof step (P, x)
is sound for V if x € V whenever (P, x) applies to V. A proof system S is sound
for V if every proof step of S is sound for V. A proof system S is complete for
VifVv c S[0].

Proposition 12.1.2 A proof system S is sound for V if and only if S[V] = V.
Proposition 12.1.3 If a proof system S is sound for V, then S[@] c V.

If a proof system S is sound and complete for V, we have V = S[@]. If S is
sound and complete for V, we also know that x € V if and only if S has a proof
tree for x.

In practice, proof systems are supposed to be decidable. To this goal a de-
cidable set X of propositions is fixed and S is chosen as a decidable set of proof
steps for X. Given a decidable set P c X, it is decidable whether a given tree
is a proof tree that verifies x € S[P]. Consequently the closure S[P] is semi-
decidable.

Exercise 12.1.4 Let S be the proof system with N as propositions and proof
steps
{x,¥}2) [ x,y,zeNAX -y =2}
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a) Determine S[0].

b) Determine S[{2}].

¢) Give a proof step ({x},y) € S that has only one premise.
d) Derive the proof step ({2,3},12).

e) Is S sound for the even numbers?

f) Is S sound for the odd numbers?

g) Does S[{2x|x € N}] contain an odd number?

12.1.1 Hilbert systems as Instances of Abstract Proof Systems

A Hilbert system is practically a proof system already. As propositions, we take
formulas. As proof steps, we take all pairs ({sy,...,S,},s) where (s1,...,5,,S) is
a basic rule defining the Hilbert system.

The following result is true, but we will not prove it.

Proposition 12.1.5 Let V be the set of valid formulas, S be the proof system
corresponding to the Andrews system. S is sound and complete for V.
12.1.2 Tableaux Calculi as Instances of Abstract Proof Systems

Recall from Chapter 5] that a branch is a finite set of f-normal formulas. Also, a
tableau rule is a tuple (A, Ay, - - - , Ay,) which is often written

A
Al""‘An

A tableau calculus is a set of tableau rules.

Let 7 be a tableau calculus. To see a tableau calculus 7 as an abstract proof
system, let S+ be the abstract proof system where propositions are branches
and proof steps are pairs ({A1,...,An}, A), where (A, Aq,...,An) € 7. In other
words, the proof steps are

Al P An

where

isarulein 7.
The following propositions are not difficult to verify.

Proposition 12.1.6 A branch A is 7 -refutable iff A € S7[0].
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12 Natural Deduction

We know the tableau system TaS is refutation sound. We also claim the
tableau system TasS is refutation complete. Consequently we have the following.

Proposition 12.1.7 Let V be the set of unsatisfiable branches. St;s is sound and
complete for V.

12.2 The Structure of Informal Proofs
Consider the following informal proof of
(Vx.px - gx) - (Vx.px) - Vx.qx

Assume Vx.px — gx. We will prove (Vx.px) - Vx.qx.
Assume Vx.px. We will prove Vx.gx.

Let v be given. We will prove qy.

By assumption (I) we have Vx.px — gx.

Hence we have py — q.

By assumption (2) we have Vx.px.

Hence we have py.

® Nk W=

By (3 and (2) we have gy as desired.

There are five kinds of reasoning steps used above. First, when our goal is to
prove a formula s — t, then we assume s and prove the subgoal t (see steps [l
and [2). Second, when our goal is to prove a formula Vs, then we let v : o be
a (fresh) variable and prove the subgoal [sy] (see step [3). Third, we can always
use an assumption (see steps[4]and [6). Fourth, when we know Vs, then we can
establish [st] for any t : o (see steps 5l and [7). Finally, when we know s — t and
s, then we can establish t (see step [B). We summarize these reasoning steps as
follows.

implication introduction If our goal is to prove s — t, then it is enough to prove
t under the assumed hypothesis s.

forall introduction If our goal is to prove Vs, then it is enough to prove [sy]
for a fresh variable y : 0.

assumption If we have assumed s, then we know s.
implication elimination If we know s — t and we know s, then we know t.
forall elimination If we know Vs, then we know [st] forany t: o.

Gentzen gave a natural deduction calculus by defining a set of “permissible
inference figures.” His inference figures handled assumptions by giving each as-
sumption a number and referring to this number to infer the assumption. The
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Vx.px — gx Vx.px
p a VE p
ry —qy py

ay
Vx.qx

—E

vl

—~I,
(Vx.px) - Vx.qx

-1
(Vx.px — gqx) - (Vx.px) - Vx.qx !

Figure 12.1: A natural deduction example

remaining steps were represented by the certain “inference figure schemata:” In
Gentzen’s notation the informal proof above could be written in natural deduc-
tion format as in Figure [[2.Jl This figure should give the reader some idea of
how Gentzen’s natural deduction calculus represents proofs. In the next section
we give precise definitions. First we consider a few more simple examples.

Let p, q : 0 be variables. Consider the following informal proofs of p — g — p,
a—-p—p,andp—p—p.

Example 12.2.1 We show p — q — p.
1. Assume p. We will show q — p.

2. Assume q. We will show p.

3. We know p by assumption (I). o

The corresponding natural deduction proof is

Example 12.2.2 We showgq — p — p.
1. Assume gq. We will show p — p.

2. Assume p. We will show p.

3. We know p by assumption (). o
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12 Natural Deduction

The corresponding natural deduction proof is

2
rp_ I
p—-p g
qa—-pP—-PpP
Example 12.2.3 We showp — p — p.
1. Assume p. We will show p — p.
2. Assume p (again). We will show p.
3. We know p either by assumption (I) or by assumption (). O

Depending on which assumption we use in step 3lwe obtain two slightly different
natural deduction proofs. Both are given below.

1 2

p ~I p ~I
p—p ~1 p—p _1
p—-pP—Pp p—-pP—Pp

12.3 Natural Deduction as a Proof System

To present natural deduction as an abstract proof system, we first make the
following assumptions and definitions.

We assume Lab is a countably infinite set of labels (i.e., Lab = N). We reserve
the letters a and b to range over labels. A labeled formula is a pair (a, s) of a
label a and a formula s. We will often write a : s for the labeled formula (a, s).

An assumption context (or context) I' is a finite function where every member
of T is a pair a : s where a € Lab and s is a f-normal formula. In other words,
I is a finite set of labeled S-normal formulas where no label appears more than
once. Note that DomT is the set of labels a such that a : s € T for some s. We
say a label a is fresh for I if a ¢ DomI. Whenever T is a context, a ¢ DomI and
s is a formula, we write I', a : s for the context given by ' U {a : s}. We often write
contexts by enumerating the members, e.g., a; : S1,...,an : Sn-

A sequent is a pair (I',t) where I is a context and t is a f-normal formula.
We often write I' = t for the sequent (I', t). We write = t for sequents where the
context is empty. We say a variable x is fresh forI' = t if x ¢ Vt and x ¢ Vs
for everya:s €T.
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Let 7 be a logical interpretation (a model) and I' be a context. We write 7 = T
if 7 £ s for every a : s € I'. A sequent is valid if for every logical interpretation
(model) either 7 # T or 7 E t.

A natural deduction calculus N is a proof system where the propositions
are sequents. We will measure soundness and completeness of these proof sys-
tems relative to the set of valid sequents. The following definitions are simple
instances of the notions from abstract proof systems.

Soundness: A rule
I 51 S I = sn

I'>s

is sound if either one of the premise sequents not valid or the conclusion
sequent is valid. /N is sound if every rule of /N is sound. Note that if /N is
sound, then every /N -derivable sequent I' = s is valid.

Completeness: N is complete if every valid I' = s is /N -derivable.
We can also inherit the notion of a derivable /N rule:

Derivability: A rule
I 51 S I = sn

I'>s

is N'-derivable if I’ = s is in the closure

NG = s1,...,T0 = sutl.

12.4 A Natural Deduction Calculus for V and —

Most of the rules of our natural deduction calculi will be introduction and elimi-
nation rules for logical constants. We will also need a rule for using assumptions.
To formally replay the example proof from the Section[IZ2.2lwe need introduction
and elimination rules for — and V.

We define the natural deduction calculus Nvy_. to be the proof system given
by the five rules shown in Figure [12.2]

A is the assumption rule.

—1 is the implication introduction rule.
—FE is the implication elimination rule.
VI is the forall introduction rule.

VE is the forall elimination rule.

In most N -rules the left side of a sequent is the same in the premises and
the conclusion. The exception in Figure [12.2]1is —I. The left side of the premise
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I'=[syl]
Ag a:seTl VI, ——— y:o freshforl = s
I'=>s I'=> Vss
la:s=>1t I'=> Vgs I'ss—-1t I'=>s
~I, ———— a ¢ DomTl VE ———— —E
I=>s—t I = [st] >t
Figure 12.2: Nvy_. rule schemas with explicit contexts
a
S
[sy] t Vs s—t S
VI, 24 vy : 0 fresh -1, a fresh VE 2= -F —
VoS s—t [st] t
Figure 12.3: Nvy_. rule schemas without explicit contexts

of —IisT,a : s while the left side of the conclusion is I'. We say the assumption
a : s is discharged by the rule —1.

In N proof trees the context is usually clear. Consequently, we only give
the right side s in the derivation instead of A = s. In rules such as —I which
discharge an assumption a : s we give the label a with the name of the rule, e.g.,
—1I,. When we use an assumption, we give the label of the assumption over the
formula. We have already seen an example of such a natural deduction proof
previously (Figure [I2.1). The reader should reconsider this figure and make sure
the context of each sequent is clear.

We can also use these conventions to present natural deduction rule schema
without explicit contexts. We show the schema defining Nv_ in Figure I2.3l In
this format we omit the assumption rule.

12.4.1 A Reduction to V and -

Every formula of STT can be rewritten to an equivalent formula that only uses the
logical constants — and the universal quantifiers V. The relevant equivalences
are displayed in Figure 12,4

The equivalences suggest certain rules which should be Ny _-derivable. For
example, Leibniz equality should be reflexive. This suggests that for any context
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12.4 A Natural Deduction Calculus for V and —

X=y=Vp.px - py (Leibniz)
T=VXx.x - X
1L =Vx.x

X=X — L
XAY=Vp(x—-y—-p)—p
xXvy=Vp.x—-p)—-(-p)—p
3f) =Vp.(Vx.fx - p)—p

Figure 12.4: Reduction to — and V

I, B-normal term s : o and variable p : 0o where p ¢ N's the rule

I'= Vp.ps - ps

should be Ny _-derivable. We prove this by giving a proof tree (without explicit
contexts). We use a variable q : oo which is fresh forT' = Vp.ps — ps and a
label a which is fresh for T.

a
as
as — qs
Vp.ps — ps

-1,

Vi,
Leibniz equality should also allow one to replace equals by equals. We prove
Ny _-derivability of the rule

I'> Vp.ps - pt I'= [us]
= [ut]

where T is a context, s,t : 0, u : 0o are terms and p : oo is a variable such that
p ¢ Ns u Nt. The following proof tree suffices to establish derivability of the
rule.

Vp.ps - pt
[us — ut] [us]
I'= [ut]

—

Exercise 12.4.1 Show the following sequents are Ny _-derivable by giving proof
trees (without explicit contexts).

a I'>Vx.x - x
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b) Ia:(Vx.x)=>s

c) a:Vp.(s-t—-p)—p=>swherep ¢ NsUNL.
dTLa:s,b:t=>Vp.(s—-t—p)—pwherep ¢ NsuUNtL.

e) Ia:Vp.ps - pt > Vp.pt - pswheres,t:o,p:00andp ¢ NsuUNt.

Exercise 12.4.2 Prove the validity of the following equivalences in Figure [12.4]
using the tableau system TaS™.

12.4.2 Incompleteness of V and —
The following proposition is easy to show.
Proposition 12.4.3 Ny_ is sound.

Since there are no rules for constants except — and V, we cannot expect
Nvy_ to be able to derive all valid sequents. One might expect that Nvy_. is
complete if we only allow the constants — and V. In fact Nvy_ is incomplete even
with respect to this fragment. There are three reasons for this incompleteness:
functional extensionality, Boolean extensionality, and classical reasoning. We can
represent functional and Boolean extensionality as formulas using only V and —
via Leibniz equality. A simple way of representing classical reasoning using only
V and — is using Peirce’s Law. We state the following result without proof.

Proposition 12.4.4 Ny_ is incomplete. In particular, Ny_ cannot derive any of
the following valid sequents.

1. (Boolean Extensionality) = Vxy.(x - y) - (y - x) - Vp.px - py
2. (Functional Extensionality) = V- fg.(Vxp.p(fx) — p(gx)) — Vq.qaf — ag

3. (Peirce’s Law) = Vxy.((x - y) - x) - x
There is a simple way to obtain a complete calculus for the fragment with

only — and V,. We would need to add new rules corresponding to each of the
three missing principles. We will not pursue this option here.

12.5 Natural Deduction Rules for 7, 1L, 7, A and Vv

There is a simple introduction rule for T and a simple elimination rule for 1.

Tl — 1E

1
T s

We describe these rules in natural language as follows.
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TI: (true introduction) If our goal is to prove T, then we are done.
LE: (false elimination) If we know 1, then we know anything. (We can only
establish 1 if we have inconsistent assumptions.)

Example 12.5.1 We can use the rules for T and L to give two different natural
deduction proofs of = 1L — T shown below.

a
1L
— 71 — 1E
T T
_’Ia _’Ia
1 - T 1 - T

We next turn to the introduction and elimination rules for negation.

a
)

1 —s s
—-I, — a fresh -F ——
-s 1

We describe these rules in natural language as follows.

—I: (negation introduction) If our goal is to prove —s, then it is enough to prove
1 under the assumption s. (That is, we prove it is inconsistent to assume s.)

—E: (negation elimination) If we know —s and s, then we know 1.

Example 12.5.2 Consider the sequent I' = —-——-s — —s for some context I' and
formula s. To illustrate the rules for negation, we prove the following rule is
derivable from the rules above. First let us give an informal argument.

Assume ——-s. Our goal is to prove —s. Assume s. Our goal is to prove L
(a contradiction). Since ——-s holds, we will have a contradiction if we show
—=s. Our goal is now to show ——s. Assume —s holds. This contradicts our
assumption of s.

The following natural deduction proof (without explicit contexts) corresponds
to the informal argument above.

Cc
-s s
——— -E

1

a I,
s —1s
—E
1
=1
-s

_’Ia
s — s
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Exercise 12.5.3 Show the following sequents are derivable using the rules TI,
LE —I, -E —I and —E by giving proof trees (without explicit contexts).

a la:s=>—-s
b)Iba:s— L= -s
c)a:"s=>s-1t

dTla:s—-t=>—-t- -s

We next turn to the natural deduction rules for conjunction. These rules are
easy to understand.

S t SAL SAL
AEL
SAL K t

Vi

We describe these rules in natural language as follows.

AI: (conjunction introduction) If our goal is to prove s A t, then it is enough to
prove s and then prove t.

AEr: (conjunction elimination left) If we know s A t, then we know s.
AER: (conjunction elimination right) If we know s A t, then we know t.

The natural deduction rules for disjunction are also easy to understand. The
introduction rules in essence say that in order to prove s v t we must decide
which of the disjuncts to prove. The elimination corresponds to proof by cases.
If we have established a disjunction s Vv t, then we know we can prove any goal
by separately considering the first case where s holds and the second case where
t holds.

a b
Ky t
svt u u
\ar VIR VEap a, b fresh
svit sVt u

We describe these rules in natural language as follows.

vI;: (disjunction introduction left) If our goal is to prove s Vv t, then it is enough
to prove s.

VIR: (disjunction introduction right) If our goal is to prove s Vv t, then it is
enough to prove t.

VE: (disjunction elimination) If we know s v t and our goal is to prove u, then
it is enough to prove u under the assumption s and also prove u under the
assumption t. (This is a form of proof by cases.)
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12.6 Natural Deduction Rules for 3

Example 12.5.4 We illustrate the use of the rules for conjunction and disjunc-
tion by proving the sequentI = sV (tAu) — (s vVt) A(svu) whereT is a context
and s,t,u : o are formulas. This is, in fact, an example used by Gentzen [30].
Consider first the informal argument.

Assume s V (t A u). We must show (s Vt) A (s Vv u). We consider two cases.
In the first case we assume s holds. Since s holds, s v t and s v u hold so we
are done. In the second case we assume t A u holds. Hence both t and u hold.
Hence both s v t and s v u hold, and we are done.

c c
tAu tAu
b b AEL AER
K K t
VI VI VIR —— VI
a svit svu svit svu
A A
sv(tau) (svt)A(svu) (svt)A(svu)
VEb.c

(svt)yA(svu)

sv(tAau)y—-(svit)a(svu)

Exercise 12.5.5 Let a be a label. Find a context I' and formulas s, t, u such that
a is fresh for I' and the following rule is unsound.

a
K

svit u

12.6 Natural Deduction Rules for 3

a
[s¥]
[st] Sy t
i — dE;y ——— a,y fresh
dgs t

We describe these rules in natural language as follows.

aI: If our goal is to prove 3,5, then it is enough to prove [st] for a particular
termt:o.

3E: If we know 345 and our goal is to prove t, then it is enough to prove t under
the assumption that [sy] holds for a fresh y : 0.
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12 Natural Deduction

Example 12.6.1 We illustrate the use of the rules for quantifiers by proving =
(IxVy.pxy) — Vydx.pxy where x : 0, v : T and p : o010 are variables. This
is another example used by Gentzen [30]. Consider first the informal argument.

Assume IxVy.pxy. We will prove Vy3dx.pxy. Let z be fresh and assume
Vy'.pzy’. (Note that if we happen to choose z to be the same as 7y, renaming
will be required.) Let w also be fresh. We will prove 3x’.px’w. Using our
assumption we have pzw which is enough to conclude 3x".px'w.

b
Vy.pzy VE
T}
a dx".px'w VI,
IxVy.pxy Vyiax.pxy 3E,.
Vydx.pxy '

-1,

(AxVy.pxy) - Vydx.pxy

12.7 Natural Deduction Rules for Equality

The introduction and elimination rules for equality correspond to reflexivity and
replacement of equals by equals. Replacement is formulated in a restricted way
using a term u instead of a context. Consequently, unlike basic deduction, we
do not allow capture while applying the rule. In fact, allowing capture would no
longer be sound since we have a context of assumptions.

s=t [us]
s=5 [ut]

We describe these rules in natural language as follows.
=I: If our goal is to prove s = s, then we are done.
=FE: If we know s = t and [us], then we know [ut].

As an example we prove symmetry of equality. The application of =E below
uses the term Ax.x = s.
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12.8 An Incomplete Natural Deduction Calculus for STT

12.8 An Incomplete Natural Deduction Calculus for STT

At this point, we have given rules for every logical constant. Let Ngt be the

natural deduction proof system with these rules. To be precise, let Ngt be the

natural deduction proof system consisting of the rules 71, LE, -I, ~E, —I, —E,

Al, ANEr, AER, VIL, VIR, VE, VI, VE, 31, 3E, =I and =E. These rules are given

(along with three extra rules not included in Ngyr) in Figures and [12.6]
This proof system is sound, but is not complete.

Proposition 12.8.1 Ngpr is incomplete. In particular, Ngpp cannot derive any of
the following valid sequents.

1. (Boolean Extensionality) a:x — y,b:y - x => x = y.

2. (Functional Extensionality) a : Vx.fx = gx) = f = g where f,g: 0.

3. (Peirce’s Law) = ((x —» y) - x) — x

4. (Excluded Middle) = x v -x

5. (Double Negation) = - —x — x

There are essentially three reasons Ngpr is incomplete. First, Boolean extension-
ality is not provable. Second, functional extensionality is not provable. Third,
the calculus is intuitionistic instead of classical. If the calculus were classical
we would be able to prove Peirce’s Law, excluded middle and double negation.

One can prove using Ngpr that all three of these principles are equivalent. We
will not pursue this in detail.

Exercise 12.8.2 Show the following sequents are Ngr-derivable using by giving
proof trees (without explicit contexts).

a Ia:shntvu)=GAt)v(saAu)
b) = J56f.Vx.fx =x

Exercise 12.8.3 Use Ngrr to prove excluded middle implies double negation by
proving the sequent a: Vx.x Vv -x = Vx.7—x — X.

Exercise 12.8.4 Use Ngrr to prove Cantor’s Theorem:
=> -3fVgix.fx =g

where f:000,g:00and x : 0.

12.9 A Complete Natural Deduction Calculus for STT

We now add three rules giving us classical logic and both forms of extensionality.
Classical reasoning is reflected by a proof-by-contradiction rule Con. Boolean
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12 Natural Deduction

extensionality is given by a rule BE and functional extensionality is given by a
rule FE.
We describe these rules in natural language as follows.

Con: If our goal is to prove s, then it is enough to prove L under the assumption
=s. (This corresponds to proof by contradiction.)

BE: If our goal is to prove s = t, then it is enough to prove s — t and t — s.
FE: If our goal is to prove s =4+ t, then it is enough to prove Vx.[sx] =1 [tx].

Let Nstr be the natural deduction calculus given by all the rules in Fig-
ure We also show the rules with explicit contexts in Figure

Exercise 12.9.1 Give an Nsyr-derivation (without explicit contexts) for the se-
quent I' = ——s — s where I is a context and s : 0 is a formula.

Exercise 12.9.2 Show the following sequent is Nsrr-derivable using by giving
proof trees (without explicit contexts).

Ia:pq=>pAx.m~(gx))

where p : (00)o and q : 00 are variables.

12.10 Remarks
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a a
s s
1 1 —s s
Tl — 1E — I, — a fresh -F —— -1, a fresh
T K -s 1 s—1t
s—1 Ky Ky t SAL SAL Ky
—-F —— AT AEL AER \213
t sSAt ) t svit
a b
S t
sVt u u [s¥]
VIR VEap a, b fresh Vi, v : 0 fresh
svit u oS
a
[sy]
VoS [st] EPy
_9° ) 3Ea g a,y fresh =]
[st] dos t s=5s
a
-s
s=t [us] L s—t t—s
=F ——— Con, — a fresh BE ——MM
[ut] S s=t
E Vx.[sx] =[tx]
S =071 t
Figure 12.5: The natural deduction system Nspt without explicit contexts
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12 Natural Deduction

I'=> 1 la:s=> 1
Aa a:seTl TI LE -, —— a ¢ DomTI
I'>s I'>T I'>s I'=> —s
I'=> —s I'=>s Ia:s=>t I'=>s->1t I'=>s
- -l ——— a ¢ DomT —F
I'> 1 I'=>s->1t I'>t
I'=>s >t I'=>sAt F=>sAt '=>s
AN NEp ——— AER ————— vl ————
I'=>sAt I'>s I'>t I'=>svt
>t I's>svt Ia:s=>u ILb:t=>u
VIR ——— VEap a,b ¢ DomT
I'=>svt I'>u
I'= [sy] I'=> Vss I'= [st]
yiyy:afreshforl":'s VE — I ——
I'=> Vss I = [st] I'=> 3,8
I'=> 355 Ia:[sy]l=1t
dEay a ¢ DomTI, y:o freshforT =t
I'>t
I'>s=t I'=> [us] Ia:—-s= 1
=] —— =E Con, ———  a ¢ DomT
I'>s=s I'=> [ut] I'=>s
I=>s—t I'>t-s I'=> Vx.[sx] = [tx]
BE FE
Figure 12.6: The natural deduction system Nsrr with explicit contexts
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13 Proof Terms

In this chapter we consider proof terms corresponding to proofs in natural de-
duction. We will first associate derivations in Ny_ with proof terms. Once we
have a notion of proof term, we can discuss equivalence of proofs. We will also
discuss proof checking. That is, we can give an algorithm which determines if a
given proof term corresponds to a proof of a given sequent I' = s.

In a context, a proof term may have a formula as its type. The idea of having
formulas play the role of types is referred to as the Curry-Howard correspon-
dence or Curry-Howard isomorphism [44] 24]. The mathematician de Bruijn was
the driving force behind the Automath project [22][69] which designed languages
and proof checkers based on similar principles. For this reason the idea is some-
times called the Curry-Howard-de Bruijn correspondence.

13.1 Proof Terms

Recall that in Chapter[3lwe first defined a set of untyped terms before restricting
ourselves to those terms that are well-formed and hence have a type. For untyped
terms we defined substitution, ~ and ~g. We will reuse all these definitions by
defining proof terms as certain untyped A-terms.

When we introduced typed names, we assumed that our set of names Nam
is such that Nam = N x Ty. Consequently each name had a unique associated
type and for each type there were infinitely many names with this type. For this
chapter, we weaken the assumption to allow labels to be used as untyped names.
Recall from Chapter that Lab is a countably infinite set of labels. Assume
Lab < Nam and

(Nam — Lab) = N x Ty

We refer to names in Nam — Lab as typed names.
Once we have fixed a set of names, we obtain a set Ter of terms by induction
(exactly as in Chapter 3).

1. Every name is a term.
2. If s and t are terms, then st is a term.

3. If x is aname and s is a term, then Ax.s is a term.
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13 Proof Terms

With respect to these terms, we have well-defined notions of substitution, ~,
—g, ~p and so on.

Just as before, we have obtain a subset of well-formed terms. Each well-
formed term has a unique type.

1. If x is a typed name with type o, then x is a well-formed term with type o.

2. If s is a well-formed term with type oT and t is a well-formed term with type
o, then st is a well-formed term with type T.

3. If x is a typed name with type o and t is a well-formed term with type T, then
Ax.t is a well-formed term with type o T.

From now on in this chapter, we revert to our use of s,t to range over well-
formed terms and Xx, y to range over typed names. As before, some of the typed
names are logical constants while the remaining typed names are variables.

Now that we consider labels as names, we can define a set Pf of proof terms.
We will use D and F to range over proof terms. The set of proof terms is the
least set of terms satisfying the following conditions.

1. If a is a label, then a is a proof term.
2. If D and E are proof terms, then DZE is a proof term.

3. If D is a proof term and s is a well-formed term of type o, then Ds is a proof
term.

4. If a is a label and D is a proof term, then Aa.D is a proof term.
5. If x : 0 is a variable and D is a proof term, then Ax.D is a proof term.

Note that in our definition of proof terms, there are two ways to form a proof
term using application and two ways to form a proof term using A-abstraction.
We can represent the set of proof terms as a grammar as follows.

D/EcPfi=a | DE| Ds | Aa.D | Ax.D proof terms

Again, since Pf is a subset of the set of all terms, we inherit the notions of
substitution, ~«, —g and so on.

13.2 A Calculus with Proof Terms

A proof term sequent is a triple (I', D, t) where I is a context, D is a proof term
and t is a f-normal formula. We write such a proof term sequent asI = D : t.
We say a variable y : o is fresh for I' = D : t if y is fresh for I' = t and
v ¢ N'D. We say a label a is fresh forT' = D : t if a ¢ DomT U N D.
We define a proof system NV . for proof term sequents corresponding to
Nv_. The propositions of N are proof term sequents. The rules of NV are
given in Figure [I3.I1 The reader should compare this to the rules for Ny_ in
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13.2 A Calculus with Proof Terms

['= D73 :[sy]
Ay —a:seTl VI, v :0o freshforT = Az.D: V4s
I'>a:s I'=>Az.D:Vys
la:s=Db:t [=>D:V,s
-1, a ¢ DomI U N (Ab.D) VE ———
I'=>Ab.D:s—t I' = Dt :[st]

I'=>D:s-~1t I'=F:s
I'=DE:t

Figure 13.1: NV rule schemas

Figure In fact, we use the same names for the corresponding rules in Ny
and NV _.

Note that in the two rules VI, and —1, we allow for the possibility of changing
the name of a A-bound name in the proof term. In most cases, the following
special cases of VI, and —1, will suffice.

I'=>D:[sy] la:s=>D:t

Vi, vy :0 freshforl = s -1, a ¢ DomT
I=Ay.D:Vss I=AaD:s -t

We introduce two convenient notations. We write I' s if the sequent I' = s
is Nvy_-derivable. We write I' + D : s if the proof term sequentI = D : s is
Né’;derivable. When the context is empty we write - s or — D : 5. An easy
induction can be used to prove the following result.

Proposition 13.2.1 I + s iff there is some proof term D such thatI' — D : s.

We illustrate Proposition [[3.2.1]by considering examples.

Example 13.2.2 Following Example [12.2.3] we can give two different proofs of
= p — p — p. Again, we omit contexts.

a b

p I, p I
p—-p -1, p—-p 1,
p—-p—P p—-p—-PpP

The corresponding V. éL derivations reveal the related proof terms.

a:p b:p

MAEE— 4 —— ~Ip
Ab.a:p—-vp I Ab.b:p—p I
Aaba:p—-p—-p Aabb:p—-p-p °
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13 Proof Terms

Note that the two proof terms Aab.a and Aab.b are different. Of course, if we
had simply used different labels than a and b, then we would obtain different
proof terms. The important fact is that the two proof terms are not x-equivalent.
That is, Aab.a +« Aab.b.

Are there any other proof terms D (neither x-equivalent to Aab.a nor Aab.b)
such that - D:p — p — p? Yes, there are. Consider the proof term Aab.(Ac.c)a
and derivation below.

c:p
—_— 1
Ac.c:p—-p a:p

(Ac.c)a:p

Iy
Ab.(Ac.c)a:p - p

-1,

Aab.(Ac.c)a:p—-p—p

This is a roundabout proof of = p — p — p. Also, notice that the proof term
Aab.(Ac.c)a has a B-redex. If we reduce the proof term to f-normal form we
obtain Aab.a, one of the first two proof terms.

Up to ~«, Aab.a and Aab.b are the only B-normal proof terms D such that
FD:p—p-—p? O

Exercise 13.2.3 Let p : 0 be a variable. Find three S-normal proof terms D, D>,
D3 none of which are x-equivalent to another such that

FDi:(p—-p)—p—pP
holds for i € {1, 2, 3}.

Exercise 13.2.4 Let p,q,7 : o be variables. For each problem below, find a B-
normal proof term D satisfying the given condition.

A -FD:p-q-p

b) -D:(gq-7v)-(p—-q)—-p—-71

o+FD:(p—-q-1)-(p—-q —-p-—7

Exercise 13.2.5 For each of the following proof terms D find a formula s such
that - D : s.

a) Aa.a

b) Axa.ax where x : 0.

) Axa.axx where x : 0.

d) Aya.a(y — y)(ay) where y : o.

Exercise 13.2.6 Find a proof term D and a formula s such that - (DD) : s.
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Exercise 13.2.7 Consider the proof term (Aa.aa)(Aa.aa). Argue that there is
no context I' and formula s such thatT + (Aa.aa)(Aa.aa) :s.

Exercise 13.2.8 Let v : 000 and X, v,z : o be variables and let a, b be distinct
labels. Let I be the context with the two elements
a:Vxyrxy — ryx and
b:Vxyzrxy - ryz - rxz.
a) Find a B-normal proof term D such thatT' - D : Vxy.rxy — rxx.
b) Using your solution D to part@consider the proof term Axyc.Dyx(axyc).
Find a formula s such thatT' + Axyc.Dyx(axyc) : s.
¢) Compute the f-normal form of Axyc.Dyx(axyc).

13.3 Bidirectional Checking of Normal Proof Terms

We define two sets of proof term sequents by induction. We then reason that
this gives a proof checking algorithm.

We write I' - D f* s when the proof term sequent I' = D : s is in the first set.
We write I' - D U s when the proof term sequentI' = D : s is in the second set.
These two sets are defined inductively as follows.

IfT + Dy, [sy] for a fresh variable y, thenT + Ax.D f* V5.
Ifl,a:s+ CDZ f t for a fresh label a, thenI' = Ab.D t s — t.
IfI-D Vs, thenT + D 1 s.
Ifa:sel,thenT+al s.
IfTr+-D U Vygsand t:oisaterm, thenT - Dt U [st].
KfIr-~Dys—>tandT'+ZF 0 s,thenT - DE § t.
We now describe the two sets as a proof checking algorithm for S-normal
proof terms. GivenT = D : s, we need to be able to test whether ornotT'— D f+ s
holds. As a mutually recursive procedure, we will also need to be able to ask
whether there is some s such that I' - D | s whenever D is S-normal concrete
proof term. Recall that we call a term concrete if it is not a A-abstraction.

We summarize the cases of the procedure. In the description below, we as-
sume all proof terms are S-normal.
1. Goal: Testif I -~ Az.D 1 s. If s is not of the form Vt, thenT tf Az.D 0t s. If s
is of the form V', choose some fresh variable  and testif I' - D3, # [ty].

2. Goal: Testif I — Ab.D 1 s. If s is not of the form ¢t — u, thenT t* Ab.D 1 s.
If s is of the form t — u, choose some fresh label a and testif I',a:t + DZ f

[u].

o Uk W=
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13 Proof Terms

['-D3 1 [sy] Ta:s+Dh 0t T-DUs
v : o0 fresh a fresh —_—
I'Az.D N Vgs IT'AbDts—t I'=D1ns
I'-Dl Vss I'-Dls—-t I'-Ens
—a:seTl _—
l'als '~ Dt [st] I''-DEJ¢t

Figure 13.2: Proof checking algorithm

3. Goal: Testif I' = D f s where D is concrete. Try to compute some ¢ such that
I' =D U t. If either no such t exists or s and t are different, thenT t/ D 1 s.
OtherwiseI' - D 1 s.

4. Goal: Compute some s such thatT' + a ¥ s. If a ¢ DomT, then there is no
such s. Otherwise, a : s is in I (for a unique s) and we have I' + a ¥ s for this
S.

5. Goal: Compute some s such thatI' - Dt § s. First compute some term u such
thatT = D U u. If no such u exists or u is not of the form Vv, then there
is no such s. Otherwise, u has the form V,v and we have I — Dt | [vt] and
so we take s to be [vt].

6. Goal: Compute some s such that I' - DZE § s. First compute some term u
such thatT + D U u. If no such u exists or u is not of the form u; — u»,, then
there is no such s. Otherwise, u has the form u; — up. Checkif I' = F © u;.
IfT + £ 1t uq, then there is no such s. Otherwise, I' = DF U u, and so we
take s to be u».

We give a nice summarization of the six cases of these algorithm in Figure[13.2]
by abusing our notation for rules.

Example 13.3.1 Let x, y : 0 be variables and a, b be distinct labels. We verify
F Aabx.axb t (Vx.y - x) -y - Vx.x
Using the algorithm we reduce this to checking
a:(Vx.y - x),b:yraxb n x

Given this context and the proof term axb, we use the algorithm to compute
that x is the formula such that

a:(Vx.y - x),b:yraxbl x

as desired. O
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Exercise 13.3.2 Let p : 00, X,y : 0 be variables and let D be the proof term
a(dy .Vp.py — px)(Apb.b)
where b is a label different from a. Compute the formula s such that
a:Vppx - py+-Dls

holds. Give the corresponding Ny _-derivation.

13.4 Proof Terms as Programs

Let s,t be B-normal formulas. We can think of s and t as types and s — t as the
type of functions taking data of type s to data of type t. To avoid confusion with
our types o, let us use the word datatype for such -normal formulas.

Suppose we have proof terms Aa.D and F such that + Aa.D : s — t and
+ E : s. This means Aa.D has the datatype of a function from type s to type t.
Since Z has type s, we have - (Aa.D)E : t. This is a f-redex with reduct D?F.
In this way B-normal formulas give the datatype of certain functional programs
and B-reduction of proof terms corresponds to computation of these programs.

In addition to function datatypes s — t, we also have product and sum
datatypes. We obtain these constructions using Girard’s expression of conjunc-
tion and disjunction in terms of implication and universal quantification:

XANYy=Vp.(x—-y—-p) —p

XVy=Vpix—-p) - (y—-p) —p
Let
x be the term Axy.Vp.(x -y - p) - p

and
+ be the term Axy.Vp.(x - p) - (y - p) — p.

We write x and + in infix notation. Note that the Girard equivalences can be
expressed as
xAy=[xxXylandx vy =[x+ Y]

Let s, t be -normal formulas.

Let pair be the proof term Aabpc.cab. The reader can check that
Fpairts—t—[sxt]
Let fst be the proof term Ac.cs(Aab.a). The reader can check that

Ffsth [sxt] —s
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13 Proof Terms

Let snd be the proof term Ac.ct(Aab.b). The reader can check that
Fsndf[sxt]—t

Let —»fg be the reflexive transitive closure of —g. We claim that for any proof
terms D and Z,
fst(pairDE) —; D

and
snd (pair DE) —»;5 F

We show the first case and leave the second case to the reader.

fst (pair DE) —»zg (pairDE)s(Aab.a) —»zg (Aab.a)DE —»zg D

Exercise 13.4.1 Check the following facts:
a) Fpairts—t—[sxt]

b) —fstt [sxt] -5

c) Fsndt[sxt] -t

d) snd(pairDE) —»;5 F

We next turn to sum datatypes. Again, we fix f-normal formulas s and t.

Let inl be the proof term Aapbc.ba. The reader can check that
Finl s — [s+¢]

Let inr be the proof term Aapbc.ca. The reader can check that
Finrftt — [s+¢]

For each B-normal formula u let case, be the proof term Aabc.aubc. The
reader can check that

Fcasey Mt [s+t]l-(s—-u)—-(t-u)—-u
We claim that for any proof terms D, E; and E>,
casey (inl DYE1E> —»zg 1D

and
casey (inrD)E1E> —»Z; F>D

We leave these computations as exercises.
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Exercise 13.4.2 Check the following facts:

a) —inlts — [s+t]

b) —inrftt - [s +t]

c) rcasey N [s+t]l-(s—-u)-(t-u)—-u
d) casey (inlD)YE1E> —»Z; 1D

e) casey (inrD)YF1E> —»zg E>D

13.5 Adding Signatures

Assumption contexts allow us to reason with a finite dynamic set of assumptions.
In this section we model a static set of axioms which may be infinite. We do this
using the notion of a signature. A signature is similar to an assumption context,
except that it may be infinite.

A signature X is a function such that every member is a pair a : s where
a € Lab and s is a B-normal formula with no free variables (i.e., Vs = 0). We call
a signature 3 admissible if Lab — Dom X. is infinite. We only consider admissible
signatures 3 so that we always have an infinite supply of labels that are fresh
with respect to the .

We can now generalize the notion of a proof term sequent to include a sig-
nature. A proof term sequent over 2 is a 4-tuple written as I' =, D : s where X
is an admissible signature, I' is an assignment context with DomX n DomT = 0,
D is a proof term and s is a f-normal formula. The cases we have considered
previously are special cases where the signature is empty. When the intended
signature is clear we may still sometimes writeI' = D :sfor[ =, D :s.

We can now generalize our proof system N{/_ to be a proof system N{ for
proof term sequents over X in the obvious way. The rules for N{ are given in
Figure These are essentially the same as the rules for N, éL in Figure
except for two modifications. First, freshness of a label a also means that a ¢
Dom X. Second, there is a new base case for deriving I’ =, a:s whena:s € 3.

We write I' . D : s where I' =, D : s is NY derivable.

We now generalize the proof checking algorithm to perform checking given
a signature 3. As before we define two sets by mutually recursion. This time
both sets are sets of proof term sequents over over . We write I' 5 D ft s when
I' = D :sisin the first set and writeI' = D U 5. whenT =, D : s is in the second
set. The cases for the algorithm are given in Figure [13.4]

The algorithm works as before. If 3, I', D (B-normal) and s are given, we can
checkif ' = D f s holds. If 3, T and D (S-normal concrete), then we can compute
an s (if one exists) such that T = D U s holds.

The following propositions ensure correctness of the algorithm.
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Sqg —a:seX Ag —a:seTl
I'sca:s I'sca:s

['= D3 [syl]

1 10 freshforT =, Az.D: Vs

Y T= AZ.D:VgSy > o
Ta:s=Di:t I=D:Vys
—1Ia a ¢ DomX uDomI u N (Ab.D) VE ——
> AbD:s—-t I' =, Dt : [st]

', D:s—t ', F:s
I'> DE:t

Figure 13.3: NY rule schemas

Proposition 13.5.1 Let X be an admissible signature, I' be an assumption context
with DomX n DomTI = @ and D be a f-normal concrete proof term. There is at
most one formula s such that ' 5 D § s holds.

Proof This follows by induction on the definition of T = D U s. The base cases
follow by our assumptions on X and I'. The inductive cases are easy. -

Proposition 13.5.2
1. IfT' 5 D f s holds, then D is f-normal and I = D : s holds.
2. IfT' 5 D ¥ s holds, then D is f-normal and concrete and I' 5 D : s holds.

Proof These two facts follow from an easy mutual induction on the definitions
of T DftsandT = D U s. -

Proposition 13.5.3
1. If Dis f-normal and I' 5 D : s holds, thenT = D 1 s holds.
2. If D is B-normal and concrete and I' = D : s holds, thenT = D {§ s holds.

Proof The two facts follow by induction on the definition of I' = D : s. -

13.6 Proof Terms for Nsrr

By giving an appropriate signature syt we can assign proof terms to all Nsyr
natural deduction proofs. This will give us a notion of proof term that corre-
sponds to a complete natural deduction calculus. To accomplish this, we choose
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['w D3 [sy] la:s=Dlnt ITDUs
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I''sDiVs—t I''sZEfts
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Figure 13.4: Proof checking algorithm with signatures

a fixed an infinite number of labels which we will use to model the rules in Nsrr
but not in Nvy_. Of course we make sure to leave infinitely many labels un-
touched so that the signature will be admissible. For each of the fixed labels we
pair it with a S-normal formula with no free variables. Each such formula will
correspond to a rule.

Fix truei € Lab. This will correspond to T1I.

Fix false € Lab. This will correspond to LE.

Fix noti € Lab. This will correspond to —I.

Fix note € Lab. This will correspond to —E.

Fix andi,andel,ander € Lab. These will correspond to AI, AE; and AER.

Fix oril , orir,ore € Lab. These will correspond to VvI;, VIg and VE.

For each type o, fix exiy, ,exe, € Lab. These will correspond to I and 3E.

Fix each type o, fix eqi,, eqe, € Lab. These will correspond to =I and =E.

Fix con € Lab. This will correspond to Con.

Fix be € Lab. This will correspond to BE.

For all types o T, fix fe;+ € Lab. This will correspond to FE.

Each label will be used to give proof terms for corresponding rules. Let Zgrr

be the signature with the labels above associated with formulas as listed in Ta-
ble We also show the corresponding rules.

Finally, we show how one can assign >stt proof terms to Nsrr derivations in
Figures [13.5] and Note that the rules in these figures do not define the set
of derivable proof term sequents over Xsrr. This set has already been defined in
Figure Figures and indicate how to annotate Nstt derivations to
obtain appropriate proof terms.
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Label | Formula Corresponding Rule
truei T TI
false Vp.L—-p 1E
noti Vp.(p - L) — p -1
note Vp.-p-p— 1 —E
andi Vpap -q—-pvArq A
andel | VpgpArqg—p ANEL
ander | Vpgq.p Anq — q AER
oril Vpa.p - pVvaq v
orir Vpq.q—-pVvq VIR
ore Vpaqrwvq—- (p—-7v)—-(q—-7v)—7v | VE
eXig Vpx.px — Asp a1
exeq Vpq.dop — (VXx.px - q) — q iE
eqiy, VX.X =g X =]
eqe, | Vxyp.x =0y — px —py =E
con Vp.(mp—-L1)—-p Con
be Vpa.(p —a) - (q@—-p)—-pr=q BE
fegr Vfg.(Vx.fx =gx) — f=¢1r9 FE

Table 13.1: Labeled formulas in st

Not all proof terms will correspond directly to Nsrr derivations. For an easy

example, consider the proof term false T. We clearly have K

.. falseT:1 — T.
STT

On the other hand, any Nstr derivation of = 1 — T must use —1I.

Example 13.6.1 Let p : 0 be a variable. An Nsrr derivation of = p v =p (making
a vital use of the rule Con) is given below:

The corresponding proof term D is

con(p Vv  p)Aa.E

where Z is

b
( a ) P 213
- \Va | V
p p p p “F
1
=1
(v ) ; Ve
- V V
p p p p ~F
1
Cong,
pvp

note (p v —p)a(orir p(—p)(noti pAb.note (p v —p)a(orilp(—p)b)))

176
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s
DL DL
TI - 1E ——— -l : a fresh
truei : T falsesD :s noti s(Aa.D) :—s
a
)
D :—s E s Dt D:s—t E s
-F —— -], ————  a fresh —E
notesDE :1L Aa.D:s -t DE :t
D :s E it D:sAt D:sAt
I . ANE —— ANER —MMM
andistDE s At andel stD :s anderstD :t
D s Dt
vl —— vVl ——MM8M8™—
orilstD:svt orirstD:svt
a b
S t
D:isvi Fru Fru D :sy]
VEap a, b fresh V], ————— y:0 fresh
orestuD(Aa.E1)(Ab.E>) :u Ay. D :Vgs
a
[sy]
D :Ngs D :[st] D :3Ass Tt
E — _ JE.,y a,y fresh
Dt :[st] eXig StD s s exeq StD(Ayva.E) it
D:s=45t T :[us]
=1 ———— =E
eqi,s:s=¢ S eqe, StuDE :[ut]

Figure 13.5: Obtaining proof terms from Nstt derivations, part 1
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a
-s
DL D:s—t Fit—s
Con, ————— a fresh BE
cons(Aa.D) :s bestDE :s=t

D :Vx.[sx] = [tx]
fe()"r St@ S =0T t

Figure 13.6: Obtaining proof terms from Nstt derivations, part 2

The reader should verify that
.. DNMpV-op

ZSTT

in fact holds for this proof term. o

Exercise 13.6.2 Let f : oo be a variable. Construct an Ngyr derivation of =
Af.fL A= fT and then find a corresponding proof term D such that
. DNMAffLAST

ZSTT

Exercise 13.6.3 Let p : o be a variable. Construct an Nsrr derivation of
= —3dp.p A ~p and then find a corresponding proof term D such that

g DM 23Ap.p Aop
Exercise 13.6.4 Let p : 0 be a variable. Construct an Nsrr derivation of
=>p="7p
and then find a corresponding proof term D such that

'_
ZSTT

Dﬂ‘pzﬁﬁp

13.7 Remarks
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14 Decision Trees

In this chapter we study logical equivalence of propositional formulas. We ob-
serve that every propositional formula denotes a Boolean function and that two
propositional formulas are logically equivalent if and only if they denote the
same Boolean function. Boolean functions matter since they are used for the
logical specification of computer circuits. We identify a class of canonical propo-
sitional formulas such that every propositional formula is logically equivalent to
exactly one canonical formula. The canonical form is based on decision trees.
Decision trees are represented as nodes of graphs known as BDDs (for binary de-
cision diagrams). The data structures and algorithms presented in this chapter
have many applications, including computer-aided design of computer hardware
and verification of finite state systems. The essential ideas are due to Randal
Bryant [56].

14.1 Boolean Functions

An important building block of the hardware of computers are functional cir-
cuits. A functional circuit maps some inputs xi,...,X;, to some outputs
Y1,..., Yn. Inputs and outputs are two-valued. Every output is determined as
a function of the inputs. This leads to the notion of a Boolean function, an ab-
straction that is essential for hardware design.

Let X be a nonempty and finite set of propositional variables. The following
definitions are taken with respect to X.

An assignment (o) is a function X — B. A Boolean function () is a function
(X — B) — B. Seen from the circuit perspective, an assignment ¢ provides values
o x for the inputs x € X, and a Boolean function decribes how an output is ob-
tained from the inputs. Some authors call Boolean functions switching functions.
Sometimes it is helpful to see a Boolean function as a set of assignments.

In order to design a functional circuit, one must know which Boolean func-
tions (one per output) it ought to compute. So how can electrical engineers spec-
ify Boolean functions? A simple-minded approach are truth tables. For instance,
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14 Decision Trees

given x, y € X, we can see the truth table

as a specification of the Boolean function that returns 1 if and only if its inputs
x and vy are different. A more readable and more compact specification of this
Boolean function would be the propositional formula x # y. Clearly, if there are
many relevant inputs, the specification of a Boolean function with a formula can
be more compact than the specification with a truth table.

Let PF be the set of all propositional formulas containing only variables
from X. We define a function F € PF - (X — B) — B such that Fs is the
Boolean function specified by the formula s:

FiLo=0
FTo =1
Fxo =0x

F(=s)o=1-Fso
F(sAt)o =min{Fso, Fto}
F(svit)o =max{Fso, Fto}
F(s - t)oc =max{l — Fso, Fto}
F=t)o=(Fso=7Fto)

Proposition 14.1.1 Let s € PF, 7 be a logical interpretation, and o be the unique
assignment such that o < 7. Then 7s = Fso.

Proof By induction on s. m

From the proposition it’s clear that assignments can play the role of logical in-
terpretations for propositional formulas. While logical interpretations come with
redundant and irrelevant information, assignments only contain the information
that is necessary for the evaluation of propositional formulas.

Often it is necessary to decide whether two formulas s,t € PF represent the
same Boolean function. For instance, s might be the specification of a Boolean
function and t may describe the implementation of this function in terms of
more primitive functions. Then the implementation is correct if and only if

Fs = Ft.
Proposition 14.1.2 Let s,t € PF. Then Fs = Ft iff s = t is a tautology.
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Proof Fs = ‘Ft holds if s, t evaluate to the same value with every assignment,
and s = t is a tautology if s, t evaluate to the same value with every logical
interpretation. Thus the claim follows with Proposition T4.1.11 -

Given Proposition[I4.1.2] we can say that the function F constitutes a seman-
tics for propositional formulas. Since there are only finitely many assignments,
the semantics provided by F is effective in that it gives us a naive algorithm for
deciding whether a propositional formula is a tautology. The algorithm may even
be practical if a formula is not a tautology and we implement it with heuristics
that find a falsifying assignment quickly. On the other hand, if we want to show
that a formula is a tautology, the tableau method seems more promising.

Proposition 14.1.3 Let s,t € PF. Then the following statements are equivalent:
1. s and t are logically equivalent.

2. s =t is a tautology.

3. Fs=t.
Proof Follows with Propositions [4.5.2] and [14.1.72] -

F illustrates an important semantic idea that we have not seen so far. The
interesting thing about F is that it gives us a denotational characterization of
propositional logic equivalence: Two propositional formulas are logically equiv-
alent if and only if they denote the same semantic object (i.e., a Boolean function).

Let’s return to Boolean functions. Can every Boolean function be represented
by a propositional formula? The answer is yes.

Proposition 14.1.4 Let @ be a Boolean function. Then:

p = F \/ /\ if ox =1 then x else —x

oeX-B xeX
po=1

Proof Let o be an assignment. It suffices to show that the left hand side yields 1
for sigma if and only if the right hand side does. This is easy to verify. Remark:
if the index set of the disjunction is empty, it represents L. -

Exercise 14.1.5 We require that X is finite so that every Boolean function can be
represented by a formula. Suppose X is infinite. How can we obtain a Boolean
function that cannot be represented by a propositional formula?

2009/8/2 ] 8 ]



14 Decision Trees

14.2 Decision Trees and Prime Trees

Every Boolean function can be represented by many different propositional for-
mulas. Given a Boolean function, formulas can represent it more or less explic-
itly. For instance T and ——x — Xx both represent the same Boolean function.
Of course, in general it is not clear what more or less explicit means. However,
the following question is meaningful: Can we find a class of canonical proposi-
tional formulas such that every Boolean function can be represented by one and
only one canonical formula, and such that canonical formulas are informative
representations of Boolean functions?

In the following we will study a system of canonical propositional formulas
that is based on the notion of a decision tree. We start with the notation

(s,t,u) := "SAtVSAU

and call formulas of this form conditionals. The following proposition states
properties of conditionals that are familiar from programming.

Proposition 14.2.1 The following formulas are valid:
1. (L,x,y)=x

2. (T,x,y)=y

3. X, »,y) =y

4. f(x,¥,2) = (x,f¥y,f2)

5. f(x,y,2)u = (x, fyu, fzu)

6. f(x,7,2)(x,y",2") = (x, fyy', fzZ")

7. fx=(x,f1,fT)

Decision trees are defined inductively:
1. 1 and T are decision trees.

2. (x,s,t) is a decision tree if x is a propositional variable and s and t are
decision trees.

As the name suggests, decision trees can be thought of as trees. For instance,
(x, T, (¥, (z,1,T), 1)) may be seen as the tree
X
/7 \
T y
/ N\
z L
/7 \
1 T
To compute Fso for a decision tree s, we start at the root of s and follow the
path determined by o where ox = 0 means “go left” and ox = 1 means “go
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X X X
/ N\ / N\ 7N
x X €L y y T y y
/7 N\ /7 \ /7 \ VAN / N\ /7 N\
1 T T L 1L T x T T L 1 T
X X XAY xXVy X=y
Figure 14.1: Prime trees for some simple formulas

right”. If we reach a leaf, the result is determined by the label of the leaf (0 for L
and 1 for T).

Proposition 14.2.2 Let (x, so, s1) € PF. Then:
F(x,s0,51)0 = if 0x=0 then Fsoo else Fs;o

Proposition 14.2.3 (Coincidence)
Let s € PFand ox = o'x for all x € Vs. Then Fso = Fso'.

Proof By induction on s. -

Given decision trees, it is straightforward to define a canonical subclass. A
decision tree is reduced if none of its subtrees has the form (x, s, s). We assume
a linear order on the set of all propositional variables and write x < y if x is
smaller than y. A decision tree is ordered if the variables get larger as one goes
down on a path from the root to a leaf. The example tree shown above is ordered
if and only if x < y < z. A prime tree is a reduced and ordered decision tree.
Formally, we define prime trees inductively:

1. L and T are prime trees.

2. (x,s,t) is prime tree if s and t are different prime trees (i.e., s = t) and x is a
propositional variable that is smaller than every variable that occurs in s or t.

We will show that every propositional formula is logically equivalent to exactly
one prime tree. Figure [I4.1] shows the prime trees for some simple formulas.

Exercise 14.2.4 Find tableau proofs for the formulas in Proposition T4.2.11

Exercise 14.2.5 Derive the formulas in Proposition [[4.2.1] with basic deduction
rules. Make use of BCR.

14.3 Existence of Prime Trees

First we outline an algorithm that computes for a propositional formula a logi-
cally equivalent prime tree. The algorithm is based on the following proposition

! Claude Shannon showed in his famous 1937 master’s thesis done at MIT that the arrangement
of the electromechanical relays then used in telephone routing switches could be analyzed with
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Proposition 14.3.1 (Shannon Expansion) For every formula s and every propo-
sitional variable x the formula s = (x, s7, s¥) is valid.

Proof By Proposition [I4.2.1l we know that fx = (x, f1,fT) is valid. The rest
follows with basic deduction. Substitution gives us the validity of (Ax.s)x =
(x, (Ax.s) L, (Ax.s)T). The claim follows with § and Replacement. -

The algorithm works by recursion on the number of propositional variables
occurring in s. If s contains no propositional variables, s can be evaluated to
L or T. Otherwise, the algorithm determines the least propositional variable
x occurring in s and obtains prime trees so, 51 for s¥ and s¥ by recursion. If
So * S1, we obtain the prime tree (x, s, S1), otherwise so does the job. We show
the correctness of the algorithm by proving the relevant properties.

A term s is variable-free if Vs = (.

Proposition 14.3.2 (Evaluation) Let s be a variable-free propositional formula.
Then either the formula s=_1 or the formula s=T is valid.

Proof Follows with logical coincidence (Proposition [£.3.1). -

Lemma 14.3.3 Let s be a propositional formula and x be the least variable that
occurs in s. Let so and s1 be prime trees that are logically equivalent to s¥ and
sX, respectively. Moreover, let Vso € Vs¥ and Vs; € Vs¥. Then:

1. If so = 51, then s¥ is a prime tree that is logically equivalent to s.

2. If so + 51, then (x, sp, 1) is a prime tree that is logically equivalent to s.
Proof Follows with Proposition[I4.3.1]and Proposition [14.2.11 -

Proposition 14.3.4
For every propositional formula s there exists a logically equivalent prime tree t
such that Vit c Vs.

Proof Follows with Lemma [I[4.3.3] by induction on the number of variables oc-
curring in s. -

Exercise 14.3.5 Draw all prime trees containing no other variables but x and y.
Assume x < y. For each tree give a logically equivalent propositional formula
that is as simple as possible.

Exercise 14.3.6 Let s be the propositional formula x = (y = z). Assume
X <y < z. Draw the prime trees for the following formulas: s, =s, s A's, s — s.

Boolean algebra.
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14.4 Example: Diet Rules

On a TV show a centenarian is asked for the secret of his long life. Oh, he says,
my long life is due to a special diet that I started 60 years ago and follow by every
day. The presenter gets all excited and asks for the diet. Oh, that’s easy, says the
old gentleman, there are only 3 rules you have to follow:

1. If you don’t take beer, you must have fish.
2. If you have both beer and fish, don’t have ice cream.
3. If you have ice cream or don’t have beer, then don’t have fish.

Let’s look at the diet rules from a logical perspective. Obviously, the diet is only
concerned with three Boolean properties of a meal: having beer, having fish,
and having ice cream . We can model these properties with three propositional
variables b, f, i and describe the diet with a propositional formula that evaluates
to 1 if the diet is satisfied by a meal:

(=b—-fY A bAf—->=-0i) A ({AV-ab—-f)

The formula is one possible description of the diet. A more abstract represen-
tation of the diet is the Boolean function decribed by the formula. Yet another
representation of the diet is the prime tree that is logically equivalent to the
initial formula:

/ b\
i f
/N
T i
7/ \
T L
The prime tree is more explicit than the initial formula. It tells us that the diet is
observed if and only if the following rules are observed:
1. Always drink beer.
2. Do not have both fish and ice cream.

Clearly, the prime tree represents the diet much more explicitly than the initial
formula obtained form the rules given by the gentleman.

Exercise 14.4.1 Four girls agree on some rules for a party:
i) Whoever dances which Richard must also dance with Peter and Michael.

ii) Whoever does not dance with Richard is not allowed to dance with Peter and
must dance with Christophe.

iii) Whoever does not dance with Peter is not allowed to dance with Christophe.

Express these rules as simply as possible.
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a) Describe each rule with a propositional formula. Do only use the variables ¢
(Christophe), p (Peter), m (Michael), » (Richard).

b) Give the prime tree that is logically equivalent to the conjunction of the rules.
Use theorderc <p <m <.

14.5 Uniqueness of Prime Trees

We use 0, to denote the assignment that is like o except that it maps x to b.

Lemma 14.5.1 If s,t € PF are different prime trees, then Fs and ¥t are different
Boolean functions.

Proof By induction on |s| + |t|. Let s, t be different prime trees. We show that
there is an assignment o such that Fso = Fto.

Case s,t € {1, T}. Every o does the job.

Case s = (x, so,s1) and x ¢ Vt. By induction we have an assignment ¢ such that
Fsoo + Fsio. Since x occurs neither in sy nor s, we have Fso§ + Fsof since
Fsoy = Fsooy = Fsoo += Fsio = Fs107 = Fsoy. But Ftoy = Ftoy since x
does not occur in t. Hence Fso§ + Ftoy or Fsoy + Ftoy.

Case t = (x,to,t1) and x ¢ Vs. Analogous to previous case.

Case s = (x,Sp,51) and t = (x,to,t1). Then so # ty or s; # t;. By induction
there exists an assignment o such that Fsoo + Ftoo or Fsio = Ftio. By
coincidence Fsooy + Ftooy or Fsio7 # Ftio]. Hence Fsoy + Ftog or
Fsof # Ftoy.

To see that the case analysis is exhaustive, consider the case where both s and ¢t
are non-atomic trees with the root variables x and y. If x < 7y, then x does
not occur in t since all variables in t are greater or equal than y and hence are
greater that x. If y < x, then y does not occur in s since all variables in s are
greater or equal than x and hence are greater than vy. -

Theorem 14.5.2 (Prime Tree) For every propositional formula there exists ex-
actly one logically equivalent prime tree.

Proof The existence follows with Proposition I4.3.4l To show the uniqueness,
assume that s is a propositional formula and t;, t, are different prime trees
that are logically equivalent to s. Without loss of generality we can assume
that t1,t» € PF (because we can choose X = Vi; U Vi). Hence Ft1 = Fto
by Lemma [I4.5.1] Hence £y, t> are not logically equivalent by Proposition [I4. 1.3l
Contradiction since t1, t» are both logically equivalent to s. -
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14.6 Properties of Prime Trees

For every propositional formula s we denote the unique prime tree that is logi-
cally equivalent to s with 7ts. We call 1rs the prime tree for s.

Proposition 14.6.1 Let s and t be propositional formulas.
1. s islogically equivalent to 17s.

2. V(ms) c Vs.

3. s, t are logically equivalent if and only if 7ws = 1rt.

4

. s is a tautology if and only if 775 = T.

Proof Claim (1) follows by definition of 7rs. Claim (2) follows with Proposi-
tion [I4.3.4] and Theorem Claim (3) follows with (1) and Theorem
For Claim (4) first note that s is a tautology iff s = T is a tautology. By Proposi-
tion [I4.1.3] this is the case iff s and T are logically equivalent. By Claim (3) this
is the case iff 7ts = 7t 7. Now we are done since T = T. -

A propositional variable is significant for a propositional formula if it occurs
in the prime tree of the formula. A variable x € X is significant for a Boolean
function @ if there exists an assignment o such that oy # @o7. We speak of
the significant variables of propositional formulas and Boolean functions. We
will show that the significant variables of a propositional formula are exactly the
significant variables of the Boolean function described by the formula.

Proposition 14.6.2 If a propositional variable x is significant for a propositional
formula s, then x occurs in s.

Proof Follows with Proposition [14.6.1] -

Lemma 14.6.3 Let s € PF, x € X, and o be an assignment.
Then Fsojy = F(s¥)o.

Proof By induction on s. -

Lemma 14.6.4 Let s € PF be a prime tree and x € Vs. Then there exists an
assignment o such that Fsoj§ = Fsoy.

Proof By contradiction. Assume Fsopy = Fsof for every assignment o.
Lemma [14.6.3] gives us Fso = Fsoy = F(s¥)o for every assignment o. Thus
Fs = F(s¥) and hence 1rs = 11(s%) by Propositions I4.1.3 and [I4.6.1} Since s is
a prime tree, we have s = 15 = 1(sY). Since x € Vs we have x € V(1 (sY)) and
hence x € V(s¥) by Proposition[I4.6.1} Contradiction. -
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Proposition 14.6.5 Let s € PF and x € X. Then x is significant for s if and only
if x is significant for Fs.

Proof Since Fs = F(1rs) we assume without loss of generality that s is a prime
tree. The left-to-right direction follows with Lemma To see the other
direction, let Fso§ # Fsof. By Coincidence we have x € Vs. Since s is a prime
tree, x is a significant variable of s. -

Boolean functions and F are defined with respect to a finite set of variables X.
In contrast, the definition of the prime tree representation 7rs and of the signifi-
cant variables of s does not depend on X. In principle, it is possible to fix X as the
set of all propositional variables, with the consequence that not every Boolean
function can be described by a propositional formula. In this case, prime trees
are a perfect representation for the finitary Boolean functions.

Prime trees are a canonical representation for propositional formulas. Given
a set S of syntactic objects and an equivalence relation on these objects, a canon-
ical representation is a set C < S such that for every object in S there is exactly
one equivalent object in C.

Exercise 14.6.6
a) Find a propositional formula s that contains the variables x, y, z and has x
as its only significant variable.

b) Determine the significant variables of the formula (x — Y)A(xVY) A (Y VZz).

14.7 Prime Tree Algorithms

Given two prime trees s and t, how can we efficiently compute the prime trees
for —s, s A't, s vt and so on? It turns out that there are elegant algorithms that
perform well in practice. Here we will develop the algorithms for negation and
conjunction. The algorithms for the other operations can be obtained along the
same lines.

We formulate the algorithms for negation and conjunction as procedures that
compute the following function:

not € PT — PT and € PT - PT - PT

nots = 1 (—s) andst=1(s A t)
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Let DT be the set of all decision trees. Here is a procedure that computes not:

not : PT — DT
not L =T
notT =1

not(x,s,t) = (x, not s, not t)

It is easy to see that the defining equations of the procedure not are well-typed,
exhaustive, and terminating. To show that the procedure not computes the func-
tion not it remains to show that the function not satisfies the defining equations
of the procedure not. For the first two equations this is obvious. We argue that
the function not satisfies the third equation not(x, s,t) = (x, not s, not t). Given
the definition of the function not, this boils down to showing that the equation

T(—(x,s,1)) = (x, w(=s), (L))

holds for every prime tree (x,s,t). Let (x,s,t) be a prime tree. By Proposi-
tions [T4.2.Tl and [T4.6.1] we know that the propositional formula

(x,s,t) = (x, w(=s), (L))

is valid. Hence it suffices to show that (x, m(—s), m(—t)) is a prime tree. Since
V(m(=s)) € Vs, V(rr(=t)) € Vt and (x,s,t) is a prime tree, we know that
(x, r(=s), r(—t)) is an ordered decision tree. It remains to show that 1T (-s)
and 7r(—t) are different. By Proposition [I4.6.]] this is the case if —s and —t are
not logically equivalent. Suppose —s and —t are logically equivalent. Then ——s
and ——t and hence s and t are logically equivalent (compatibility amd double
negation). Contradiction by Proposition [14.6.1] since 1ts # 7rt since (x,s,t) is a
prime tree.

Next we devise a procedure for conjunction. We base the procedure on the
following tautologies (verify!):

LAY =1
TAY=EY
(x,¥,2) A (x,¥",2)=(x,y Ay, zAZ)

X, y,z) Au=(x,y Nu,zAu)

Moreover, we exploit the commutativity of A. We also use an auxiliary function

red € DT — DT
red L = 1
red T=T

red(x,s,t) =if s = t then s else (x, s, t)
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Next we verify that the following equations hold:

mm(LAL)=1
(T AL =t
1 ((x, S0,51) A (x,to,t1)) = red(x,1t(s0 A to), TT(S1 A t1))
1T ((x,80,51) A L) = red(x,m(so A L), TT(S1 A L))

ift = (y,tg,t1) andx <y

The correctness of the equations is established in 2 steps. First one verifies that
for each equation the formula on the left is logically equivalent to the formula
on the right. Since 7t and red yield logically equivalent formulas, we can erase
their applications. Now we are left with instances of the above tautologies. For
the second step we show that the formulas on the right are prime trees, provided
the arguments on the left hand side are prime trees. This is easy and explains
the condition x < 7y coming with the last equation. Now we have the following
procedure:

and : PT - PT — DT

and L t =1
and Tt =t
ands 1L = 1
ands T =s

and (x, So, s1) (x,to, t1) = red(x, and sg ty, and sy t1)

and (x,s9,81) t = red(x, and so t, and s; t)
ift =(y,tp,t1) and x < vy
and s (y,to,t1) = red(y, and s to, and s ty)

if s = (x,580,81) and x > y

The procedure and computes the function and since the following properties are
satisfied:
1. The defining equations are well-typed, exhaustive, and terminating.

2. The defining equations hold for the function and. This is the case since the
equations reduce to the equations verified before (exploiting commutativity
of A) if we replace the functions and and red with their definitions.

You now know enough so that you can devise algorithms for the other Boolean
operations. Things are as before since by Proposition [[4.2.1] the following for-
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mulas are valid for every name o : 000 (o is written as infix operator):
(x,¥,2) 0 (x,5',2) = (x,y 0,20 2)
uo(x,y,z)=(x,uoy’,uo-z')
(x,yv,z)ou=s(x,you,zou)
Exercise 14.7.1 Develop an algorithm that for two prime trees s, t yields the
prime tree for s = t. Implement the algorithm in Standard ML. Proceed as follows:

a) Complete the following equations so that they become tautologies on which
the algorithm can be based.

(x=71) =

(L=1) =
((x,y,2) = (x,p',2")) =
((x,¥,2)=u) =

b) Complete the declarations of the procedures red and equiv so that equiv com-
putes for two prime trees s, t the prime tree for s = t. The variable order is
the order of int. Do not use other procedures.

type var = int
datatype dt = F | T | D of var = dt * dt

fun red x s t

fun equiv T t =
| equiv s T =
| equiv F F =
| equiv F (D(y,t0,tl)) =
| equiv (D(x,s0,s1)) F =
| equiv (s as D(x, sO, s1)) (t as D(y, t0, tl)) =

if x=y then
else if x<y then
else

Exercise 14.7.2 Let decision trees be represented as in Exercise [[4.7.1] and let
propositional formulas be represented as follows:

datatype pf = FF | TT | V of var | NEG of pf | AND of pf = pf
| OR of pf % pf | IMP of pf % pf | EQ of pf *» pf

Write a procedure pi: pf — dt that yields the prime tree for a propositional for-
mula. Be smart and only use the prime tree algorithm for implication (all propo-
sitional connectives can be expressed with — and L).

Exercise 14.7.3 Find two prime trees (x, sg, s1) and t such that:

i) (x,1(sg — t), m(s7 — t)) is not a prime tree.

ii) VyeVt: x < y.
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Figure 14.2: A BDD and the decision tree represented by the topmost node

14.8 BDDs

Trees can be represented as nodes of graphs. Graphs whose nodes represent
decision trees are called BDDs (binary decision diagrams). Binary decision dia-
grams (BDD) were introduced by Lee (Lee 1959), and further studied and made
known by Akers (Akers 1978) and Boute (Boute 1976).

Figure shows a BDD. The node labeled with the variable x represents
the decision tree shown to the right. Dotted edges of the graph lead to left
subtrees and solid edges to right subtrees. Subtrees that occur more than once
in a decision tree need only be represented once in a BDD (so-called structure
sharing). In our example BDD the node labeled with z represents a subtree that
occurs twice in the decision tree on the right.

Let Var, be the set of all propositional variables. Formally, a BDD is a func-
tion y such that there exists a natural number N > 1 such that

1. ye {2,...,N} - Var, x {0,...,N} x {0,...,N}.
2. V (n,(x,np,n1)) €y: n>n9g A n>n.

The nodes of y are the numbers O,...,N. The nodes 0 und 1 represent the
decision trees 1 and T. A node n > 2 with yn = (x,ng,n;) carries the label
x and has two outgoing edges pointing to ny and n;, where the edge to ng
is dotted and the edge to m; is solid. Note that the second condition in the
definition of BDDs ensures that BDDs are acyclic. The BDD drawn in Figure [14.2]
is the following function (in table representation):

2| (z,1,0)
3| (,0,2)
41| (x,2,3)

] 92 2009/8/2



14.8 BDDs

For every BDD y we define the function

7, € {0,1} uDomy — DT

Tyn = (x,Tyno, Tyni) if yn = (x,ng,ny)

which yields for every node n of y the decision tree represented by y and n.
A BDD is minimal if different nodes represent different trees. The BDD in
Figure [14.2]is minimal.

Proposition 14.8.1 (Minimality) A BDD is minimal if and only if it is injective.

Proof Let y be a BDD such that Domy = {2,...,n}. That minimality implies
injectivity follows by contraposition. For the other direction assume that y is
injective. We show the minimality of y by induction on n. For n = 1 the claim
is obvious. Otherwise, let yn = (x,np,n1). Assume Yy is not minimal. Then
the exists a k +# n such that 7,k = 7,n. Hence yk = (x,ko, k1) such that
Tyko = Tynp and T,k; = Tyn;. By induction we know that the restriction of y
to {2,...,n — 1} is minimal. Hence kg = ng and k; = n,. Hence yk = yn. Since
k + n this contradicts the assumption that y is injective. -

Given the table representation of a BDD, it is very easy to see whether it is
minimal: The BDD is minimal if and only if no triple (x, ng,7:) occurs twice in
the right column of the table representation.

Note that there is exactly one minimal BDD that represents all subtrees of
a given prime tree. All nodes of this BDD are reachable from the node that
represents the given subtree. Note that this root appears as last node in the
table representation.

Techniques that represent terms as numbers that identify entries in tables
are know as term indexing. BDDs are a typical example of term indexing.

Exercise 14.8.2 Let s be the propositional formula (x Ay = xAzZ) A (Y Az =
X A z). Assume the variable order x < y < z.

a) Draw the prime tree for s.

b) Draw a minimal BDD whose nodes represent the subtrees of the prime tree
for s.

c) Give the table representation of the BDD. Label each non-terminal node of
your BDD with the number representing it.
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Exercise 14.8.3 (Parity Function) Let the propositional variables x; < x» <
X3 < X4 be given. The parity function for these variables is the Boolean func-
tion that yields 1 for an assignment o iff the sum ox; + 0x2 + 0x3 + 0Xx4 is an
even number. Draw the minimal BDD whose root represents the prime tree for
the parity function. Observe that it is easy to obtain a minimal BDD for parity
functions with additional variables (x4 < x5 < xg < - - - ). Observe that the prime
tree represented by the root node of the BDD is exponentially larger than the
BDD.

Exercise 14.8.4 (Impact of Variable Order) The size of the BDD representing
the parity function in Exercise [I4.8.3] does not depend on the chosen variable
order. In general, this is not the case. There may be an exponential blow up if an
unfortunate variable order is chosen. Consider the formula

(X1 VxX2) A X3V X4) Ao A(Xon-1V Xon)

The minimal BDD for this formula has 2n + 2 nodes if we choose the order
X1 < Xp < --- < Xon. Draw it for n = 2. If we choose the order

X1 <X3<: "< Xop-1<X2<Xg4<:+ <X

the minimal BDD has 2"*! nodes. Draw it for n = 2.

14.9 Polynomial Runtime through Memorization

With the BDD representation it is possible to implement the prime tree algo-
rithms for the Boolean connectives with the runtime O(||m|]| - ||n||) where m
and n are the nodes representing the prime trees and ||m|| and ||n|| are the
numbers of nodes reachable from m and n, respectively. The basic observation
is that every call of the procedure will take as arguments two nodes m’ and n’
that are reachable from m and n, respectively. Hence, if we memorize for each
call already done that is was done and what result it returned, we can avoid
computing the same call more than once. Without this dynamic programming
technique prime tree algorithms like and have exponential worst-case complex-
ity. The memorization is implemented with hashing. For this it is essential that
the trees are represented as numbers.

14.10 Remarks

Decision trees and graph representations of decision trees have been known for
a long time, but the canonical representation with ordered and reduced decision
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14.10 Remarks

trees and minimal graph representations were discovered only in 1986 by Randal
Bryant [56]. You will find his famous paper in the Internet. Huth and Ryan’s
textbook [45] gives a detailed presentation of BDDs. You will also find useful
information in the Wikipedia entry for binary decision diagrams.
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15 Modal Logic

Modal logics are specialized logic languages that talk about transition systems.
Modal logics have applications as ontology languages (description logics) in se-
mantic web technology and as specification languages (temporal logics) in system
verification. Modal logics are attractive for applications since they combine high
expressivity with decidability. In this chapter we present a modal logic known
as ALC. As we did for propositional logic and first-order logic, we present modal
logic as a sublogic of simple type theory.

15.1 Transition Systems

Transition systems are labelled graphs that may serve as models of computa-
tional systems. A well-known class of transition systems are the finite-state
automata used with regular string languages. There are many possible ways
transition systems can be represented formally. We represent transition systems
as sets of formulas.

A transition system is a nonempty set of formulas where each formula has the
form rxy or px where v : 1o, p : 1o, x : t and y : t range over variables. Given
a transition system T, we call the variables x € V,T the states of T, and the
formulas ¥xy € T the transitions of T.

We consider the transition system {rxy, ¥2yz, ¥1zXx, ¥3zX, pY, 4y, Pz} as an
example. This system has 3 states and 4 transitions. It is illuminating to draw
the transition system as a graph:

-
@ 11,73 @

Seen from the graph perspective, the individual variables x, y, z act as nodes,
the unary predicate variables p and g act as labels of nodes, and the binary
predicate variables 71, 72, and 73 act as labels of edges. The transition system
has three states x, y, z, where x is unlabelled, y is labelled with p and g, and z
is labelled with p. Moreover, the system has 4 transitions: An 7;-transition from
X to y, an rp-transition from 7y to z, and both and 7;- and an 73-transition from
z to x.
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i =Ax.1

T =Ax.T

S = Apx. px

= Apgx. px A qx

< >

= Apgx. px Vv gx
Apgx. px — qx
= Apgx. px = qx
= Avrpx. Vy.rxy - py
Avpx. dy.rxy Apy

!
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< O
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Figure 15.1: Defining equations for the modal constants

Finite automata for strings can be seen as transition systems. In this case
we would label edges with characters and distinguish initial and accepting states
with labels. Given the above system, if g labels intial states and p label accept-

ing states, the system accepts the strings "", "12", "ro1111", "ror3r1", "o,
"ro1371172", and so on.

Exercise 15.1.1 Draw the transition system {rxy, ¥yy, ryz, px, q)}.

15.2 Modal Constants and Modal Interpretations

Modal languages obtain their expressivity with A-free terms of type to. Such
terms, which we call modal expressions, describe unary predicates on the states
of transition systems. Modal expressions are obtained with modal constants
that hide A-abstractions and quantifications. Syntactically, modal constants are
names different from the logical constants (§[4.3). We fix the following modal
constants:

i, T : w0
- (o)o
AV, =, = 1 (o) (o) to

0,¢ : (wo)(wo)to

The semantics of the modal constants is given by the equations in Figure
These equations define the modal constants in terms of the logical constants.
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The modalities 0O and ¢ (read box and diamond) are specialized quantifiers that
can be explained as follows:

Orpx is true if every v-successor of x satisfies p.

Orpx is true if there is an v-successor of x that satisfies p.
The other modal constants lift the propositional constants from truth values
(type o) to properties (type (o).

The modal constants A, Vv, -, = are written with infix notation. Notationally,
the modal constants =, =, v, A, = act as operators that take their arguments
according to the following precedence hierarchy:

—

1 > <

Modal operators take their arguments after ordinary application and before the
operators for the logical constants. The modal operators group to the right.
For instance, the notation -Ort = ¢v(Or-—t) is to be read as (= (Ort)) =
(Or(ar(—t))).

From now on, a constant will be either a logical constant as introduced in
§M4.3] or a modal constant as defined above. A variable will be any name that is
not a constant.

A modal interpretation is a logical interpretation that satisfies the defining
equations of the modal constants. When we talk about modal logic, we will only
consider modal interpretations. A formula is modally valid if it is satisfied by
every modal interpretation, and modally satisfiable if it is satisfied by some
modal interpretation. Figure shows some modally valid equations.

Since the modal constants are defined in terms of the logical constants, we
can use our existing methods to prove that formulas are modally valid or satis-
fiable. Let M be the conjunction of the equations defining the modal constants
(Figure [I5.1).

Proposition 15.2.1 Let s be a formula. Then:
1. s is modally valid if and only if M — s is valid.

2. s is modally satisfiable if and only if M A s is satisfiable.

When we prove modal validity with tableaux, making use of the defining equa-
tions for the modal constants turns out to be tedious. Proofs become more
pleasant if we use the sound tableau rule

s=t, [us]
[ut]
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“(pAqg) =
“(pvaq) =
%Drp =
“0rp =

—|px

ﬁap
p—a =
p=q =
p=q =
rxy =
or(pAq) =
or(pva =
or(p—q) =
Ori =

orT =

p

Sp Vg
Sp ASq
Or—p
gar-p
(mp)x
(=p)
V(=p)
“pVva
(p=a) Alg—p)
V(p=q)
Or(=y)x
Orp AOrq
Orp Vv Orqg
arp — 0rq
i

+

Figure 15.2: Some modally valid equations

as additional rule.

Example 15.2.2 Here is a tableau that proves that the formula --p =
modally valid.

() = Apx.mpx
%%p:#p
(m5p)x # px
—(5p)x £ px
—TpX E PX
—opx | oopx
pXx px

—|px

200

p is
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15.3 Modal Expressions and Modal Formulas

Exercise 15.2.3 Prove with tableaux that some of the equations in Figure [15.2]
are modally valid. You may eliminate all modal constants before you start.

Exercise 15.2.4 Decide for each of the following formulas whether it is modally
valid.

a) V(Or(pAq) - Orp)
b) V(Or(p Aq)—0Orp)
c) Ori=T

d) orT=0rp-=-90rp

Exercise 15.2.5 (First-Order Translation) For each of the following modal for-
mulas s find a first-order formula t not containing modal constants such that
s = t is true in every modal interpretation. Hint: Eliminate the modal constants
using their defining equations and apply S-reduction.

a) (pvax

b) V(p —-q)

o A(@r(p - Orp))

d) VOr(or(or=p)))

15.3 Modal Expressions and Modal Formulas

A modal variable is a variable whose type is either t or to or tto. If not said
otherwise, the following letters will range over modal variables with the specified

type:

X,V,Z 1L individual variables
p,q : Lo property variables
Y i ouo relation variables

A modal expression is a term of type to that can be obtained with the grammar
Su=p |1l T|s|sAs|svs|s=>s|s=s|ars]|ors

where p and v range over variables of type to and 0. A modal formula is a
formula that can be obtained with the grammar

to=sx|rxx | Vs|3As|at|tAat|tvi|t—-t|t=t
where s ranges over modal expressions and x ranges over variables of type (. A

modal term is a modal expression or a modal formula.
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To evaluate a modal term s with a modal interpretation 7, it suffices to know
how 7 interprets the sort ¢ and the modal variables that occur in s. We will now
see that there is a relationship between transition systems and modal interpre-
tations. Eventually, it will turn out that a modal formula is modally satisfiable if
and only if it is satisfied by some finite transition system.

An interpretation 7 agrees with a transition system T if it satisfies the fol-
lowing conditions:

1. 7t="V,T

2. Ix = x forevery x € V,T

3. IJpx =1 < px €T for every variable p : 10

4. Irxy =1 < rxy €T for every variable r : tto

Note that a transition system fully determines the interpretation of the sort ¢

and the interpretation of all modal variables of type to and tt0. Moreover, the
interpretation of all individual variables that occur in T is determined.

Proposition 15.3.1 For every transition system there is a modal interpretation
that agrees with it. Moreover, if a logical interpretation agrees with a transition
system, it satisfies every formula of the system.

Proposition 15.3.2 (Modal Coincidence) Let 7 and J be modal interpretations
that agree with a transition system T. Then 7 and J agree on all modal terms s
such that Vs < V,T.

Proof By induction on s. -

A transition system T satisfies a modal formula s if Vs < V,T and there
is a modal interpretation 7 that agrees with T and satisfies s. By the preceding
propositions we know that there always is an agreeing interpretation and that it
does not matter which of the agreeing interpretations we take.

Proposition 15.3.3 (Model Checking) It is decidable whether a finite transition
system satisfies a modal formula.

Exercise 15.3.4 Give a recursive procedure check that for a finite transition sys-
tem and a modal formula decides whether the system satisfies the formula. Hint:
You need equations for the different forms of modal formulas. The equations
for modal formulas of the form Vs and s A t are as follows.

check T (Vs) = if Vx € V,T: check T (sx) =1then1 else0
check T (s A L) if check T s = 1 then check T t else 0
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Exercise 15.3.5 For each of the following modal formulas draw a finite transition
system that satisfies the formula.

a) V(Or-p AOr(0r(0rp)))

b) px AV (p=-2q) AV (Orq)

0 V((p—90rq) Alq—0rp) Al(pVvaq))

d) px Agx AV (OrT) AV(Or(p =-q))

Exercise 15.3.6 For each of the following modal formulas draw a transition sys-
tem that does not satisfy the formula.

a) V(Orp = 90rq=90r(pAq))

b) A(ar(p vq) > Orp Vv org)

Exercise 15.3.7 Let s and t be modal expressions and x : ¢ be a variable. Give a

modal expression u such that ux is not modally satisfiable if and only if V (s = t)
is modally valid.

15.4 Main Results

There are two important results about modal formulas:

1. A modal formula is modally satisfiable if and only if it is satisfied by a finite
transition system.

2. There is an algorithm that decides for every modal formula s whether there is
a finite transition system that satisfies s. Whenever such a transition system
exists, the algorithm constructs one.

The first result says that the abstract semantics provided by modal interpreta-
tions coincides with the concrete semantics provided by finite transition systems.
It also says that modal formulas have the finite model property. The second re-
sult tells us that many properties of modal formulas are decidable.

We will prove the above results only for modal expressions and modal formu-
las that can be obtained with the grammar

su=p|loplsAs|svs|ars| ors

tui=sx|rxx|Vs|3s
We refer to such expressions and formulas as simple modal expressions and
simple modal formulas. Our proof can be extended to all modal expressions

and all modal formulas. The treatment of modal formulas containing negative
occurrences of formulas ¥ xy requires some thought.

Exercise 15.4.1 Give a set of equations so that every modal expression can be
rewritten into a simple modal expression. Every equation must be modally valid.
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px, (mp)x (sAt)x (svit)x
sx, tx sx | tx
arsx, rxy Qrsx v fresh
sy rxy,sy ©Orsxnotrealizedin A
Vs ds  x fresh
X sx 3dsnotrealized in A
Figure 15.3: Rules of the tableau system T

15.5 Terminating Tableau System

The decision algorithm for simple modal formulas comes as a terminating
tableau system, which constructs for every modally satisfiable formula a finite
transition system satisfying it. We start with some definitions.

A branch is a set A of simple modal formulas such that A contains either a
formula of the form 3s or a formula that contains a variable of type (. A modal
interpretation satisfies a branch A if it satisfies every formula s € A. A formula
ds is realized in a branch A if sx € A for some variable x. A formula ¢rsx is
realized in a branch A if there exists a transition ¥x’y € A such that sy € A
and Ortx’ € A whenever Ortx € A. More formally, 07 sx is realized in A if and
only if

Ax'Ay: rx'y €EAASY EAAVLE: Ortx € A= Ortx' € A

The tableau system 7 operates on branches as defined and employs the rules
shown in Figure [15.3]

Example 15.5.1 We want to show that the formula
s = VOrpvg)->0rpvorg)
is modally valid. We do this by showing that —s is not modally satisfiable. Using

the equations in Figure we can rewrite —s to the modally equivalent for-
mula 3(0r(p v q) AOr-p AOr—q). A refutation of this formula with 7 looks
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as follows:

A0r(pVvq) AOr—p AOr—q)
Or(pvqg) AOr-p AOr—q)x
Or(pVvq)x, ar(—p)x, Or(-q)x
rxy, (pVvax,

p)y, @y
ry |4y

O

Exercise 15.5.2 Refute the following modal formulas with the tableau system 7 .
a) 3(@r(pAq)Aor-p)
b) 3(¢(p V) ADr(-p Aq))

15.5.1 Refutation Soundness

For refutation soundness we have to show for every rule A/A;...A, of 7 and
every modal interpretation that satisfies A there exists an i € [1,n] such that
there exists a modal interpretation that satisfies A;. This is easy to verify.

Proposition 15.5.3 7 is refutation sound.

15.5.2 Termination

Let A be a branch. We use MA to denote the set of all modal expressions that
occur as a subterm in a formula of A. The key observation for the termination
proof is that a tableau expansion does not create new modal expressions. That
is, every rule A/A;...A, of T satisfies MA = MA; = - - - = MA,.

We now assume that the intial branch Ay is finite and that we only talk about
branches that can be obtained from A by finitely many applications of the rules
of T.

A modal expression s is realized in a branch A if sx € A for some variable x.
We observe that every application of the 3-rule realizes a modal expression s €
MA( that was not realized before. Since extension of a branch with new formulas
preserves realization of modal expressions and MAy is finite, we can ignore the
J-rule when we prove termination.

A pattern is a set {Ors,Orty,...0rt,} of modal expressions. A pattern
{Ors,Orty,...0Ort,} is realized in a branch A if there exist x and 7y such that
{rxy,sy,0rt1x,...0rvtyx} < A. We observe that every application of the ¢-rule
realizes a pattern P < ‘MA( that was not realized before. Since extension of a
branch with new formulas preserves realization of patterns and MAy is finite,
we can ignore the ¢-rule when we prove termination.
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The remaining rules do not introduce new names. We consider the closure
CA = AUu{sx|seEMA xeVA}

that is finite if the branch A is finite. Every remaing rule A/A; ... A, of T satisfies
CA = CA; = - -+ = CA,. Since all reachable branches are subsets of CAy and
CAy is finite, the remaining rules terminate (we assume that the 3-rule and the
¢-rule are not applied).

Proposition 15.5.4 7 terminates on finite branches.

15.5.3 Verification Soundness

For every branch A we define the associated transition system T4 as follows:
Ta = {px|IpxcAtuf{rxy | {r,x,y} < VAAVL: Ortxc A=ty c A}

Note that T, is finite if A is finite. The formulas *xy € T4 are called safe
transitions.

Example 15.5.5 Let A = {Orpx,Orv(—p)x,arqx,py,qy,(—p)z,qz}. Then
Orpx and Or(—p)x are realized in A. Moreover, T4 = {py,qy,qz,v¥Xy,¥Xz}.q

Proposition 15.5.6 Let A be a branch that is maximal and open for 7. Then A is
satisfied by the transition system T4.

Proof First observe that T4 contains for every formula ¢»sx a transition »xvy
such that sy € A and ty € A whenever Ortx € A. Let 7 be a modal inter-
pretation that agrees with T4. We show by induction on s that 7 satisfies every
formula s € A. Let s € A. Case analysis.

Let s = px or s =rxy. Then s € T, and is thus satisfied by 7.

Let s = Vt. Then tx € A and 7x = x for all x € 7t. By induction hypothesis
we know that 7 satisfies tx for every x € 7t. Thus 7 satisfies Vt.

To be completed. -

Exercise 15.5.7 Use the tableau system 7 to construct finite transition systems
satisfying the following modal formulas.

a) A(0rp AOr(Or-p))
b) “px A V(Or(Orp))

Exercise 15.5.8 (Challenge) Give the additional tableau rules needed so that all
modal expressions can be handled. Make sure that the resulting tableau system
is refutation sound, terminating, and verification sound.
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15.6 Remarks

15.6 Remarks

Modal logic is an active research area and there are many modal logics. The text-
book [11] is an excellent introduction to modal logic in general and gives a good
overview of the field. The handbook of description logics [5] focusses on appli-
cations of modal logic in knowledge representation. The textbook [33] covers
dynamic logic, a branch of modal logic developed for programm verification. For
temporal logic you may consult the textbook [6].

The modal logic considered in this chapter is the essentially the description
logic ALC. Deciding satisfiability of ALC formulas is EXPTIME-complete [5]. Our
terminating tableau system is derived from a terminating tableau system devised
by Kaminski and Smolka [46].

Most modal logics are decidable and have the finite model property. Termi-
nating tableau systems can be used as decision procedures and are the most
efficient choice as it comes to description logics.

We conclude with some historical remarks.

Modal logic was conceived as an extension of propositional logic that can
express additional modes of truth: necessarily true and possibly true.

In 1918, C.I. Lewis published a deductive system for modal logic. His system
was improved by Kurt Godel in 1933.

In 1963, Saul Kripke gave the by now standard semantics for modal logic and
showed soundness and completeness.

Before computer scientist got involved, modal logic was mainly developed by
logicians from philosophy.

Temporal logic is an extension of modal logic. Major contributions were made
by the philosophers Arthur Prior (1967) and Hans Kamp (1968).

In 1977, Amir Pnuelli realized that temporal logics could be used for specify-
ing and reasoning about concurrent programs. The temporal logics LTL and
CTL are now in wide use.

In 1976, Vaughan Pratt invented dynamic logic, which is an extended modal
logic to be used for program verification.

In 1991, Klaus Schild discovers that terminological logics, then developed for
knowledge representation, are in fact modal logics. Nowadays, terminological
logics are known as description logics [5]. Description logic is the basis for the
web ontology language OWL (see Wikipedia). There is a connection between
dynamic logic and description logic.
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