collecting/accumulating semantics Jan 14 2002 acc : p → {s : V ar → V al | s visible at p} given: p, S_0 = {all input values for n} = N lattice L = ⟨2^{Store}, ⊆⟩ L_{A,...,G} = ⟨{⟨S_A, . . . , S_G⟩ | S_A, . . . , S_G ∈ 2^{Store}}, ˙⊆⟩ acc ∈ L_{A,...,G}, acc = F (acc) or: acc = lfp(F ) = ⋃ n F^n(⊥) F (⟨S_A, . . . , S_G⟩) = ⟨S^′_A, . . . , S^′_G⟩ S^′_D = {s^′ ∈ Store | ∃s ∈ S_C : ⟨C, s⟩ → ⟨D, s^′⟩} set of program points PP. F : (2^{Store})^{P P} → (2^{Store})^{P P} d → d^′ : P P → 2^{Store} d^′(p^′) = {s^′ ∈ Store | ∃p ∈ P P, s ∈ d(p) : ⟨p, s⟩ → ⟨p^′, s^′⟩}

no yes n = 1? no yes n odd? n := n/2

n := 3n + 1

A

B C

D E

F

G

acc(A) = S_0 acc^#(A) = ⊤ acc(B) = (acc(A) ∪ acc(D) ∪ acc(F )) ∩ “ ≠ 1^{′′} acc^#(B) = (acc^#(A) ⊔ acc^#(D) ⊔ acc^#(F )) ⊓ ⊤ acc(C) = acc(B) ∩ even . . . acc(D) = {s^′ | s ∈ acc(C), s^′(n) = s(n)/2} acc^#(D) = f^#_{n/2}(acc^#(C)) = f_{n/2}(acc(C)) . . . . acc^#(G) = . . .

α : 2^{Store} −→ {even, odd, ⊥, ⊤} = L^# monotone γ : {even, odd, ⊥, ⊤} −→ 2^{Store} monotone ⊤ / \ even odd \ / ⊥ acc^#(G) ⊒ ⊥ α(acc(G)) (α(S) = ⊥ ⇒ S = ∅ (by def. of α)) acc(G) ⊆ γ(acc^#(G) ⊥ ) ∅

Safety

α(acc(B)) = acc^#(B) completeness of abstraction acc^# : p → {a ∈ {e, o, ⊥, ⊤} : a is^′visible^′ at p} L^#_{A,...,G} = ⟨{⟨a_A, . . . , a_G⟩ | a_A, . . . , a_G ∈ {e, o, ⊥, ⊤}, ˙⊑⟩

F^# : L^{#P P} → L^{#P P} e → e^′ : P P → L^# e^′(p^′) = {s^′ ∈ AbsStore | ∃p ∈ P P, s ∈ e(p) : ⟨p, s⟩ → ⟨p^′, s^′⟩} AbsStore = L^{#P P} = {e : P P → {e, o, ⊥, ⊤}} {A, . . . , G} → {e, o, ⊥, ⊤} α({1}) α({s : V ar {n} → V al N | s(n) = 1}) α(s) = e γ(e) = even numbers α({2}) = e f^#_{3n+1} : o → e

A B C D E F G ˙⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ F^#( ˙⊥) ⊤ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ F^#(F^#( ˙⊥)) = F^{#2} ( ˙⊥) ⊤ ⊤ ⊥ ⊥ ⊥ ⊥ o F^{#3} ( ˙⊥) ⊤ ⊤ e ⊥ o ⊥ o F^{#4} ( ˙⊥) ⊤ ⊤ e ⊤ o e o F^{#5} ( ˙⊥) ⊤ ⊤ e ⊤ o e o

no yes n = 1? no yes n odd? n := n/2

n := (3n + 1) / 2

A

B C

D E

F {n even}

G

Constant propagation α : S → ⊥ if S = ∅ k if S = {k} ⊤ otherwise acc^#(p) = k acc(p) = {k} Dead code elimination α : S → ⊥ if S = ∅ ⊤ if S ≠ ∅ acc^#(p) = ⊥ ⇒ p not reachable ———————————————————