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d E�egf$=?;
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h(A[[ M ]]η) = B[[ M ]]ηh

h(A[[ N ]]η) = B[[ M ]]ηh

E/>7HJ;<4�B79
B[[ M ]]ηh = B[[ N ]]ηh o�KsPR>7Mj= h
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∀η
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Γ
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η
′

= h ◦ η354�Pn9GrsPn=?DnH�9
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A
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B
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h : A → B
E/>7H

k : B → A
o d E�e5rsPn=?DnH�9"354

(A) =
354

(B)
o
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∃h : A → B

9<B�8ih<=jM?;<PRk�=l4760TV60TV608<m�4�Pn9<T
⇔ B

E/>7H
A/ ∼

Pn9:60TV608<m�4�PnM�z|608"9:60TV=
∼ .��=JH�={q7>7=�;<47=J8:=?DFE/;<Pn60>

∼
E09�z|60DRDn6`O"9`o

a ∼ b :⇔ h(a) = h(b)
o���;UPn9V=`E09<r�;:6�9:=j=g;<4�E/;

∼
Pn9�EMj60>�S�8<B7=?>7Mj=�8:=?DFE/;<Pn60>�o

�
⇒ � ��=Um�8:6'Mj=j=jH.OQPR;<4�Mj60>79<;<8<B7M?;<PR>�SLE/>.Pn9:60TV608<m�4�Pn9:T

g : A/ ∼→ B
x r�9:=?;<;<PR>�S

g([a]) := h(a)
o354�Pn9GPn9QOt=?DRD���H�={q7>7=jH�o

d P�e
g
Pn9"9<B�8ih<=jM?;<PRk�= x =jM`E/B79N=

h
Pn9"9:B�8ihu=jM?;<PRk�=�o

d PRP�e
g
Pn9�PR>0h<=jM?;<PRk�=�o�f�=?;

g([a]) = g([b])
o�3547=?>

h(a) = h(b)
o�@Ar�H�={q7>�PR;<Pn60>�v�OA=�4�E`k�=

a ∼ bE/>7HJ;<4�B79
[a] = [b]

o
�
⇐ � ��=�H�={q7>7= h : A → B

OQPR;<4
h(a) := g([a])

o
d P�e

h
Pn9Q4760TV60TV608<m�4�Pn9<TJo
h(f(a1, . . . , an)) ���?�|���`�= g([f(a1, . . . , an)])

���?�|�i�= g(f([a1], . . . , [an]))

�����{�<���= f(g([a1]), . . . , g([an]))

���?�|���`�= f(h(a1), . . . , h(an))
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A/ ∼
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d E�e���9:9<B�TV=l;<4�E/;

h : A2 → A1

Pn9"4760TV60TV608<m�4�Pn9<TJo
h(SA2〈1,−2〉) = h〈1,−1〉

h(SA2〈1,−2〉) = SA1(h〈1,−2〉) = h〈1,−2〉 + 1

E/>7HJ;<4�B79
h〈1,−1〉 > h〈1,−2〉

otp�B�8<;<47=?8GOt=�4�E`k�=
h(〈1,−1〉 +A2 〈1,−1〉) = h〈1,−2〉

h(〈1,−1〉 +A2 〈1,−1〉) = h〈1,−1〉 +A1 h〈1,−1〉 = 2 ∗ h〈1,−1〉

E/>7H ;<4sB79
h〈1,−1〉 ≤ h〈1,−2〉
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h
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Pn9t>760;APR>�PR;<PFE/D�E/DRS�= x 8NEwo
d_x e���9:9<B�TV=l;<4�E/;

h : A3 → A1

Pn9"4760TV60TV608<m�4�Pn9<TJo
h(SA3 [k − 2]) = h[k − 1]

h(SA3 [k − 2]) = SA1(h[k − 2]) = h[k − 2] + 1

E/>7HJ;<4�B79
h[k − 1] > h[k − 2]

o%p�B�8<;<47=?8GOt=�4�E`k�=
h([k − 1] +A3 [k − 1]) = h[k − 2]

h([k − 1] +A3 [k − 1]) = h[k − 1] +A1 h[k − 1]

E/>7HJ;<4�B79
h[k − 1] ≤ h[k − 2]
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• x → M ∈ R ⇒ x →R M →R [M/x] M →R . . .
9<PR>7Mj=

M →R [M/x] M
Pn9�PR>79<;NE/>7Mj=V6/z

x →R M
o

• N →R M
OQ47=?8:=

x
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M
x B�;�>760;UPR>

N
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x = N
r'Pn=?DnH�9

x →R N →R

[N/x] N →R . . .

WYX�Z�[/\�]_^`ZLa�bna
A = 〈 � \{0, 1},

608 A,
E/>7H A,

>760; A〉608 A(x, y) = x ∗ yE/>7H A(x, y) = x + y + 1>760; A(x) = 2x
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d E�egf$=?;

A = 〈 � \{0, 1}, � A,
K
A, � A〉

o
� A = 2K A(x) = x + 2

� A(x, y) = x ∗ y

d_x egf$=?;
A = 〈 � \{0, 1}, � A,

K
A, � A, � A〉 o

� A = 2K A(x) = x + 2

� A(x, y) = x ∗ y

� A(x, y) = yx

WYX�Z�[/\�]_^`ZLa�b��
(3 + 1)

(0 + y) + z
1
→ y + z

3

↘ 0 + (y + z)
1
→ y + z

(3 + 2)

((−x) + x) + z
2
→ 0 + z

1
→ z (NF )

3

↘ (−x) + (x + z) (NF )
>760;)h<60PR>�E x Dn=

(3 + 3)

((x + y) + z) + a
3
→ (x + y) + (z + a)

3
→ x + (y + (z + a))

3

↘ (x + (y + z)) + a
3
→ x + (((y + z) + a)

3
→ x + (y + (z + a))

WYX�Z�[/\�]_^`ZLa�b��
(1 + 1)

¬¬¬x
1
→ ¬x

1

↘ ¬x

(1 + 2)

¬¬(x ∨ y)
1
→ x ∨ y

2

↘ ¬(¬x ∧ ¬y)
3
→ ¬¬x ∨ ¬¬y

1,1
→ x ∨ y



(1 + 3)

¬¬(x ∧ y)
1
→ x ∧ y

3

↘ ¬(¬x ∨ ¬y)
2
→ ¬¬x ∧ ¬¬y

1,1
→ x ∧ y

(3 + 4)

¬(x ∧ (y ∨ z))
3
→ ¬x ∨ ¬(y ∨ z)

2
→ ¬x ∨ (¬y ∧ ¬z) (NF )

4

↘ ¬((x ∧ y) ∨ (x ∧ z))
2
→ ¬(x ∧ y) ∧ ¬(x ∧ z)

3,3
→ (¬x ∨ ¬y) ∧ (¬x ∨ ¬z)

4
→ ((¬x ∨ ¬y) ∧ ¬x) ∨ ((¬x ∨ ¬y) ∧ ¬z)

5,5
→ ((¬x ∧ ¬x) ∨ (¬y ∧ ¬x)) ∨ ((¬x ∧ ¬z) ∨ (¬y ∧ ¬z)) (NF )

>760;)h<60PR>�E x Dn=

(3 + 5)
E/>�E/Dn60S�60B79<DRr

(4 + 5)

(x ∨ y) ∧ (z ∨ a)
4
→ ((x ∨ y) ∧ z) ∨ ((x ∨ y) ∧ a)

5,5
→ ((x ∧ z) ∨ (y ∧ z)) ∨ ((x ∧ a) ∨ (y ∧ a)) (NF )

5
→ (x ∧ (z ∨ a)) ∨ (y ∧ (z ∨ A))

4,4
→ ((x ∧ z) ∨ (x ∧ a)) ∨ ((y ∧ z) ∨ (y ∧ a)) (NF )

>760;)h<60PR>�E x Dn=
p�B�8<;<47=?8YOt=�4�E`k�=

(5 + 4) = (4 + 5)
o


