Semantics of Programming Languages:
Solution of Assignment 5

Thorsten Brunklaus and Jan Schwinghammer

Exercise 5.1

(a) Let M = N[I'] € Th(A) and h surjective homomorphism. For all 7 satisfiying I" in A we
have

A(AL M ) = B M "
h(A[N In) = B[ M [n*

and thus B[ M [n" = B[ N [n". Since h is surjective, we have
ansatisﬁying I"in B 3Jn such that 77/ =hon

This yields M = N[I'] € Th(B).

(b) A and B are isomorphic. Therefore, we have surjective homomorphisms h : A — B and
k:B — A. (a) yields Th(A) = Th(B).
Exercise 5.2 We have to show
3h : A — B surjective homomorphism < B and A/ ~ isomorphic for some ~ .

We define the relation ~ as follows. a ~ b :< h(a) = h(b). It is easy to see that ~ is a
congruence relation.

“=" We proceed with constructing an isomorphism ¢ : A/ ~— B by setting ¢([a]) := h(a).
This is well-defined.

(i) g is surjective because h is surjective.

(ii) g is injective. Let g([a]) = g([b]). Then h(a) = h(b). By definition, we have a ~ b
and thus [a] = [b].

“<" We define h : A — B with h(a) := g([a]).

(i) h is homomorphism.

(ii) A is surjective. This follows from the fact that g is a isomorphism and the definition
of ~.

Since A/ ~ is isomorphic to itself, “<=” and exercise 3.5.6 yield Th(.A) C Th(A/ ~).



Exercise 5.3
(a) Assume that h : Ay — A; is homomorphism.

h(S42(1,-2)) = h(1,—1)
h(S42(1,—2)) = SA (h(1,-2)) = h(1,—-2) + 1

and thus A(1,—1) > h(1,—2). Further we have

and thus h(1,—1) < h(l, —2). Therefore, there is no such h and A is not initial algebra.

(b) Assume that h: A3 — A; is homomorphism.

h(SA3[k — 2]) = h[k — 1]
h(SA3[k —2]) = SA(h[k —2]) = h[k — 2] + 1

and thus hlk — 1] > h[k — 2]. Further we have

)
)

and thus hlk — 1] < h[k — 2]. Therefore, there is no such h and A3 is not initial algebra.

h(k — 1]+ [k
h(k — 1]+ [k

— 1)) =hlk—2]
—1]) = hlk — 1]+ hlk — 1]

Exercise 5.4

er > MeceR=2z—-r M —gr [M/x] M - ... since M —g [M/x] M is instance of

e N —r M where z occurs in M but not in N. Setting x = N yields ¢+ —-g N —g

Exercise 5.5
A= (N\{0,1}, or*, and*, not)
or(z,y) =z *y
and?(z,y) =z +y+1
not(z) = 2°



Exercise 5.6
(a) Let A= (N\{0,1},04 84, +4).
04 =2
SA(z) =z +2
+A(w,y) =z 0y

(b) Let A = (N\{0,1},04, G4, 44, *A),

04 =2
SMz) =z +2
(@, y) = xy
*Alz,y) =y*

Exercise 5.7

B3+1)
O+y)+2>y+z
R0+ @tz bytz
(3+2)
(—z)+2)+2>0+2> 2 (NF)
i (—=x) + (z + 2) (NF) not joinable
(3+3)

(+y)+2)+a>(@+y) +(+a) >+ (y+(z+a)
<(m—i—(y—i—z))—i—aix—l—(((y—i-z)—i-a)ix—i—(y—i—(z—i—a))

Exercise 5.8
(1+4+1)
1
Ly — X
1
N T
(1+2)
—=(z Vy) Lav Yy

2 3 1,1



(1+3)
~a(zAy) S oAy

3 2 1,1

(3+4)
(T A(YV2) Dz Va(yVz) S -z V (~y A-z) (NF)

ﬂ((x/\y)\/(a:/\z))i—(x/\y)/\—(x/\z)?ﬁ(ﬂmv—'y)/\(ﬂx\/ﬂz)

L e e

-z VoY) Az) V((-x vV oy) A oz)

ot
ot

)

((
((

!

-z A—x)V (—y A-x))V ((~x A=z)V (my A—z)) (NF) not joinable
(3+5) analogously
(4+5)

(ac\/y)/\(z\/a)i((:n\/y)/\z)\/((:r\/y)/\a)5—’5>((:L"/\z)\/(y/\z))\/((:p/\a)\/(y/\a)) (NF)
2 (xA(zVa)V(yA(zV A)

2 @az)v@Aaa)V(yAz)V(yAa) (NF) not joinable

Further we have (5+4) = (44 5).



