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Motivation
Mainstream

Constraint Programming

@ largely restricted to finite domain variables (FDVar)

e variables:

@ x€[1..6]
® y€{1,3,6,8,12}
e ze{10}

@ constraints as relations between variables

@ xX+y=2z
@ X#Yy
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Motivation

Beyond finite domains

When do we use sets?

@ constraints are domain specific

@ interested in collection of elements
@ symmetries among elements have to be avoided

@ students in tutorial groups
@ players in a team
o workers at a shift

@ use finite set variables (FSVar)
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Motivation

Beyond finite domains

@ variables:
e g€ {{1,3},{2,7,12},{11,...,14}}
e he{{1,3,5,6},{7,9,13},{1,...,20}}
e uefd,... . {1,...,20}}

@ constraints:

@egcCh
o |[h|=4
e u=gUh
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Representation Naive representation
Complete but naive
Naive representation
@ keep track of every possible value s can take

Problem
e D =P({1,...,400}), |D| = 2400
@ exponential size

@ representation impracticable
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Representation Bounds representation
Predominant and approximate

Bounds representation[Ger95]

@ bounded lattice (P(U),c),Yae P(U):0cac U
@ FSVarse D c P(U)
@ approximate domain D by convex hull

conv(D) = [inf(D)..sup(D)] = [LD]..[D]] =

Na-Us)

aeD beD
@ properties:
P1 extension D C conv(D)
@ let d € D be the set finally assigned to s
@ ae|D]saed
@ a¢[Dlea¢d
P2 idempotency conv(D) C conv(conv(D))
P3 monotonicity D € E = conv(D) C conv(E)
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Representation Bounds representation
Graphical view

D = [{1,3}.{1,3,5,6]]
= {{1,311{1,3,5},
{1,3.6}.{1,3,5,6}}
bl = {1,3}
[D1 = {1,3,5,6}
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Representation Bounds representation

Predominant and approximate

Modeling set constraints
@ 51 C S =51 C[s2]ALS1]C so

@ syUsy =83 = [81]U[s2] Cs3C[s1]U[s?]
@ syNsy=83=[s1]N[s2] Ss3C[s1]N[s2]
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Representation Bounds representation
Predominant and approximate

@ store only two sets instead of exponentially many

@ state-of-the-art implementation in most constraint solvers
(Gecode[The06a], Mozart[The06b],ILOG[ILO00], Choco[Lab00],
ECLiPSe[WNS97])

Drawback
@ | D] is represented twice, since |[D] C [D]
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Representation Domain representation
Complete domain representation

ROBDD representation[HLS05]

@ finite set D represented by its canonical function
1 ifieD

xo:Z =B :xol) = { 0 otherwise
@ analogy set domains and boolean functions
@ ROBDD canonical function representation up to reordering

@ domain D for FSVar s € D as single ROBDD D(s)
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Representation Domain representation
Graphical view

From domain to ROBDD

@ FSVars e D = {{1,3},{1,3,5},{1,3,6},{1,3,5,6}} c P({1,3,5,6})
@ associate boolean variables {s1, s3, S5, Sg} with s
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V
\%
\%

(81 A 83 A =S5 A —1Sg)
(S1 AS3 A S5 A —Sp)
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Representation Domain representation
Graphical view

From domain to ROBDD

@ FSVars e D = {{1,3},{1,3,5},{1,3,6},{1,3,5,6}} c P({1,3,5,6})
@ associate boolean variables {s1, s3, S5, Sg} with s

V
\%
\%

(81 A 83 A =S5 A —1Sg)
(S1 AS3 A S5 A —Sp)
(81 AS3 A =S5 A Sp)
(81 AS3 A S5 A Sg) @‘
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Representation Domain representation
Complete domain representation

Modeling set constraints (v C w)
eveE weF E FcP({1,23)
@ create boolean variables {vq, vo, v3}, {wq, Wo, w3}
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Representation Domain representation
Complete domain representation

Modeling set constraints (v C w)
eveE weF E FcP({1,23)
@ create boolean variables {vq, vo, v3}, {wq, Wo, w3}

(vi = wy)
(Vo = wo)
(v3 = wa)

> > |l

[24.03.2006 10:53] Set Representation



Representation Domain representation
Complete domain representation

Modeling set constraints (v C w)
eveE weF E FcP({1,23)
@ create boolean variables {vq, vo, v3}, {wq, Wo, w3}

(vi = wy)
(Vo = wo)
(v3 = wa)

> > |l

[24.03.2006 10:53] Set Representation 11/18



Representation Domain representation
Complete domain representation

Modeling set constraints (v C w)
eveE weF E FcP({1,23)
@ create boolean variables {vq, vo, v3}, {wq, Wo, w3}

(vi = wy)
(Vo = wo)
(v3 = wa)

> > |l

[24.03.2006 10:53] Set Representation 11/18



Representation Domain representation
Complete domain representation

@ data structure with efficient operations[HLSO05]:
@ RioRxe O(R1|-|Ra]), 0 € {V,A, &}
e test for identical ROBDDs in O (1)

@ complete representation

Drawback
@ still exponential size possible
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Implementation
Overview

Diploma thesis

@ empirical analysis of representations
@ implementation

o efficient implementation of bounds representation
e using efficient BDD libraries to integrate complete ROBDD
representation

evaluation of the implemented data structures

generalization to finite multiset variables

propagators working on both representations

can choose between bounds and domain representation
posted through general description language
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Implementation

Framework

Gecode Constraint Library ‘

@ generic

@ constraint

@ development
@ environment

Gecode[The06a], a C++ library for constraint programming.
Version 1.0.1 available from http://www.gecode.org

Developers |
@ Dr. Christian Schulte (head, KTH, Sweden)
@ Guido Tack (PS Lab, Saabriicken, Germany)
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http://www.gecode.org

Implementation
Sets in Gecode

Representation of finite integer sets

@ bounds representation of domain D by [|D]..[D1]]

@ each bound represented by a range list
e D=[{3,4,10,11,12}.{-8,-2,-1,0,1,3,4,7,8,10,11,12,13, 14}]

T
‘ 78] [i0.4]

[24.03.2006 10:53] Set Representation 15/18



Implementation
Sets in Gecode

Representation of finite integer sets

@ remove | D] from [D]
@ obtain A =[D]\ | D]
A[D]\ | D]
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Implementation
Sets in Gecode

Minimal bounds representation [AB0O]

@ minimal bounds rep
@ store disjoint union of A and | D] such that Aw |D] = [D]

Aw|D|

— =
‘ 7.8 110..12] 13..14
V\_/
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Implementation
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Backup slides
Orders

Total Order

Partial Order

@ tuple (X, <) such that < is:

© reflexiveVae X:a<a

@ antisymmetric
Ya,be X:a<bAb<a=a=b

© transitive
Va,b,ceX:a<b/\b<c=>a<cJ

Additional axiom
comparability Va,be X:a<b Vb < a.
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