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Which problems can be expressed?

Definition
set == 0| x| {set} | {x € set|rel} | set Uset | P(set)
rel = set € set | set C set | set = set | —rel

@ Set differences and intersections can be expressed as
separations:
ANB={xeA|xeB}
AB={xeA|x¢B}

@ logical operations inside separations can be eliminated:
{xeA|fxvgx}={xeA|fx}u{xecAlgx}
{xeA|fxhngx}={xe{yeA|fy}|gx}

o explicitly given sets can be written as union of their elements:
{x1,x0,....,xn} ={x1}U{x}U---U{x,}
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Tableau Refutation Systems

Definition (branch)

A branch is a finite set of relation statements

@ tableau based refutation system
e set of rules
e input is a branch

o infer further relation statements and add them to the branch
o look for a contradiction

@ proof of a proposition

@ put premisses on an empty branch
e add negation of conclusion to the branch
e infer a contradiction
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Multi-level Syllogistic with Singletons

Definition (Language of MLSS)

term == (| v; | {term} | term U term | term\term ieN
formula ::= term € term | term = term
| = formula | formula & formula | formula \V/ formula
| formula — formula | formula < formula

ACB&AUB=B
{x1,x0,....,xn} ={x}U{x}U---U{x,}
AN B =AUB\((A\B)U(B\A))

There is no way to express set separations {x € A |px}
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Related Work

Untyped sets with urelements and an explicit 'finite’ predicate
[Domenico Cantone, Rosa Ruggeri Cannata - 1995]

Tableau calculus for an unquantified fragment of set theory
[Bernhard Beckert, and Ulrike Hartmer - 1998]

Fast tableau-based decision procedure for an unquantified
fragment of set theory
[Domenico Cantone, Calogero G. Zarba - 1998]

A fragment of set theory with iterated membership
[Domenico Cantone, Calogero G. Zarba, Rosa Ruggeri
Cannata - 2005]

Comprehension rules with substitution (tech report)
[Benjamin Shults - 1997]
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Harmless Rules

The Ruleset Termination Analysis Procedure

x€eA ACB x¢A BCA
xeB x¢ B
A=B AecP(B)
ACB BCA ACB
xe{yt  x¢{y} {(x}cA
X=y x#£y x€eA
x e AUB x¢ AUB
x€A|xeB x¢A x¢ B

Future Work
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Problematic Rules

generation of fresh variables
A¢ B

Termination Analysis Procedure Future Work

A ¢ P(B)

XA,B € A XA,B ¢ B

A+B
XA,B € A XB,A € B
xaB ¢ B| xgad A

substitution
y € {xcAlp}

XAB € A XA,B ¢ B

y g {xcAlp}

yeA p

y&A|-py
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Nontermination of the Full Tableau System

o We start with the branch
F:={acA|B¢Z{aluC}
xe€F
BCF

@ ... and add stepwise the following formulas
x€A BZ{xtucC

yeB, y¢{xpucC
yeF

yeA BZ{ytucC

e For legibility reasons: y instead of xg (xjuc

e From B ¢ {y} U C we can generate an xg {ytuc that behaves
like y = The system doesn’t terminate!



Problem Setting Tableau Approaches for Set Theory The Ruleset Termination Analysis Procedure Future Work

The Restricted System

@ interaction between @ remove separation rules
fresh variable y c {X c A|p} y ¢ {X c A|p}
eneration and
fubstitution ma yeA Py yEA| Py
. y @ add rules for intersection and set difference
cause divergence . . .
instead to limit the loss of expressive power

@ interested in a

o xeANB x¢ANB
terminating system 2 5 " 5

o define the x € x € XEA|x¢

restricted system x € A\B x ¢ A\B

x€EA x¢ B x¢A|xeB

The restricted system terminates.
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Level

Definition (Level)

The level of a set expression is the number of toplevel fset
constructors in its Type.

Example

| A\

Base type T without fset constructors, A : {fset T}
P(A) has level 2 as its type is {fset {fset T}}.

\
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Let I be a branch. S;(T) is the set of all set expressions of level /
occurring somewhere in .

| \

Example

T base type without fset constructors in it
I:={x¢ AUB} for some (x:T), (A B:{fset T}). Then

So() = {x}
Si(MN ={A,B,AuU B}
S(M)y =10

A

@ Every branch ' has a maximal level Ly
st. Sy #0and VL > Lr. S, = 0.

e 5/(I) is finite for every | € N and every branch I
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Definition (set expression closure)

0 if 1> Lr
(1Y) —
)= { S(TYUF(T) otherwise

fi(T) := {xuv at level || (u,v) € (S,J_ll(r))z}
S(r) =UiZo S/ (D

o S5;7(I) is finite if /(T) is
o f(I) is finite if S/t () is
o fi (MN=10

= VI eN. §}(T) is finite
= the set expression closure S(I') is finite
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@ every relation inferred from I is of the form X o Y for some
X,Y eS8 andoe€ {€,¢,C, & = #}
= there are at most 6 * |S(I')|? relations to generate

@ application of a rule adds at least one new relation statement
to the branch

@ no relation statement is added twice

@ no relation statement is ever removed from the branch

= at some point no new relation statements can be added and the
system terminates
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Proof Search in Ltac

@ current implementation uses the unrestricted tableau ruleset

@ more expressive power
e may diverge

o differences between procedure and tableau system

e relation statements are added with respect to their information
content, but not to the names of the variables
(e.g. in the branch
A¢ B
yeA
y¢B
the procedure wouldn't generate any fresh x4 g as suggested
by the tableau system)
o call to subst if a set or an urelement is equal to some variable
= reduces the number of generated relations
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Future Work

investigate decidability of the modelled fragment of set theory
prove or disprove completeness of the full tableau system
investigate necessity of cut rules

improve implementation
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