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Propositional Dynamic Logic

Definition

s, t ::= x | ⊥ | s → t | [α]s (x : N)

α, β ::= a | α + β | α;β | α∗ | s? (a : N)

extends classical propostional logic

restrict to test-free PDL

models are labeled transition systems

[α]s: at all α-reachable states s has to hold

¬[α]s: there is some α-reachable state such that ¬s holds

M,w � s: s holds at state w in model M
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Hilbert System

Definition

` s → t → s ` (u → s → t)→ (u → s)→ u → t

` ¬¬s → s ` s → t ` s
` t

` [α](s → t)→ [α]s → [α]t ` s
` [α]s

` [α]s → [β]s → [α + β]s ` [α + β]s → [α]s

` [α + β]s → [β]s ` [α;β]s → [α][β]s

` [α][β]s → [α;β]s ` [α∗]s → s ` [α∗]s → [α][α∗]s

` u → [α]u ` u → s

` u → [α∗]s

Joachim Bard Completeness for PDL July 15, 2016 3 / 13



Completeness

Theorem (Completeness)

(∀M w .M,w � s)→ ` s

adopt techniques in Christian’s PhD thesis to PDL

Theorem (Informative Completeness)

{` ¬s}+ {∃M w .M,w � s}

instance for ¬s yields completeness

now focus on model construction
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Support

similar to tableaux method

decompose formulas into literals (x ,⊥, [a]s)

used later to construct models

C . sσ

negative sign serves as top level negation

C is a set of signed formulas (clause)
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Naive Attempt

Definition

C . sσ := sσ ∈ C s literal

C . s → t+ := C . s− ‖ C . t+

C . s → t− := C . s+ && C . t−

C . [α∗]s+ := C . s+ && C . [α][α∗]s+

C . [α][α∗]s+ is not structurally recursive

results in divergence
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Naive Attempt

Definition

C . [α∗]s+ := C . s+ && C . [α][α∗]s+

C . [a∗
∗
]s+

C . s+ C . [a∗][a∗
∗
]s+

C . [a][a∗][a∗
∗
]s+

decomposition does not
terminate

observation: right subgraph
should not look behind any
boxes
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Support

Definition

C . [α]s+ := (if ε ∈ Lα then C . s+ else true) && C .� [α]s+

ε ∈ Lα can be defined structurally on α

C . sσ recursive on s

Definition

C .� [a]sσ := [a]sσ ∈ C

C .� [α∗]s+ := C .� [α][α∗]s+

C .� [α;β]s+ := C .� [α][β]s+ && (if ε ∈ Lα then C .� [β]s+ else true)

C .� [α]sσ recursive on α
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Support

Definition

C . [α]s+ := (if ε ∈ Lα then C . s+ else true) && C .� [α]s+

C .� [α∗]s+ := C .� [α][α∗]s+

C . [a∗
∗
]s+

C . s+ C .� [a∗
∗
]s+

C .� [a∗][a∗
∗
]s+

C .� [a][a∗][a∗
∗
]s+

solves nested-star problem
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Correctness

Definition

C . [α]s+ := (if ε ∈ Lα then C . s+ else true) && C .� [α]s+

C .� [α∗]s+ := C .� [α][α∗]s+

Lemma

C . [α∗]s+ = C . s+ && C . [α][α∗]s+

C . [α∗]s+

C . s+ C .� [α∗]s+

C .� [α][α∗]s+

C . [α][α∗]s+

C . [α∗]s+ C .� [α][α∗]s+
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Correctness

Lemma

C . [α∗]s+ = C . s+ && C . [α][α∗]s+

C . [α;β]s+ = C . [α][β]s+

C . [α + β]s+ = C . [α]s+ && C . [β]s+

analogously for negative signs
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Demo

model with clauses as states

C . sσ → C � sσ

C
a⇒ D := D .RaC

Definition

RaC := {s+ | [a]s+ ∈ C}

we need rules for [α]s−

Definition

S is demo if:

∀[a]s− ∈ C ∈ S .∃D ∈ S .D .RaC ∧ D . s−

· · ·
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Pruning

∀[a]s− ∈ C ∈ S . ∃D ∈ S .D .RaC ∧ D . s−

x−, [a]x+ x+, [a]x−

x+, [a]x+ x−, [a]x−

a

a
a

a

a

start with a finite model

successively remove states

eventually arrive at a demo
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Thanks for your attention!
Questions?



Support

Definition

C . sσ := sσ ∈ C s literal

C . s → t+ := C . s− ‖ C . t+

C . s → t− := C . s+ && C . t−

C . [α]s+ := (if ε ∈ Lα then C . s+ else true) && C .� [α]s+

C . [α]s− := (if ε ∈ Lα then C . s− else false) ‖ C .� [α]s−

Definition

C .� [a]sσ := [a]sσ ∈ C

C .� [α∗]sσ := C .� [α][α∗]sσ

C .� [α;β]s+ := C .� [α][β]s+ && (if ε ∈ Lα then C .� [β]s+ else true)

C .� [α + β]s+ := C .� [α]s+ && C .� [β]s+



Subformula Closure

Definition

sfc sσ := {sσ}
sfc s → tσ := {s → tσ} ∪ sfc sσ ∪ sfc tσ

sfc [α]sσ := {[α]sσ} ∪ sfc� [α]sσ

Definition

sfc� [a]sσ := {[a]sσ}
sfc� [α∗]sσ := {[α∗]sσ} ∪ sfc� [α][α∗]sσ

sfc� [α;β]sσ := {[α;β]sσ} ∪ sfc� [α][β]sσ ∪ sfc� [β]sσ

sfc� [α + β]sσ := {[α + β]sσ} ∪ sfc� [α]sσ ∪ sfc� [β]sσ
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