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IDEA

» A constructive development of basic Computability
Theory.

» Self Interpreter using Scott-Encoding
» Proofs for the Theorems of Rice and Scott
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DEFINITIONS

De Brujn Terms:

s,t n=mn|st|xs (neN)

Substitution:

n, =if n = k then u else n

k k ¢k
(St)u =s,ty,

k Sk
(As)u =35,
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DEFINITIONS

Closedness:

s closed := Vk u.sk =5

Some definitions:

» “Combinator” := closed term

» “Procedure” := closed abstraction
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REDUCTION

s>s t>—t
As) () = sY st > st st > st/
M

Define = as the reflexive, transitive, symmetric closure of >.

Important: s =s' —t =t — st =5t
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WHAT MAKES A\, GREAT

UNIFORM CONFLUENCE:
St =s=th >ty =t VIt =-tANty =t

PARAMETRIC CONFLUENCE (holds in general for uniform
confluent >):
If s =™ t; and s =" t, then there are k < n, | < m and u such that:

hsfuntb='uAmt+k=n+l
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RECURSION COMBINATOR

There is R such that:

— 0
Rs=Mx.sp x
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THE CALCULUS Ay DATATYPES
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00

SELF INTERPRETATION

DECIDABILITY THEOREMS

[e]e]

[e]e]

NATURAL NUMBERS

SCOTT ENCODING:

ADDITION

0=\zsz

Sn=M\zssn

Succ:=Anzs.sn

Add := RO\Anm.n m (A .Succ (A n’ m)))

then

[Curry, Hindley, Seldin, 1972]

Succn
Add 0 m
Add Sn in

Sn

m

Succn+m
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SCOTT ENCODING FOR TERMS

=

n':=MAval.v(n)
st':=Aval.a'st
N :=Avall's
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SELF INTERPRETATION
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WHAT IS NEEDED

v

Internalized equality of natural numbers

Internalized substitution

v

v

Step-indexed evaluation

v

Encoding for Some/None

v

Internalized step-indexed evaluation
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EVALUATION COMBINATOR

eval’ 71's” = case eva 71 s of Some s = s | None = eval’ Sn s

Lambda lifting needed
Important: eval’ 7 's” converges iff. s converges
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DECIDABILITY

A set M is decidable if there is a procedure u (the decider) s.t.:
Vs,se MAu's"=truevs & MAu's = false

A set M is semi-decidable if there is a procedure u (the acceptor)
s.t:
Vs,s € M<=u s’ converges

The acceptance set Au of a procedure u is defined as:

{s

| u"s” converges}

i SAARLAND pfiEq
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UNDECIDABLE PROBLEMS

v

{ueP|-muu}
{seP|Vt,mst},{seP |3, mst}, {se€P|Vt-wst}
forteC,{s|s=t}

{’st"|s =t}

{s € C | s converges}

v

v

v

v
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RICE’S THEOREM

If M is a set of procedures as follows:

» Mis closed under A-equivalence: If s € M and tis a
procedure such that At = As, then t € M.

» M s nontrivial: There is a procedure in M and there is a
procedure not in M.

Then M is not decidable.

Follows directly from:
If M is a set of procedures as above:

» If \Q2 € M, then M is not semi-decidable

» If A2 € M, then M is not semi-decidable
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SCOTT’S THEOREM

SECOND FIXPOINT THEOREM:
For every combinator s there exists a combinator t such that
s't'=t

SCOTT’S THEOREM:
A set M of combinators is undecidable if it satisfies the
following conditions:

» M s closed under reduction equivalence: If s € M and ¢ is
a combinator such that t = s, then t € M.

» M is nontrivial: There is a combinator in M and there is a

combinator not in M.
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FURTHER DIRECTIONS

» Formalize abstract programming systems and show that
Aow yields a model

» Show the computational equivalence of Ay, , call-by-value
combinatory logic and IMP

» Show that computability in Ay, implies computability in
Cogq. Is a constructive proof possible?
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SCOTT ENCODING

In a dataype with constructors cy, . .
constructor ¢; an element c;x; . . . xx is represented as

ACL. . Cpe € X1 ... Xg

Such a term yields a match construct:

match t with

| C1X1 ... Xfy =2 flxl..

I cpxy . X, => fuxq..

end

is simply done with tf; ... f,

- X

- Xk

., ¢y and a k-ary

1

n

P
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COMBINATORS I

Equality for Natural Numbers:

EgN 0 0 = true EgN Sm 0 = false
EgN 0 Sn = false EGN Sm Sn = EgN'm 1
Substitution:

Subst m" k "u' = FEgNn k "u' (Var n)
Subst "st" k "u' = App (Subst "s" k "u') (Subst "t" k "u’)

Subst "As" k "u' = Lam (Subst "s" (Succ k) "u")
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COMBINATORS I1

Evaluation:
Eva k 'n’
Eva k "As”
Eva 0 "st”

Eva Sn "st”

P
Some (Lam "s")
P
Evam 's’
(Ax. Evan "t"
(Ay.x (A"1")
(AATLT)
(Az. Subst z 0 y)))
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COMBINATORS II1

Encoding:
PO = "0
P Sn = Lam(Lam(App"0" (Pn)))

Q' m' = Lam(Lam(Lam(App 2" (PM))))
Q 'st' = Lam(Lam (Lam (App (App "1" (Q"s")) (Q"t"))))
Q"As' = Lam(Lam (Lam (App "0" (Q's"))))
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SECOND FIXPOINT THEOREM

A=Az, s(Appz(Qz))
t:=A"A"

t>_S(ApprA‘l(QrA1)) ES(ApprA1rrA11) ESr14r14‘|‘| ESrt:
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