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Abstract. We present a concurrent higher-order programming language called
Plain and a concomitant static type system. Plain is based on logic variables and
computes with possibly partial data structures. The data structures of Plain are
procedures, cells, and records. Plain’s type system features record-based subtyp-
ing, bounded existential polymorphism, and access modalities distinguishing be-
tween reading and writing.

1 Introduction

This paper presents a concurrent higher-order programming language called Plain and
a concomitant static type system. Plain is based on logic variables and computes with
possibly partial data structures. The data structures of Plain are procedures, cells, and
records. Plain’s type system features record-based subtyping, bounded existential poly-
morphism, and access modalities distinguishing between reading and writing.

Plain is derived from the Oz programming model (OPM) [28], which formulates the
essence of the programming language Oz [24]. OPM extends the concurrent constraint
model [25,11] with first-class procedures and first-class cells. The concurrent constraint
model merges two lines of research in logic programming, addressing concurrency [26]
and constraints [9]. Plain has been designed as an OPM-style language with the follow-
ing goals:

– Replace OPM’s abstract notion of constraint store with a self-contained store model
that does not require complex operations such as unification.

– Have a static type system with record-based subtyping and bounded existential
polymorphism.

– Retain most of OPM’s expressiveness as far as concurrent, functional, and object-
oriented programming are concerned.

Plain’s device for connecting and synchronizing the actors of a computation are logic
variables. Logic variables can be seen as once only communication channels that be-
come referentially transparent with the data structure they eventually receive. Basic syn-
chronization comes for free since all actors block until their input variables are bound
to data structures. In a language based with sequential composition and threads, logic



variables can provide for a smooth transition from sequential to concurrent code. Com-
pound data structures can be built in an incremental fashion by designating components
with variables that will be bound to data structures by concurrent or subsequent com-
putation steps. Last but not least, logic variables are the ideal substrate for constraint
programming, an evolving methodology for solving combinatorial problems through
constraint propagation and informed search. It seems feasible to reformulate OPM’s
constraint extensions such that they can coexist with Plain’s static type discipline.

Plain should be seen in competition with Pict [21,23], a recent concurrent program-
ming language based on theπ-calculus [13,14,8]. Theπ-calculus is designed as a mini-
mal base for concurrent computation. Its essential primitive is channel communication
which can express concurrent versions of procedures and data structures. While this
minimality is intriguing from a foundational perspective, we doubt that it provides a
good base for designing high-level languages. Since common programming abstrac-
tions must be regained through sometimes involved codings, the minimality of theπ-
calculus is lost, as exemplified by Pict.

Following OPM, Plain provides essential programming primitives directly: Records,
first-class procedures, and cells. Sequential composition and thread creation can be
added straightforwardly. Due to the presence of logic variables, there is no need for
a dedicated communication primitive. Channels and locks can be expressed with the
primitives and appear as synchronized data structures. Our programming experience
with Oz shows that concurrent threads typically communicate through custom-built
synchronized objects. Here logic variables and synchronization by blocking in combi-
nation with sequential composition and locks prove essential. Since most programming
techniques from OPM carry over to Plain, we restrict ourselves to few programming
examples in this paper and refer to [28] for others.

Plain can conveniently express Pict programs. However, many Plain programs need
major rewriting to be expressed in Pict. This is due to the presence of logic variables and
the concomitant synchronization techniques. If an operation needs information about a
variable, it automatically blocks until this information is available in the store. Once a
logic variable is bound to a data structure it is referentially transparent with respect to
this data structure. This is in contrast to channels which remain distinct from the data
structure they receive.

Plain’s type system is inspired by Pict’s type system and turns out to be surprisingly sim-
ilar. It employs record-based subtyping and bounded existential polymorphism [2,6]. It
also uses access modalities to make polymorphism and subtyping work in the presence
of logic variables (see also [17]). Logic variables do not impose a static distinction be-
tween input and output. Such a distinction is however made implicitly in well-typed
programs. The distinction is essential since outputs of a more restrictive type can be
used as inputs of a more permissive type. Pierce and Sangiorgi [20] introduce access
modalities for channels. Modalities and directionality have been considered in logic
programming (e.g., [10,1,7]) but either in an untyped setting or such that modalities are
not interleaved with structural type information.



In contrast to Pict, Plain is defined as an untyped language and Plain programs do not
contain explicit type information. Plain’s type system is a proof system that establishes
a class of Plain programs and configurations as well-typed. We show that the set of
well-typed configurations is closed under reduction (i.e., application of execution steps).
Well-typed configurations exclude erroneous situations like the selection of nonexisting
record fields. This paper is not concerned with algorithmic techniques for proving Plain
programs to be well-typed. Such techniques are essential in practice. We expect that the
type inference techniques used for Pict (based on work of Cardelli [3]) carry over to
Plain.

Plain is a further contribution to connecting concurrent constraint programming in gen-
eral and OPM in particular with other programming models. Smolka [27] presents OPM
in form of theγ-calculus, which provides for a direct comparison with theπ-calculus.
Niehren and M¨uller [19] introduce theρ-calculus, a technical variant of theγ-calculus
contributing a modular factorization of constraints and actors. Niehren [18] identifies a
common subcalculus ofγ andπ and proves that it can embed the eager and the call by
needλ-calculus. Victor and Parrow [29] give an embedding of theγ-calculus into the
π-calculus and prove its adequacy based on bisimulation semantics.

Plan of the Paper. The paper is organized as follows. Section 2 presents Plain and
specifies its abstract syntax and operational semantics. Section 3 presents the type sys-
tem and the type preservation theorem. Section 4 exemplifies the language by discussing
a well-typed polymorphic procedure that creates data structures modeling channels.
Section 5 explains which changes to OPM were needed to make the type system work.

2 Plain

The Computation Model. Plain organizes a computation into a number ofthreads
computing over ashared store. Each thread is a computational task to be performed and
represents, when sequential compositionS1;S2 is added, the
control structure of a sequential computation. The store is the
place where all data structures reside. Threads are connected
to the data structures in the store through variables. Threads
wait automatically until the store contains enough informa-

thread � � � thread

store

tion about the input variables of the next reduction step. Plain assumes interleaving
semantics, that is, reduction steps are atomic and do not overlap in time.

The Store Model.Plain’s store binds variables to data structures, which are records,
procedures, or cells. Data structures may contain variables. Typically, only some of
these variables are bound. Thus, Plain’s store accomodates for partial data structures.



D ::= (proc(y)S) jj (cell y) jj fa:yg

S ::= (local(x)S) jj skip jj SjS0
jj x :=y jj x :=D jj

(x y) jj (exch x y(z) S) jj (match x ((a:y) S))

C ::= Vσ [] S

Fig. 1.Syntax of Data Structures, Statements, and Configurations

Once a binding is done in the store, it cannot be re-
tracted. In contrast, the content of cell bindings may be
altered to support stateful computation. Binding a vari-
able in the store may wake up a statement (i.e., turn it
reducible again) which waits for its input variables to
become bound. Since bindings cannot be retracted, re-

S1 � � � Sn

x :=fa:yg
x :=(proc(y)S)
x :=(cell y)

ducibility is a monotonic property. This yields a straightforwardfairness condition:
Every reducible thread must eventually be reduced.

Syntactic Preliminaries. We assume an infinite setVar of variablesranged over by
x;y;zand an infinite set oflabelsranged over bya, b, c. We writex for a finite sequence
of variables,a for a finite sequence of labels, anda:y for a finite sequence of pairs
a1:y1; : : : ;an:yn (wheren� 0). We will freely use an analogous sequence notation for
other syntac categories.

The syntax of Plain as given in Figure 1 is built from variables and labels. There are
three syntactic categories, (data) structuresD, statementsS, and configurationsC. Data
structures and statements define the syntax of Plain programs, while configurations de-
scribe the computation states.

Data Structures. A structure Dis a procedure, or a cell, or a record. A (monadic)
procedure(proc(x)S) consists of aformal argument xand abody Swherex is bound
with scopeS. A cell (cell x) is a container withcontents x, which may be exchanged by
reduction. Arecordfa:yg hasfieldsy that can be accessed by pairwise distinct labels
a. The sets of structuresDat is the union of the sets of proceduresProc, cellsCell, and
recordsRec.

Statements. In the first line ofstatements Swe have thedeclaration(local(x)S), null
statementskip, andparallel composition S1 jS2 of statements. Furthermore, there are
two assignment forms: Asynchronized assignment x:= y of y to x, and adata assign-
ment x:=D of D to x. The second line contains anapplication(x y) of x with actual
paramenter y, a cell exchange(exch x y (z) S) on x with new contenty for some old
contentz, and a statement(match x ((a:y) S)) matching xagainst thepattern(a:y) .
Note that both cell exchange and matching have acontinuation S. (A conditional form
has been left out for conciseness)

Configurations. A configuration Vσ [] S consists of a storeVσ and a statementS.
Thestoreis a pair of a set of variablesV � Var and a functionσ that represents a set of
bindings of variables inV to some structureD. We require that alwaysf v(S)�V holds.



(S; j ; skip) is a commutative monoid

f: : :a1:y1 : : :a2:y2 : : :g � f: : :a2:y2 : : :a1:y1 : : :g

(match x ((: : :a1:y1 : : :a2:y2 : : :) S)) � (match x ((: : :a2:y2 : : :a1:y1 : : :) S))

Fig. 2.Structural Congruence

Structural Congruence. A declaration (local(z)S) and a cell exchange
(exch x y(z) S) bindzwith scopeS, and a clause((a:y) S) binds thepattern variablesy
with scopeS. The set ofboundandfree variablesin statements are defined accordingly
and denoted withf v(S) andbv(S), respectively. (Analogous notation is used for data
structuresD and configurationsC).

We identify statementsS, data structuresD, and configurationsC up to consistent re-
naming of bound variables and assume once and for all that bound variables are pairwise
distinct and distinct from the free variables. Further, we identifyS, D, andC up to the
structural congruence given in Figure 2. Parallel composition of statements is commu-
tative, associative, and has the neutral elementskip. This is, statements are identified up
to the equationsS1 jS2 � S2 jS1, (S1 jS2) jS3 � S2 j(S2 jS3), andskip jS� S� Sjskip.
Recordsfa:yg and patterns(a:y) are identified up to reordering of record fields.

Store. We assume an infinite setNam of namesand a functionnew that maps every
finite set of names to a name that is not contained in it. Astore functionσ is a finite
partial functionσ : Var[Nam* Nam[Dat with the properties:

σ(Var)� Nam; σ(Nam)�Dat; and if σ(x) 2 Nam thenσ(σ(x)) is defined.

We denote the empty store asε. Let D(σ) (domain) denote the set of variables for
which σ(x) is defined, andR (σ) (range) the sets of variables which occur free in a
structure in the range ofσ. A store Vσ consists of a set of variablesV and aσ such
thatD(σ)[R (σ) �V. We say thatx is boundby the storeVσ if x2D(σ) and thatx
is unboundin Vσ if x2 V nD(σ). If x is bound byVσ then we say thatx is bound to
the structureσ(σ(x)) with nameσ(x). Names model thelocationof a cell. Names for
records and procedures are not needed in this paper; but they can support for an untyped
equality test at all data structures1, and they make the presentation more homogeneous.

A store provides for twoextensionoperations, writtenσ;x7!D andσ;x7!n. Let N (σ)
be the set of namesn such thatσ(n) is defined, and denote withσ[n=x] andσ[D=n],
respectively, the store which coincides withσ except that it mapsx to n andn to D,
respectively. Then store extension is defined as follows.

σ;x7!D =

8<
:

σ if x2D(σ)
σ[n=x][D=n] if x =2D(σ);

n= new(N (σ))
σ;x7!n=

�
σ if x2D(σ)
σ[n=x] if x =2D(σ)

Note that both extension operations preserve the bindings in a store. Attempts to rebind
a bound variable are ignored, and an unbound variable is always bound to anewname.

1 See OPM [28] and compareeq in Scheme



Vσ [] (local(x)S) ! V[fxg σ [] S if x 62V

Vσ [] x :=y ! Vσ;x7!σ(y) [] skip if y2D(σ)

Vσ [] x :=D ! Vσ;x7!D [] skip

Vσ [] (x y) ! Vσ [] S[y=z] if σ(σ(x)) = (proc(z)S)

Vσ [] (exch x y(z) S) ! Vσ[(cell y)=σ(x)] [] S[z0=z] if σ(σ(x)) = (cell z0
)

Vσ [] (match x ((a:y) S)) ! Vσ [] S[z=y] if σ(σ(x)) = fa:z: : :g

Fig. 3.Operational Semantics of Plain

To model cells, we also usesubstitutionon stores in the formσ[D=σ(x)] to simul-
taneously alter the binding of all variablesx0 with σ(x0) = σ(x). For instance, if
σ = ε;n7!(cell y0);x7!n;x0 7!n thenσ[(cell y)=σ(x)]=ε;n7!(cell y);x7!n;x0 7!n where
the bindings of both variablesx andx0 have been changed.

Operational Semantics. The operational semantics of Plain is defined in terms of
a one-step reduction relation on configurations.Reduction! is defined as the smallest
binary relation on configurations which satisfies the rules in Figure 3 and is closed under
the following rule.

Vσ [] S1 !V 0σ0 [] S2

Vσ [] S1 jS!V 0σ0 [] S2 jS

Reduction of a declaration(local(x)S) adds a new variablex to the store and reduces
to S. A variable assignment x:=y waits fory to be bound in the current store and then
extends it by the binding ofx to σ(y). A data assignment x:=D extends the store by the
binding ofx to D without further preconditions. The following example illustrates the
dynamic extension of the store.

fxgε [] (local(y)y :=fa:xgjx :=y)
!fx;ygε [] y :=fa:xgjx :=y
!fx;ygε;y7!fa:xg [] x :=y
!fx;ygε;y7!fa:xg;x7!fa:xg [] skip

Note that this constructs a binding ofx to fa:xg which yields a cyclic record.

An application(x y) can be reduced if the store bindsx to a procedure. A cell ex-
change(exch x y (z) S) can be reduced ifx is bound to a cell(cell z0); then it alters
the contentz0 of the above cell toy and continues withS[z0=z]. For instance, we assume
σ = ε;x7!(cell y), σ0 = ε;x7!(cell y0), andV = fx;y;y0g.

Vσ0 [] y :=xj (exch x y(z) (exch x z(z0) skip))
!Vσ0;y7!σ0(x) [] (exch x y(z) (exch x z(z0) skip))
!Vσ;y7!σ0(x) [] (exch x y0 (z0) skip)
!Vσ0;y7!σ0(x) [] skip

A matching statement(match x ((a:y) S)) can be reduced if the store bindsx to a
recordfb:zg which matches the pattern(a:y) . A pattern(a:y) is matchedby all records



which have at least fieldsa, i.e., by all records of the formfa:z: : :g. A special case
of matching is field selection on records. For instance, letσ=ε;y7!fa:x b:yg andV =
fx;yg.

Vσ [] (match y (b:z) x :=z)) !Vσ [] x :=y
!Vσ;x7!fa:x b:yg [] skip

Example 1.As is well-known, records can be used to encode polyadic procedures. For
instance, fix infinitely many distinct labelsa1;a2; : : : and define for alln:

x := (proc(y1 : : :yn)S)
def
= x :=(proc(z)(match z((a1:y1 : : :an:yn) S)))

(x y)
def
= (local(z)z:=fa1:y1 : : :an:yngj(x z))

Concurrency. Concurrent threadsS1 jS2 in Plain can synchronize on the presence of
data structures in the store as illustrated by the following example.

fx;ygε [] x :=yjy :=fa:xg
!fx;ygε [] x :=yjy :=fa:xg
!fx;ygε;y7!fa:xg [] x :=yjskip
!fx;ygε;y7!fa:xg;x7!fa:xg [] skip

Cells introduce indeterminism in Plain since the result of cell exchanges depends on
the execution order. This indeterminism is useful. For instance, to model a number of
concurrent agents competing for a single resource we can place the resource in a cell
and have each agent execute a cell exchange. The first agent to reduce will get the
resource.

3 Typing and Subtyping

In this section we present the type system of Plain. It is obtained by adaptation from
Pict’s type system [23] which in turn foots on a long tradition of type systems for
functional languages (e.g., see the overviews [4,6]).

Types are Protocols. The communication between concurrent threads and the store
in a configuration is mediated through logic variables. For this communication to take
work nicely there must be consensus between the threads on the access protocols on the
shared variables. These protocol include structural information (“which data structures
may a variable be bound to?”) and modality information (“is it legal to read from and/or
write to a variable?”). Types are a means to describe such access protocols for variables.
We writex:T for theassumptionthat variablex has typeT. Typical type assumptions
include



x:?int reading from variablex will yield an integer; writing is not allowed.
x:!int the variablex may be bound to an integer; reading is prohibited.
x:ˆint both reading and writing integers from and tox is allowed.
x:?fa:Tg reading from variablex will yield a record which matches the pattern

(a:y) (labels other thana may or may not be present); selection of the
fields ata will yield variables with typesT, respectively.

x:!fa:yg the variablex may be bound to any record provided it has at least labels
a such that the corresponding fields have typesT.

Finite sets of type assumptions for distinct variablesx1; : : : ;xn are calledtype environ-
ments, writtenx1:T1; : : : ;xn:Tn. Protocol validation is formalized by atype systemwhich
answers the question whether or not a configurationVσ [] S respectsa type environment
Γ at any time during reduction, writtenΓ.C. Subtypingdefines an orderΓ� Γ0 on type
environments such thatC respectsΓ wheneverC respectsΓ0; this order is obtained
by lifting a corresponding order on typesT � T 0 pointwise to environments. Typical
subtypings include:

?num � ?int if only integers are read from a variable then, since integers are numbers,
the protocol to read only numbers is also respected.

ˆT � ?T if only structures of typeT are read from a variable, then, since reading
and writing includes read-only, the protocol to read from or write to this
variable is also respected.

The technical setup of our type system is as usual. We define a proof system forjudge-
mentsΓ.C. If a judgmentΓ.C is derivable, then the configurationC is guaranteed to
respectΓ. This type safetyyields the static guarantee that none of the followingtype
errors will occur during reduction ofC.

Vσ [] (x y);SjS0 whereσ bindsx but not to a procedure.
Vσ [] (exch x y(z) S) jS0 whereσ bindsx but not to a cell.
Vσ [] (match x ((a:y) S)) jS0 whereσ bindsx but not to a record, or to a record

that does not match the pattern(a:y) .

Subtyping judgements T1 � T2 are defined by a second proof system.

Types. Figure 4 defines the abstract syntax of types. For technical reasons, we usetwo
syntactic categories oftypesranged over byP andT, respectively. If a distinction is
necessary, we callP a pretype. A modeis either read-only (?), write-only (!), or allows
both reading and writing (ˆ). A pretype Pis a type with its top-level mode stripped off.

The three leftmost pretypes areprocedure types(proc T), cell types(cell T), andrecord
typesfa:Tg. We require the labels of record types to be pairwise distinct and identify
record types up to reordering of label-type pairs. Amonomorphic typeis a type con-
structed from the above mentioned constructs only. The only primitive monomorphic
type is the empty record typefg.



P ::= (proc T) jj (cell T) jj fa:Tg jj α jj top jj 9α�P1:P2

T ::= ˆP jj ?P jj !P

Fig. 4.Types

P� P (REFL)
P1 � P2 P2 � P3

P1 � P3
(TRANS)

P1 � P2

?P1 � ?P2
(READ)

P1 � P2

!P2 � !P1
(WRITE)

ˆP� ?P (READSUB) ˆP� !P (WRITESUB)

T � T 0

(proc T 0
)� (proc T)

(PROCSUB)
T � T 0

fa:T : : :g � fa:T 0g

(RECSUB)

Fig. 5.Monomorphic Subtyping

α� P2 Γ

Γ.α � P
(BND) Γ.P2[P1=α]� 9α�P1:P2 (ABSTR)

Γ.P� top (TOP)
Γ.P1 � P0

1 Γ;α � P1.P2 � P0

2

Γ.9α�P1:P2 � 9α�P0

1:P
0

2

(POLY)

Fig. 6.Polymorphic Subtyping

For polymorphic types, we assume an infinite set of (pre-) type variable ranged over
by α. The three rightmost pretypes aretype variablesα, the maximal typetop,
and polymorphic types9α�P1:P2 that support type abstraction by existential poly-
morphism [15,6,5]. Polymorphic types9α�P1:P2 describe objects of “concrete” type
P2[P0

1=α] for some unknownP0

1 which is known to be a subtype ofP1. The type9α�P1:P2

bindsα with scopeP2. The typetop is needed to express unbounded polymorphism in
form of maximal type abstractions9α�top:P.2

Monomorphic Subtyping. Subtyping on monomorphic types is the smallest relation
on types satisfying the rules given in Figure 5. For two record typesT andT 0, T is
subtype ofT 0 if T has at least the labels inT 0 and the corresponding fields ofT andT 0

are in covariant subtype relation.3 A procedure type(proc T) is a subtype of(proc T 0)
if T 0 � T, i.e., if (proc T) is applicable tomorearguments than(proc T 0). There is only

2 This boundedexistential polymorphism can expresspartially abstracttypes which are partic-
ularly useful in object-oriented programming ([22]; see also [16] for references).

3 This rule could be replaced by two rules, which express the addition of fields and the covariant
specialization, respectively. If one disallows the addition of fields one obtains what is often
called “tuple subtyping” ,e.g., in [23].



x:T 2 Γ

Γ.x:T
(VAR)

Γ.x:T Γ.T � T 0

Γ.x:T 0

(SUB)

Γ.x:!P Γ. y:?P

Γ. x :=y
(ASGN1)

Γ.x:!P Γ.D:?P

Γ.x :=D
(ASGN2)

Γ;y:T . S

Γ. (proc(y)S):?(proc T)

(PROC)
Γ.x:?(proc T) Γ. y:T

Γ. (x y)
(APPL)

Γ.y:T

Γ. (cell y):?(cell T)

(CELL)
Γ.y:T

Γ.fa:yg:?fa:Tg
(REC)

Γ.x:?(cell T) Γ.y:T Γ;z:T .S

Γ. (exch x y(z) S)
(EXCH)

Γ.x:?9α�P:fa:Tg Γ;α�P;y:T .S

Γ. (match x ((a:y) S))
(MATCH)

Fig. 7.Typing Statements

trivial subtyping for cells: Since a cell may be read to and written from, cell types must
be non-variant.

Environments. In the polymorphic case where types may have free variables, subtyp-
ing is relative to an environmentΓ which containssubtype assumptionsα�P in addition
to thetype assumptions x:T. Theextensionof an environmentΓ by x:T is written as ad-
junctionΓ;x:T. The notionsΓ;α�P andΓ;Γ0 are defined analogously.

Polymorphic Subtyping. Subtyping for polymorphic types is defined via judge-
mentsΓ.P� P0 andΓ.T � T 0 which state thatΓ implies the subtype relationsP� P0

andT �T 0. We reinterpret all rules in Figure 5 such that their premises and conclusions
share the sameΓ and add the rules from Figure 6. Rule (ABSTR) says that theconcrete
type P2[P1=α] is a subtype of the correspondingabstract type9α�P1:P2. Subtyping be-
tween two polymorphic types9α�P1:P2 and9α�P0

1:P
0

2 follows from covariant subtyping
P1 � P0

1 andP2 � P0

2.

Example 2.Assuming an additional primitive typeint � top, we obtain the subtyping
chainfa:?int b:?intg � fa:?intg � 9α�int:fa:?αg � 9α�top:fa:?αg.

Judgements. Figure 7 defines the typing for statements in terms ofjudgementsof the
form Γ . x:T, Γ .D:T, andΓ .S. The first two judgements mean thatΓ ensures type
T for x andD, respectively. The third judgement says thatS is well-typed under the
assumption ofΓ.

Typing Statements. Variables receive their type by lookup in the environment (VAR)
and can be promoted along the subtyping order (SUB). (Due to thissubsumptionrule and
the subtyping rule (PROCSUB), typing and subtyping recursively depend on each other).
Assignmentsx := y andx := D require thatx, y, andD have the same type up to their



top-level mode; the mode describes the data flow of an assignment. The rules (PROC),
(REC) and (CELL) are simple. For an application(x y), an exchange(exch x y (z) S),
or a matching(match x ((a:y) S)) to be well-typed (rules (APPL), (EXCH), (MATCH)), x
must allow read access. The types of further arguments must match the requirements
by the type ofx. The rule (MATCH) is central for the polymorphic type system; given
(match x ((a:y) S)), it “opens” the polymorphic record type9α�P:fa:Tg of x within
S. Within Sonly the boundsP may be assumed about the type variablesα. The trivial
rules for parallel, declaration, andskip are omitted.

Well-typedness. A statementS is calledwell-typedw.r.t. an environmentΓ, written
` Γ.S, if Γ.S is derivable by the inference system in Figures 5, 6, and 7. A storeσ is
well-typed w.r.t.Γ iff ` Γ.x :=D for all x andD such thatσ(σ(x)) =D. A configuration
Vσ [] S is well-typed w.r.t.Γ if both σ andSare. A statement, store, or configuration is
well-typed if it is well-typed w.r.t. some environmentΓ.

Example 3.The polymorphic identity(proc(x)(case x ((i:x1 o:x2) x2 := x1))) can be
typed as(proc ?9α�top:fi:?α o:!αg). Observe that not the procedures has a polymor-
phic type itself but that it takes a polymorphic argument.

Example 4.As a typical example for existential polymorphism consider:

S
def
= (local(x y) x :=1j

y :=(proc(z)(match z((z1 z2) z2 :=z1+1))) jz:=fa:x b:yg)

Here, we assume predefined the integer 1 and the addition function+ on inte-
gers, and we encode a binary procedure via a recordfz1 z2g from which we
freely omit the labels (see Example 1).S can be shown well-typed assuming the
typesx:?int, y:?(proc ?f?int !intg), z:ˆ9α�top:fa:?α b:?(proc ?f?α !intg)g. The type
of z is obtained by type abstraction from̂fa:?int b:?(proc ?f?int !intg)g. Full data
encapsulation is achieved by the tight lexical scope ofx andy. The type ofz allows
selection of fields ata andb but prohibits direct interaction with them due to the type
variableα. But since the types of the fieldssharethis type variableα we can apply field
b to fielda to obtain an integeru0 via (match z((a:u b:v) (local(w)w:=fu u0g;(v w)))).

Theorem 5 (Type Preservation).If Vσ [] S!V 0σ0 [] S0 and` Γ .Vσ [] S, then there
existsΓ0 such that̀ Γ;Γ0 .V 0σ0 [] S0.

Proof. The proof can be reduced to the following Lemma 6. 2

Lemma 6. If ` Γ.S and̀ Γ(y)� Γ(x) then` Γ.S[y=x].



Theorem 5 and the Proposition 7 below imply the absence of type errors in reductions
of well-typed configurations (which, hence, “do not go wrong” [12]).

Proposition 7. A well-typed configuration does not contain a type error.

Extensions. We have left out variant types, which are needed when conditionals with
multiple clauses are added, and we have not discussed recursive typesµα:P. Extensions
with both forms of types are standard though (e.g., [4]).

4 Encoding Channels

We give an encoding of channels in Plain. Based on this encoding it is possible to
encode Pict into Plain such that types are preserved. We have omitted this encoding for
lack of space.

A channelis an infinite lists of slots along with two pointersci andco into it. Slots
can be empty and are filled with variables during computation. Once filled, a slot can
never turn empty. On creation, the lists is empty and both
ci andcopoint to the first slot. There is an get and an asyn-
chronous put operation on channels. The put operation in-
serts a variable into the slot pointed to byco and advances
co. The get operation takes a continuationcont, waits for
the slot pointed to byci to contain a variablez, and then

z2z1

co=

ci=

s=

appliescont to z.

(newchan chan) j
(match chan(g:get p:put)

(local z1 z2 z3 cont
(put z1) j(put z2) j
cont:= (proc(y)z3 :=y) j
(get cont) jS))

We need a procedurenewchanthat binds its argu-
ment to a new channel with the specified operations.
For instance, the statement to the left should reduce
to z1 :=z3jS over the store depicted in the previous
paragraph. An implementation of such a procedure
newchanin Plain is presented below.

An application ofnewchandeclares the variabless0, ci, co, put, andget. The stream is
modeled as an incomplete, initially empty list referred to bys0. The pointersco andci



are implemented by cells with initial con-
tents0. Put and get operations are realized
as unary proceduresput andget wrapped
in a record(p:put g:get) and bound to the
argumentchanof newchan. Applying put
to a variablez1 creates a new slot forz1

in the stream: For a fresh variables2, the
content of the cellco is assigned the new
record(z1 s2) and replaced withs2. Ap-
plying get first replaces the contents0

1 of
ci with a fresh variables0

2. It waits fors0

2 to
be bound to a record(z0

1 s3) (i.e., to point
to a filled slot) and then “advances”ci by
assignings3 to s0

2.

newchan:=
(proc(chan)
(local(s0 co ci put get)

co:=(cell s0) j ci :=(cell s0) j
put:= (proc(z1)

(local(s2)
(exch co s2 (s1)

s1 :=fz1 s2g))) j
get:= (proc(cont)

(local(s2)
(exch ci s0

2 (s0

1)
(match s0

1 (z
0

1 s3)
s0

2 :=s3 j(cont z1))))) j
chan:=fp:put g:getg

Typing. To type the channel encoding above we assume recursive types and define
list typesMlist(T) = µα:MfT Mαg for all M2f?; !; ˆg. Now the type of channels for
variables of typeT can be defined as

ch(T)
def
= fi:?(proc ?(proc T)) o:?(proc T)g

Given this definition, the channel creation procedurenewchanhas type

newchan: (proc !9α�top:ch(?α))

This type implies thatnewchancreates no channels other than for read-only variables,
and it suffices to formulate a type-correct embedding of Pict. Our implementation is,
however, more general than this: We can put an unbound variable into a channel and
assign to it on the get operation, thus effectively reversing the data flow. There are
useful programs which employ this technique and which requirenewchanto have the
type(proc !9α�top:ch(!α)). In order to avoid code duplication we might want to have
polymorphic types9β�T:P which abstract overtypesinstead of pretypes. We then can
shownewchanto have type

newchan: (proc !9β�top:ch(β))

To see this, assume the following types for the variables in our encoding.

get : ?(proc ?(proc β)) put : ?(proc β) ci;co : ˆ(cell ˆlist(β))
s0 : ˆlist(β) s0

2;s1 : !list(β) s0

1;s2;s3 : ?list(β)
cont : ?(proc β) z1;z0

1 : β

Finally note that Plain’s subtyping rules induce Pict’s channel subtyping: Channel types
fi:?(proc ?(proc T)) o:?(proc T)g can be restricted to input or output separately (due
to record subtyping), and, given the abbreviations

ich(T)
de f
= fi:?(proc ?(proc T))g andoch(T)

de f
= fo:?(proc T)g;

the relationT � T 0 implies ich(T)� ich(T 0) andoch(T 0)� och(T).



5 Comparison to OPM

The essential changes of Plain with respect to OPM [28] are the absence of unification
and the fact that cell exchange comes with a continuation. Both changes are motivated
by and necessary in order to make the type system work.

Unification. Note that the operational service of unification is todirect equations
dynamically. To see this assume Plain to be extended by unification in terms of an
(undirected) equationx=y and consider two typical configurations.

Vx=fg [] x=yj(match y (() S)) Vy=fg [] x=yj(match x (() S))

Both configurations reduce in two steps toVx=fg;y=fg [] Swhere the equationx=y in
the left configuration, has effectively assigned (the valuefg of) x to y, and in the right
configuration assignedy to x.

Since strong typing requires the types of variables to be known statically, the best pos-
sible typing rule for equationsx=y without loosing type preservation is

Γ.x:ˆP Γ.y:ˆP
Γ.x=y

which trivializes subtyping. Hence we replaced equationsx=y by assignment in Plain.
(Future work will investigate whether and how it is possible to put constraints and uni-
fication back in without losing type safety at all, or such that type safety can be proved
for program fragments adhering to a certain discipline. It is likely that this question has
different answers for different constraint systems.)

Cell Exchange. The cell exchange(exch x y z) in OPM makes use of equationsx=y.
In Plain-style, its operational semantics would appear as

Vσ [] (exch x y z) ! Vσ[(cell y)=σ(x)] [] z0=z if σ(σ(x)) = (cell z0)

An immediate option is to replace the equation by an assignment. However neither
z:= z0 nor z0 := z is the preferred candidate since both are needed. Plain’s modified cell
exchange(exch x y(z) S) defers the decision at which mode to use the old content ofx
to the continuationS.

Another interesting option (in analogy to the encoding of polyadic procedures) is to
have cells always hold records with some labela and to combine cell exchange with
field selection ata:

(exch x y z) j(match z((a:z0) S))

Summary. Plain exemplifies the following argument. If we want a non-trivialsub-
typing (which is particularly interesting for typed object-oriented programming), then
we need a statically directed form of equation, viz.assignment, and we must adapt the
computational primitives such that they do not use the undirected form. Second, since



OPM does not fixinput/outputarguments of proceduressyntactically, we need to ex-
pressmodalitiesin the type system. This paper has shown that Pict’s type system carries
over under these preconditions.
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