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Small Recap: Multi-Tape Turing Machines in Coq

> Ty: type of tapes

» TMg: n-tape Turing machine with alphabet X

» M : PTMg(F): partitioned machines (f : Q — F for finite F)
» M = R: Realisation

» (M| S: Termination)

[Asperti and Ricciotti (2015)]



Realisation

Definition (Realisation, M = R)
Let RC T"x F xT".

ME R =Vttt qgk Mt)ok(q,t) - Rt (f(g),t)

Lemma (Monoticity of )
If M ': Ry and Ry C Ry, then M ): R>.

[Asperti and Ricciotti (2015)]



Combinators for Parametrised Machines

Combinators for partitioned machines:
> If My My M3
> My; M,
» While M

[Asperti and Ricciotti (2015)]



Combinators for Parametrised Machines

Combinators for partitioned machines:
> If My My M3
> My; M,
» While M

Lemma (Correctness of While)

Let RCT"x (BxF)x T
If M = R, then

While M = (| Rltruesa)” © Rlfaise-
a:F

[Asperti and Ricciotti (2015)]



Machine Lifts

(Admissible) typing rule for sequential composition:

M1 . PTM%(Fl) M2 . PTM%(FQ)
Ml; M2 . PTM;’:(FQ)

Problem:

When combining machines, the numbers of tapes and the alphabet
have to match!



Machine Lifts

(Admissible) typing rule for sequential composition:

Ml . PTM%(Fl) M2 . PTM%(FQ)
Ml; M2 . PTM;’:(FQ)

Problem:

When combining machines, the numbers of tapes and the alphabet
have to match!

Solution: Two operations on machines:
» n-Lift: add/rearrange tapes

> >-Lift: add/translate symbols



n-Lift

i :Fing < Fin,
M : PTMy(F)
RCT"x FxT™

™M PTM%(F)
THRCT"XFxT"

i R:= Xt (a,t').R (it t) (a,i 1 t') A
Vk ¢ ran i. t[k] = t'[]

Lemma (Correctness of the n-Lift)

If M &= R, then f1; M = 1; R.




Encoding Values on Tapes

» Type class for encodable types X and alphabets X:

Class encodable (X : Type) (sig : finType) := {
encode : X -> list sig;

}.



Encoding Values on Tapes

» Type class for encodable types X and alphabets X:

Class encodable (X : Type) (sig : finType) := {
encode : X -> list sig;

}.
» Define class of predicates for value-containing of tapes:
Definition (value-containing, t ~ x)
Let X be encodable over X, and t : Typitss.

t~x:=3rl. t =n (inl()) (in;y) (map inr ys)

for encode(x) =y :: ys.



A Relation for (Unary) Function Computation

Convention:
» Input tape(s): “callee-saved”
» Output tape: is initially right; grows to left

» Internal tapes: right before and after execution



A Relation for (Unary) Function Computation
Convention:
» Input tape(s): “callee-saved”
» Output tape: is initially right; grows to left
» Internal tapes: right before and after execution

Let X, Y be encodable over %.

Computes (f : X = Y) :=
At (5 t).Y(x 1 X).

t[0] ~ x —
isRight t[1] —
(Vi : Fin,. isRight t[2 4 i]) —
t'[0] =~ x A
[~ f x A
(Vi : Fin,. isRight ¢'[2 + i])



A Relation for (Unary) Function Computation

Convention:
» Input tape(s): “callee-saved”
» Output tape: is initially right; grows to left

» Internal tapes: right before and after execution

Let X, Y be encodable over %. Computes2 (f : X — Y — Z) =
Computes (f: X — Y) = At (L t).¥(x: X) (v Y).
At (L ). Y(x : X). t[0] ~ x —
0] ~ x 1] ~ y -
isRight t[1] — isRight t[2] —
(Vi : Fin,. isRight t[2 +i]) — (Vi : Fin,. isRight t[3 4 1]) —
t'[0] =~ x A t'[0] ~ x A
[~ f x A ]~y A
(Vi : Fin,. isRight t'[2 + i]) t~fxyA

(Vi : Fin,. isRight t'[3 + ])



Value-Manipulating Machines

> Match

» Constructor
» CopyValue
> MoveRight



Match N

if (n—) {

} else {
/o

}

ANANANN

If ('ﬂ[,-] MatchNat) M, M,
(Where n is stored on tape i)

10



Match N

if (n—) {
1 else

/)
}

ANANAN If (7 MatchNat) My M,
(Where n is stored on tape i)

Match_Nat_Rel :=
Mt (a,t').¥(n: N),
t[0] ~ n —
match n with
|0=t =t A a=false
| Sn' = t'[0]~n A a=true
end
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General Design of A Turing Machine

> N

o

Write the program in pseudo code
Partition the program into smaller programs
For each partition: map variables to tapes

For each partition: write a machine using value-manipulating
machines and combinators

Compose machines

For each machine: define a correctness relation and prove
correctness
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Case Study: Designing A Multiplication Machine

c =0

while (m——) {
c +=n

}

return c

12



Case Study: Designing A Multiplication Machine

m' (= m

c =0

while (m'——=) {
Add(n, c, c'")
Reset(c)
c = c'
Reset(c')

}

Reset(m'")
return c

12



Case Study: Designing A Multiplication Machine

m' = m
c =0
while (true) {
f (m——) {
Add(n, ¢, c')
Reset(c)
c = c'
Reset(c')
continue
} else {
break
}
}
Reset(m')

return c



Case Study: Designing A Multiplication Machine

m' (= m

c =0
while (true) {
i (m——) {
Add(n, c,
Reset(c)
c = c'
Reset(c')
continue
} else {
break
}
}

Reset(m')
return c

c')

b Init

Step

»Reset

Loop

12



Multiplication: Step Machine
We assume a machine Add |= Computes2 add.

i (m——)
Add(n, c,
Reset(c)

c = c'
Reset(c')
continue

} else {
break

}
t0: m' (t0
tl: n (tO
t2: ¢ (tl
t3: c¢' (t2
td: 7 (t3

c')

for
for
for
for
for

MatchNat)

Add)

Add) (tl for CopyValue)
Add) (t0 for CopyValue)
Add)

13



Multiplication: Step Machine
We assume a machine Add |= Computes2 add.

if (m——) {
Add(n, c,
Reset(c)

C

= ¢!

Reset(c')
continue

} else {

break

t0:
tl:
t2:
t3:
t4 .

~w 0 a3 3

(t0
(t0
(t1
(t2
(t3

c')

for
for
for
for
for

Mult,Step =
If (fio) MatchNat)
(Return(

234 Add;

2] MoveToRight;

32 CopyValue;
3] MoveToRight

) (true, ()))

MatchNat) (NOP (false7()))

Add)
Add) (tl for CopyValue)
Add) (t0 for CopyValue)
Add)

13



Multiplication: Verification of Mult_Loop

Mult_Step_Rel :=
At (a,t').V(c m’ n:N).

t0] ~ m’ —

tfll] ¥ n — t[2] @ c —

isRight t[3] — isRight t[4] —

match m’ with

|O=t =t A a=(false, ())

[Sm'’ =
t'[0] ~ m"" A
l~n A tRlxntcA
isRight t'[3] A isRight t'[4] A a = (true, ()

end

Mult_Loop-Rel :=
At ((),t').Y(c m" n:N).

to] ~ m' —
tfll] ~ n —
t2] ~ c —
isRight t[3] —
isRight t[4] —
t'[0] ~ 0 A
t'[1] ~nA
fRl~m n+cn
isRight t'[3] A
isRight t'[4]

14



Multiplication: Verification of Mult_Loop

Mult_Step_Rel :=
At (a,t').V(c m’ n:N).

t0] ~ m’ —

tfll] ¥ n — t[2] @ c —

isRight t[3] — isRight t[4] —

match m’ with

|O=t =t A a=(false, ())

[Sm'’ =
t'[0] ~ m"" A
l~n A tRlxntcA
isRight t'[3] A isRight t'[4] A a = (true, ()

end

Lemma 1: Mult_Step |= Mult_Step_Rel.

Mult_Loop-Rel :=
At ((),t').Y(c m" n:N).

to] ~ m' —
tfll] ~ n —
t2] ~ c —
isRight t[3] —
isRight t[4] —
t'[0] ~ 0 A
t'[1] ~nA
fRl~m n+cn
isRight t'[3] A
isRight t'[4]

14



Multiplication: Verification of Mult_Loop

Mult_Step_Rel := Mult_Loop-Rel :=
At (a,t').V(c m’ n:N). At ((),t').Y(c m’ n:N).
t0] ~ m’ — to] ~ m' —
tll] ~n— t2] ¥ c —

tfll] ~ n —
isRight t[3] — isRight t[4] — t2] >~ c —
match m’ with isRight t[3] —
[0=t =t A a= (false, () isRight ¢[4] —
[sm' = t'[0] ~0A
£[0] ~ m'” A t'[1] ~nA
fll~n A t'Rl~ntcA YR = m nten
isRight t'[3] A isRight t'[4] A a = (true, () isRight ¢'[3] A

end isRight ¢'[4]
Lemma 1: Mult_Step |= Mult_Step_Rel.
Lemma 2: While Mult_Step |= Mult_Loop-Rel.

Proof: It is enough to show (UJ,.ynix Mult-Step_Rel|true;a) * © Mult_Step_Rel|gyse © Mult_Loop_Rel, which can be
shown by star induction.

1. Assume Mult_Step_Rel t ((false, ()), t’); show Mult_Loop_Rel t ((), t').

2. Assume Mult_Step_Rel t ((true, ()), t’) and Mult_Loop_Rel t’ ((), t"’); show Mult_Loop_Rel t ((), t'’).
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Multiplication: Putting Machines Together

Mult_Loop := While Mult_Step
Mult = 1M0:5] CopyValue;
21 o
[5:1:2:3:4] Mult_Loop;

(5] MoveToRight

Lemma (Correctness of Mult)

Mult = Computes2 mult.

15



Possible Future Work

» Implement UNIV

» Implement an interpreter for L

16


https://www.ps.uni-saarland.de/~wuttke/bachelor.php

Possible Future Work

» Implement UNIV

» Implement an interpreter for L

Thank you!

Project home page:
https://www.ps.uni-saarland.de/~wuttke/bachelor.php
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Termination

Definition (Termination, M | T)
Let TCT" x N.

M| T:=Vtk Ttk— Icour, M(t)>* cour

Lemma (Monoticity of |)
IFM | Ty and T C Ty, then M | To.

18



> -Lift

Let i : X < [ be an injection.

Let default : X"

Let M:PTMg and RC Tg X F x Tg.

Then ftjs M : MTM{ and ;s R C T{ X F x T with

fis Ri= At (a,0).R (i1) (a,i5*t)

IS 7S

Lemma (Correctness of the X-Lift)
If M |= R, then ftj.s M = fii:s R.

19



Admissible Typing Rules for Combinators and Lifts
My :PTML(F) My : PTML(F)
My; My : PTMZ(F)

My : PTM$(B) Mo, M3 : PTMg(F>)
If My My M3 : PTMZ(F,)
M :PTMZ(B x F)

While M : PTMZ(F)
M:PTMZ(F) M :F — PTML(F)
Match M M : PTMZ(F,)

i : Fing, < Fin, M : PTMSE(F)

i M : PTMg(F)

i:Y T s:¥"  M:PTMZ(F)
fi.s M : PTME(F)
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Coq implementation

Lines Spec | Lines Proof
Prelim (Fin, Vector, finType, etc.) 2183 2644
Relations 179 168
™, =, | 522 255
> -Lift 106 330
n-Lift 308 247
Combinators 309 405
Basic machines 235 112
Computation 382 292
Match N 45 88
CopyValue 509 608
Add, Mult (wip) 183 321
)X 4961 5470
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