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1 Introduction

In [1] Andrews studies elementary type theory, a form of Church’s type the-
ory [12] without extensionality, descriptions, choice, and infinity. Since most
of the automated search procedures implemented in TPs [4] do not build in
principles of extensionality, descriptions, choice or infinity, they are essen-
tially searching for proofs in elementary type theory. In particular, search
procedures based on Miller’s expansion proofs correspond to proofs in ele-
mentary type theory extended with n-conversion. In [9] a model class Mg,
is defined and proven sound and complete with respect a natural deduction
calculus corresponding to elementary type theory with n-conversion. One
can add extensionality principles to automated search procedures [8, 10, 11]
in order to target smaller (more restricted) model classes (as presented in [9])
which better approximate the class of standard models. Alternatively, one
can construct interesting models in g, which do not satisfy the full ex-
tensionality principles. One can then prove results about such models by
proving theorems in the weaker logic. Suppose M € Mg, and we want to
know if some property P holds for M. Suppose we can find a proposition
A such that the property P holds if M = A. We can conclude P holds if
we prove the proposition A in elementary type theory with n-conversion.

Category theory can provide a Kripke-style semantics of intuitionistic
higher-order logic [14, 15]. In particular, categories of presheaves are Carte-
sian closed (thus providing a semantics for simply-typed A-calculus) and
contain a subobject classifier (thus providing a semantics for intuitionistic
logic). Since a one-object category is simply a monoid, a presheaf over a
one-object category is simply a set with a monoid action (an M-set) [13, 15].
From these abstract considerations, we know that M-sets (for a fixed monoid
M) provide a semantics for simply typed A-calculus and intuitionistic higher-
order logic.

In this article we consider M-sets as a semantics for simply typed -
calculus and fragments of classical higher-order logic. We can start with
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any M-set of interest and use this to interpret a base type of individu-
als. Function types are interpreted using the presheaf exponent. This will
provide a means for interpreting simply typed A-terms in a way that re-
spects f[n-equality. However, the ¢ extensionality principle may not hold
in general. The type of truth values need not be interpreted as the topos
subobject classifier. Instead, the type of truth values can be any M-set D,
with a function v from D, into a two-element set {T,F}. We will consider
two choices for D, and v. Once we have such an M-set model of classi-
cal higher-order logic, we could use a classical theorem prover which does
not build in extensionality principles (such as TPS) to prove properties of
the M-set model. To demonstrate this idea, we use TPS to prove a simple
fixed point theorem and then construct an M-set model in which the fixed
point theorem is meaningful. In order to appeal to a wide audience, we will
exclusively use set-theoretic rather than category-theoretic language.

2 Motivation: A Proof in TPS

The higher-order theorem prover TPs has been under development under
the leadership of Peter B. Andrews for several decades [7, 6, 4, 5]. TPs
supports both automated proof search and interactive proof construction.
The automated search procedures combine mating search with higher-order
unification. The search procedures in TPS written before 2003 did not
build in extensionality reasoning (except n-conversion). When TPS proves
a proposition using one of these search procedures, then the proposition is
a theorem of elementary type theory with 7.

The logic of TPs is based on simple type theory, as described briefly
below. More details are given in other sources [3, 9, 11]. We take the set
T of simple types to be the same as in [12]. There are two base types o (of
truth values), ¢ (of individuals), and a type («8) of functions from (8 to «
for all types a and 3. The set of well-formed formulas of a type a depend
on given sets of variables, parameters and logical constants. Let us fix a set
V of typed variables and a set P of typed parameters. For each type a, V,
and P, denote the subset of V and P of type « (respectively). We assume
each V, is countably infinite. The logical constants we consider are those
in the set Sy defined by

{Toa J—O7 T005 Nooos Vooos = 0005 Eooo}
U{Ie, Ja e TIU{Z® |aeT}u{=2 |acT)

o(oar) o(oar)

We will consider a signature S of typed (logical) constants which may vary
throughout the paper. We will always assume S is a subset of Sy;;. The set
of well-formed formulas (or terms) of type « over a signature S is denoted
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by wff,(S) (or wff, when the signature S is clear in context). We define
each such family of sets inductively as follows:

o 1, € wff,(S) for each variable z, € V,.

Wo € wff, (S) for each parameter W, € P,,.

co € wff, (8) for each constant ¢, € S,.

[Fap Bg] € wff,,(S) for each F € wff,5(S) and B € wffs(S).

ArsAL] € wff,5(S) for each variable x5 € Vs and A € wff, (S).

The set Free(A,) C V of free variables in A is defined in the usual way. A
term A, is closed if Free(A,) = 0. Let cuff,(S) (or cuff,) be the set of
all closed terms of type a. We use AP to refer to the S-normal form of A
and A! to refer to the Bn-normal form of A.

We now consider a simple example of a proof in TPs. Note that every
individual is a fixed point of the identity function [Ax, x]. For every individ-
ual i,, ¢ is the unique fixed point of the identity function [Az, i]. If the only
functions of type tv are the constant functions and the identity function,
then all such functions will have a fixed point. In fact, we can find a fixed
point operator Y,(,,) taking each function f,, to a fixed point of f. The
corresponding theorem can be proven formulated as

vjt)o(u)[jj[)‘:cbx]/\VZ.LP)[)‘:CZ.] vaLLPf] DE'K/(LL)Vf[f[Yf] = Yf] (1)

This theorem can be proven automatically in TPs in less than a second.
TPs also translates the proof into the natural deduction shown in Figure 1.
The two nontrivial instantiations are shown in the justifications of lines (2)
and (10) in Figure 1. In line (10) the fixed point operator Y is chosen
to be the function taking f to fu (where w is arbitrary). In order to
prove Y f is a fixed point, we use the hypothesis to prove [f [fu]] = [f u].
The corresponding instantiation for the predicate P,, is shown in line (2).
Since this instantiation contains a logical symbol (equality at type ¢), TPS
must use a PRIMSUB (primitive substitution, see [2]) to prove the theorem
automatically.

The conclusion of (1) may seem suspicious to many readers. Unless there
is only one individual of type ¢, there will of course be functions from indi-
viduals to individuals which do not have fixed points. On the other hand,
the hypothesis of (1) is also very strong. In standard set-theoretic semantics
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(1) 1F  VYPy,[PAe, 2] AVi, PAxi] DY f,, P f] Hyp
2) 1k Dfulflfu] = fulldo a] AV FLf[fu] = ful]Aai]
OVFNFLfIful = full f UL (A fu [ flfu) = ful] 1

B) 1k  w, =uAVi[i =DV L[f[fu] = fu] Lambda: 2
4 + u =u Assert REFL=
B5) F i, =1 Assert REFL=
(6) F Vi]i=1] UGen: i, 5
(M) F u, = uAVY[i = i RuleP: 4 6
8) 1k VS u.lflfuw] = fu] MP: 7 3
9) 1 VEFINS fulf) =[N Fulf] Lambda: §
(10) 1+  3Y, )V AulfIY ] = Y f] EGen: [\ f,, fu,] 9
(11) F VP PAz, 2] AVi, PA2i] DY f,, P f)

DIY, ()Y fIfIY fl = Y f] Deduct: 10

Figure 1. TpPS Natural Deduction Proof of a Fixed Point Theorem

of type theory, both the hypothesis and conclusion of (1) can only be true if
there is only one individual. However, TPs has proven (1) as a formal the-
orem of elementary type theory. Consequently, the theorem will be true in
any model of elementary type theory. There are nontrivial models in which
(1) is meaningful (in the sense that the hypothesis is valid in the model).
In the next sections we will prove the existence of a class of M-set models.
We will construct a particular M-set model in which (1) is meaningful in
Section 6.

3 Semantics

We now summarize the semantic notions used in the paper. These notions
are described in more detail in other sources [9, 11]. There are no new
concepts introduced in this section.

An S-model will be a tuple (D,Q,E,v) where (D, Q) is an applicative
structure, £ is an evaluation function interpreting terms in (D, @), and v
determines which members of D, will be considered “true.”

A (typed) applicative structure is a pair (D, @) where D is a typed family
of nonempty sets and @*# : D5 x Dg — D,, for each function type (a/3).
We write simply f@b for @*(f,b), leaving the types implicit. We call an
applicative structure functional if for all types o, 3 € 7 and f,g € D,g, if
f@Qb = g@b for all b € Dg, then f =g.

Let D be a typed family of nonempty sets. An assignment ¢ into D
is a typed function ¢ : V — D. ¢, [a/x] denotes the assignment such that
(p,[a/x])(z) = a and (¢, [a/z])(y) = ¢(y) for variables y other than .
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Let (D, @) be an applicative structure. An S-evaluation function for A
is a function £ taking any assignment ¢ into D and term A € wff, (S) to
E,(A) € D, satisfying the following properties:

1. Ew‘v =

2. E,([FB]) = &E,(F)QE,(B) for any F in wff,5(S) and B in wffs(S)
and types a and (.

3. E,(A) = Ey(A) for any type o and A € wff,(S), whenever ¢ and ¢
coincide on Free(A).

4. E,(A) = E,(AL) for all A € wff, (S).

The triple J = (D, @, £) is an S-evaluation if (D, @) is an applicative struc-
ture and & is an S-evaluation function for (D, @). We say J is n-functional
if

Eo(A) = E,(AL)
for any type «, formula A € wff,(S), and assignment ¢. We say J is &-
functional if for all types o, 3 € T, M,N € wff3(S), assignments ¢, and

variables z,
Eo(AzoM) = E,(AzoN)

whenever £, (,/,](M) = &, a/4)(N) for every a € D,. Wesay J is functional
if the underlying applicative structure is functional. As proven in [9] (for a
particular §) and [11] (for a general §), an evaluation is functional iff it is
both n-functional and &-functional.

For the rest of the paper, we fix two distinct values T # F. Let A := (D, @)
be an applicative structure and v: D, — {T,F} be a function. For each
logical constant ¢, and element a € D, we define properties £.(a) with
respect to v in Table 1. Roughly speaking, the property £.(a) means a
behaves like the logical constant ¢ modulo v.

Let J := (D,@, &) be an evaluation. We call a function v: D, — {T,F}
an S-valuation for J if for every logical constant ¢ € S, £.(€(c)) holds with
respect to v. In such a case, we call M :=(D,Q, & v) an S-model (or
simply a model when S is clear in context). A model M := (D, Q, £ v) is
called functional if the applicative structure (D, @) is functional. We say
M is n-functional [€-functional] if the evaluation (D, @, &) is n-functional
[€-functional]. We define five properties a model M can satisfy in Table 2.
Properties 7, €, and § are forms of functional extensionality. Property b is a
form of Boolean extensionality. Property q is a requirement that the model
realize equality at all types.



prop. | where | holds when | for all |
Lr(a) | aeD, v(a )_T

£,(b) | beD, v(b) =

£-.(n) n € Doo V(n@a) =T iff wv(a)=F acD,
Ly (d) d € Dooo v(d@a@b) = if v(@)=Torv(b)=T a,beD,
£x(c) ¢ € Dooo v(c@a@b) = if v@=Tandv(b)=T | a,beD,
£ (i) i € Dooo v(iQa@b) = if v(@)=Forv(b)=T a,beD,
£=(e) e € Dooo zx(e@a@b) iff wv(a) =v(b) a,beD,
Lna(m) | ™ € Dyon) | v(mQf) = iff Vaé€ D, v(f@a)=T f € Do
Lya(o) | 0 € Dyon) | V(0Qf) = iff Ja€ D, r(f@Qa)=T f € Doa
£-a(q) | 9 € Doan V(q@a@b) =T iff a=b a,b e D,

Table 1. Logical Properties of v : D, — {T,F}

| M satisfies property | when

M is n-functional.

M is &-functional.

M is functional.

v is injective.

a | o —n|m|3

for all types « there is a g% € Doqa
such that £—o (q®

) holds.

Table 2. Properties of Models



4 M-set Models

Let M be a monoid with identity e. An M-set is a set A with an action
giving an element am € A for each a € A and m € M such that

e (am)n = a(mn)
e ac=a

for all a € A and m,n € M. Given two M-sets A and B, we can define the
M-set exponent ABM as the set

ABM = [f . M x B — AVk,m € MVb € B.f(k,b)m = f(km,bm)} (2)

with action taking f € A% and m € M to the function fm : M x B — A
defined by
fm(k,b) := f(mk,b). (3)

Note that fm is in A% since for k,n € M and b € B
fm(k,b)n = f(mk, b)n = f(mkn, bn) = fm(kn, bn).

To check that AP is an M-set, we must ensure (fm)n = f(mn) and fe = f.
Both facts are easily verified:

((fm)n)(k,b) = (fm)(nk,b) = f(m(nk),b) = f((mn)k,b) = (f(mn))(k,b)

(fe)(k,b) = f(ek,b) = f(k,b)

DEFINITION 1. Let M be a monoid with identity e. An M -set applicative
structure is a pair (D, @) where

e (D,@) is an applicative structure,
e D, is an M-set for each type v € 7,
e D,p is the M-set D, PoM for all types a, 3 € T, and

e (f@b) =f(e,b) for f € Dyg and b € Dg where o, 5 € T.

We can specify an M-set applicative structure by giving two nonempty
M -sets for the two base types.

THEOREM 2. Let M be a monoid with identity e € M. If A and B
are nonempty M -sets, then there is a unique M -set applicative structure
A= (D,Q) such that D, = A and D, = B.

Proof. We define D,, by induction on « as follows:
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° Daﬁ = 'Dapﬁ’M

Let @ be defined by (f@b) := f(e,b) for f € Dyp and b € Dg where o, 3 € 7.
We must verify that A4 := (D, @) is an M-set applicative structure with
D, = A and D, = B. The only nontrivial property to check is that each
D, is nonempty. We prove this by induction on types. We have assumed
Dg is nonempty for base types 8 € {¢,0}. Assume D,, is nonempty. Choose
some a € D,. Let f : M x Dg — D, be the function defined by f(k,b) = ak.
In order to conclude D,gp is nonempty, we check f € D,g. We must check
f(k,b)m = f(km,bm) for k,m € M and b € Dg. This is easy:

f(k,b)ym = (ak)m = a(km) = f(km, bm).

In order to show A is unique, suppose A" = (D', @') is an M-set ap-
plicative structure such that D] = A and D, = B. An easy induction on «
proves each M-set D, is equal to D.,. Given this fact, we know @ and @’
must coincide as well. |

We now define an action on the set of assignments in an obvious way.

DEFINITION 3. Let M be a monoid and A = (D,@) be an M-set ap-
plicative structure. For any assignment ¢ : V — D into D and k € M, we
let ok : V — D denote the assignment given by ¢k(z) := p(x)k for each
variable x.

An evaluation function maps terms to values in an applicative structure.
In order to obtain evaluation functions which respect the actions of an M-
set applicative structure, we consider an M-indexed family of evaluation
functions.

DEFINITION 4. Let M be a monoid and A = (D, @) be an M-set applica-
tive structure. An M -set family of S-evaluation functions for A is a family
(E™)mem of functions satisfying the following properties:

1. & (z) = ¢(x) for x € V.
2. EP([FapBgl) = £ (F)Q&ER (B).
3. £ (w) = & (w)m for w € PUS and any assignments ¢ and 1.
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4. E7'(AzpA,) =f € Dop where f is the function such that

f(k,b) = ELF /0 (A).

Note that in Definition 4 we have not actually required each £€™ to be an
S-evaluation function for A. The fact that each £™ is such an S-evaluation
function follows from the conditions in Definition 4. The first two condi-
tions in Definition 4 correspond directly to the first two conditions in the
definition of evaluation functions. All four conditions in Definition 4 are
used (together) to verify the remaining two conditions in the definition of
evaluation functions.

THEOREM 5. Let M be a monoid with identity e, A = (D, Q) be an M-
set applicative structure and (E™)menm be an M-set family of S-evaluation
functions for A. For each m € M, E™ is an n-functional S-evaluation
function for A. Furthermore, for any m,n € M, assignment @, and term
A € wff,(S), we have

EJ(A)n = EZT(A).

Proof. See Appendix A. [ |

Since such evaluation functions are n-functional, they will be £-functional
iff the underlying applicative structure is functional. It is not difficult to
show that the underlying applicative structure will be functional if M is a
group. The more interesting case is when M is not a group. If M is not a
group then using the theorems above we can construct evaluations in which
n-functionality holds but ¢-functionality fails (see Example 11).

Just as we can specify an M-set applicative structure by giving nonempty
M -sets for the two base types, we can specify an M-set family of S-evaluation
functions by interpreting the parameters and constants.

THEOREM 6. Let M be a monoid with identity e, A = (D, Q) be an M -set
applicative structure and Z : (PUS) — D be a typed function. There is a
unique M -set family of evaluation functions (E2™)menr such that Eg’e(w) =
Z(w) for allw € PUS and assignments ¢.

Proof. See Appendix B. [ |

An M-set model will be an M-set applicative structure with an evaluation
function which is part of an M-set family of evaluation functions along with
a function v : D, — {T,F} which respects the interpretations of the logical
constants in S.



DEFINITION 7. Let M be a monoid with identity e. An M-set S-model
(or, M-set model) is an S-model (D, @, £, v) where (D, @) is an M-set ap-
plicative structure and there is an M-set family of evaluation functions
(E™)mem such that £,(A) = ES(A) for all terms A € wff,(S) and assign-
ments .

We can specify an M-set S-model by giving the M-set applicative struc-
ture, valuation v, and an interpretation of parameters and logical constants
which respects the properties of the logical constants.

THEOREM 8. Let M be a monoid with identity e, A = (D, Q) be an M -set
applicative structure, T : (P US) — D be a typed function and v : D, —
{T,F} be a function such that £.(Z(c)) holds for all c € S. Let (EX™)menm
be the M-set family of evaluation functions given by Theorem 6. Then
M = (D,Q, %€ v) is an M-set S-model satisfying property 1.

Proof. This is an obvious consequence of Theorems 5 and 6. |

5 Interpreting the Type of Truth Values

In order to apply Theorem 8, we must give an interpretation Z for all param-
eters and logical constants. The interpretation Z(c) of each logical constant
¢ € 8 must satisfy the corresponding logical property £.(Z(c)) with respect
to v. Given an applicative structure .4 and function v, it may be the case
that no value a satisfies £.(a) with respect to v. In such a case there are
no M-set S-models (where ¢ € §) over this applicative structure using this
valuation v. If there is such an a, we will say A realizes ¢ with respect to v.

DEFINITION 9. Let A = (D, @) be an applicative structure, v : D, —
{T,F} be a function and ¢, be a logical constant. We say A realizes ¢ with
respect to v if there is some a € D, such that £.(a) holds with respect to
v.

There are several options one can choose for D, and v : D, — {T,F}.
This choice affects which logical constants will be realized. If we further
want the model to satisfy property b (Boolean extensionality), then the
following choice is all but forced upon us:

e Set: D, := {T,F}
e Action: Tm =T and Fm =F (the trivial action).
e Valuation: v is the identity —i.e., »(T) =T and v(F) = F

In fact, using this simple choice we can realize all logical constants except
equality. We can only realize equality in such a model if a certain cancella-
tion law holds.
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THEOREM 10. Let M be a monoid with identity e and A = (D, Q) be an
M -set applicative structure. Suppose

e D, ={T,F},
e Tm =T and Fm =F.

Let v : D, — {T,F} be the identity function. Fach logical constant in the

set
{Tm J—oa 00> /\ooo; \/0007 = 0005 Eooo}

UL oyl € TY U {SS 0 la € T}

o(oar)

is realized in A with respect to v. Furthermore, for each o € T, =% is
realized by A with respect to v iff the following cancellation law holds:

Va,b € D,Vm € M if am = bm, then a =b.
Proof. Obviously T and | are realized using T and F, respectively. Let
n: M x D, — D, be the function defined by

T ifb=F
n(m, b) := { F  otherwise.

We easily verify n € D,,:
n(m,b)k = n(m,b) = n(mk,b) = n(mk, bk).
It is also clear that £.(n) holds with respect to v:
n@b =T < n(e,b) =T< b=F.

Letd: M xD, - M x D, — D, be

F ifb=F=c
d(m, b)(n, c) '_{ T otherwise.
For any k € M, d(m,b)(n,c)k = Fiff b = F = ciff b = F = ck iff
b)

d(m, b)(nk,ck) = F. Hence d(m,b)(n,c)k = d(m,b)(nk,ck) and d(m,
Doo. Similarly, for any k € M, d(m,b)k(n,c) = F iff d(m,b)(kn,c)
b =F = ciff bk = F = ciff d(mk, bk)(n,c) = F. Hence d(m,b)k = d(mk,b
and d € D,pp. Clearly, £y (d) holds.

Since — and V are realized, we can conclude that A, = and = must also
be realized. Similarly, to show that each % is realized, we can simply show
each II¢ is realized.
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Let m: M X Dy, — D, be defined by

_J T ifvaeD,f(e,am)=T
(m, f) = { F  otherwise.

To check m € Dy(oq), We must prove
w(m, )k = n(mk,fk)
for m,k € M and f € D,,. Note that
a(m,Hk=T iff x(m,f)=

ifft VaeD,f(e,am) =
iff Vae€ D,f(e,am)k =
ifft VaeD,f(k,amk)=T
iff Vae D, (fk)(e,amk) =
it w(mk,fk) =

Hence m(m,f)k = m(mk,fk) and so m € Dgypq). Note that 7@Qf = T iff
Va € D, fQa = f(e,a) = T. Thus £« () holds.

Finally, we turn our attention to equality. First, suppose there is some
g € Dyaa realizing =, i.e., such that

q@a@b=T<a=b

for a,b € D,. Assume there is some a,b € D, and m € M such that
am = bm but a # b. We can compute F = T, a contradiction, as follows:

F = q@a@b = q(e,a)(e,b) = q(e,a)(e,b)m = q(e,a)(m

= (q(e,a)m)(e,bm) = q(m,am)(e, bm)
q(m, bm)(e,bm) = (q(e, b)m)(e, bm)
= q(e, b)(m, bm) = q(e, b)(e,b)m = qg(e, b)(e,b) =T

Conversely, suppose that the cancellation law holds in D,. We define
q: M x Dy — M x D, — D, (realizing =%) by

U

,bm)

(m,a)(n,b) = T if 3c € D, such that a = cm and b = cmn
. "/ 7| F otherwise.

Let k € M be given and suppose q(m,a)(n,b)k = T. Then q(m,a)(n,b) =
T and there is some ¢ € D, such that a = c¢cm and b = cmn. Since
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bk = cmnk, c also witnesses q(m,a)(nk,bk) = T. For the converse, sup-
pose q(m,a)(nk,bk) = T. Then there is some ¢ € D, such that a = cm
and bk = cmnk. By the cancellation law, b = cmn and so ¢ witnesses
q(m,a)(n,b) = T. Hence q(m,a)(n,b)k = q(m,a)(nk, bk) and so q(m,a) €
Do Next we prove q € Dyaq by proving q(m,a)k = q(mk,ak). Sup-
pose q(m,a)k(n,b) = T. That is, there is some ¢ € D, such that a = cm
and b = cmkn. Since ak = cmk, this proves q(mk,ak)(n,b) = T. Fi-
nally, suppose q(mk, ak)(n,b) = T. Then for some c € D,, ak = cmk and
b = cmkn. By the cancellation law, a = cm and so q(m,a)(kn,b) = T.
Hence q(m, a)k = q(mk, ak) and so q € Dyne. Note that £_«(q) holds since
q@a@b =T iff 3c € D, such that a=c=Db iffa=b. |

The fact that equality may not be realized by such a model is a problem,
but can be overcome. Using Theorem 3.62 from [9] we can obtain a model
which realizes equality by taking a quotient by the congruence relation in-
duced by Leibniz equality. A different problem with this choice for D, is
that the sets D,, may be too small. In particular, as we show in the next
example, the subsets of D, represented in D,, may be quite sparse.

EXAMPLE 11. Let M> be the monoid {0, 1} under multiplication where 1
is the identity. Let A = (D, @) be the Ms-set applicative structure given by
Theorem 2 such that D, is the Ms-set {0,1} with action by multiplication
and D, is the Ma-set {T,F} with the trivial action. Let v be the identity
function. Note that the cancellation law does not hold in D, since 1-0 = 0-0
but 1 # 0. By Theorem 10, =* is not realized in A with respect to v. Let
S be the set
{TO7 J—O? ﬁ007 /\0007 \/0007 :>OOO7 EOOO}

U {Hg(oa)|a € T} U {Zg(oa)|a € T}

By Theorem 10 each logical constant in S is realized in A with respect to
v. Let Z: (PUS) — D be a function such that £.(Z(c)) holds with respect
to v for every ¢ € S. Let (£7™)mem, be the Ma-set family of evaluation
functions given by Theorem 6. By Theorem 8 M := (D, @, £%:¢ v) is an
Ms-set S-model satisfying property n. Since v is the identity function, M
also satisfies property b. On the other hand, M does not satisfy property f
and hence does not satisfy property £. Consider the two functions f,g € D,,
given by f(m,a) := a and g(m,a) := m -a. Clearly, f(1,a) = g(1,a) for all
a € {0,1}. However, f # g. Finally, we consider D,,. For all p € D,,, we
must have p(1,0) = p(1,0)0 = p(0,0) = p(1,1)0 = p(1,1). Thus, the only
subsets of D, represented by functions in D,, are () and {0,1}. If we take
the quotient of this model as in Theorem 3.62 from [9], then D, will collapse
to be a singleton.
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If we are willing to accept models for which property b fails, then we
have much more flexibility in our choice of D,. We may want to interpret
D, to be an M-set so that all logical constants in S, are realized and
so that all subsets of D, are represented by a function in D,,. We can
obtain such an M-set by taking D, to be the power set P(M) of M and
defining an action taking Xm to {y € M|my € X} for each X € P(M)
and m € M. One can easily verify (Xm)n = X(mn) and Xe = X so that
this is an M-set. We must also choose a function v : P(M) — {T,F}. A
natural option to consider is taking G to be an ultrafilter on P(M) and then
defining v(X) := T iff X € G. It turns out that we obtain a model with
all the properties we want by taking G to be the principal ultrafilter with
principal element e € M. That is, we define v(X) :=Tiff e € X.

THEOREM 12. Let M be a monoid with identity e and A = (D, Q) be an
M -set applicative structure. Suppose

e D, =P(M) and
e Xm={ye Mmye X}.
Let v : D, — {T,F} be defined by

T dfeeX
v(X) = { F  otherwise.

FEach logical constant in the set

{Tm J—oa o0 /\ooou \/0007 :>0007 Eooo}
u{lr® JaeT}tU{Z® |laeT}U{=

o(oa) o(oar)

oaa | € T}
is realized in A with respect to v. Furthermore, for all S C D, there is some
ps € Da—o such that for all a € D, we have v(ps@a) =T iff a € S.

Proof. The constants T and L can be realized using M and (), respectively.

To realize negation, we define n : M x P(M) — P(M) by n(m, X) :=
M\ X. To check n € D,,, we must prove n(mk, Xk) = n(m, X)k for all
X € P(M) and m,k € M. This is true since x € n(mk, Xk) iff + ¢ Xk
ifft kx ¢ X iff x € n(m, X)k. To prove £.(n), note that »(n@QX) = T iff
een(e,X)iffe¢ X iff v(X) =F.

Next we turn to disjunction. We define d : M x P(M) - M x P(M) —
P(M) by d(m, X)(n,Y) := (Xn) UY. We first prove d(m, X) € D,, by
proving d(m, X)(nk,Yk) = (d(m,X)(n,Y))k. This equation holds since
xz € dim,X)(nk,Yk) iff z € Xnk or v € Yk iff kv € Xn or kx € YV iff
kxr € d(m, X)(n,Y) iff z € (d(m,X)(n,Y))k. We next prove d € Do,

14



by proving d(mk, Xk) = d(m, X)k, which holds since d(mk, Xk)(n,Y) =
(Xkn)UY =d(m, X)(kn,Y). To prove £y(d), note that »(d@XQY) =T
iff e XUY iff either »(X) =T or v(Y) = T. Since = and V are realized,
so are A\, = and =.

Let a be a type. To prove II¢ is realized, let

7*(m,f):={x € M|Vae D,e €f(zx,a)}

define 7% : M xDoq — D,. Now, x € n%(mk, k) iff Va € Dye € (fk)(x,a) iff
Va € Dye € f(kz,a) iff kx € n%(m,f) iff x € 7% (m, f)k. Hence n®(mk,fk) =
7%(m, f)k and so 7 € Dy(oa). Also, Lya(7*) holds since v(r*@f) = T iff
Va € Dye € f(e,a) iff Va € Dyv(f@a) = T. Since — and II* are realized, so
is 2°.

To prove =% is realized, let q®*(m,a)(n,b) := {x € M|anz = bz} de-
fine q* : M x Dy, — M x Dy — P(M). We have z € q*(m,a)(nk, bk)
iff ankz = bkz iff kx € (q®(m,a)(n,b) iff z € (q%(m,a)(n,b))k. Hence
q*(m,a)(nk,bk) = (q%(m,a)(n,b))k and so q¥(m,a) € Dyn. Next, we
compute = € q*(mk, ak)(n,b) iff aknz = bz iff x € q*(m,a)(kn,b). Conse-
quently, q®(mk, ak)(n,b) = q%(m, a)(kn,b) and so q®(mk, ak) = q“(m, a)k.
Therefore, q* € Dyaq as desired. The property £_.(q*) holds since

v(q®*@a@b) =Tiff e € {x € M|aex =b} iff a=bh.

Finally, we verify that all subsets of D, are represented in D,,. Let
S C D, be given. We define pg(m,a) := {x|ax € S}. We compute z €
ps(mk,ak) iff akz € S iff kx € pg(m,a) iff x € pg(m,a)k. Hence ps € Doy
Note that v(ps@a) =T iff e € pg(e,a) iff a € S, as desired. [ ]

We now use Theorem 12 to modify Example 11 and obtain an M-set
model in Mg,. As in Example 11 we take M, to be the monoid {0,1}
under multiplication where 1 is the identity. For the reasons discussed in
Example 11 we will not choose D, to be the two element set {T,F}. Instead
we let D, be P({0,1}) with action and v given as in Theorem 12. Using
Theorems 2, 12 and 8 we know we can obtain an Sy;;-model by specifying
an Ms-set D, and a value Z(w,) € D, for each parameter w.

EXAMPLE 13. Let A be a set with an equivalence relation ~. Suppose for
each ~-equivalence class we choose a canonical element. Let C': A — A be
the function taking each a to the canonical element C'(a). Note that for all
a€ A a~C(a) and for all a,b € A, a ~ b iff C(a) = C(b). In particular,
C(C(a)) = C(a) for all a € A. We can consider A an Ms-set by defining
the action al = a and a0 := C(a). This is an Ms-set since C' is idempotent.
Let us take D, to be this Ms-set and apply Theorem 2 to obtain an Ms-set
applicative structure (D, @).
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The equivalence relation ~ on A and canonical form function C extends
to all types. For each type «, we can define an idempotent function C* :
Do — Dy by C*(a) := a0. This clearly induces an equivalence relation
~% on each D, given by a ~* b iff C*(a) = C*(b). Ouly the functions
f : Dg — D, which respect the equivalence relations are represented in
Dop- To see this, suppose g € Dypg and (g@b) = f(b) for all b € Dg. If
a ~P b, then

f(a)0=g(1,2)0 = g(0,20) = g(0,b0) = g(1,b)0 = f(b)0

and so f(a) ~ f(b). Next, suppose f : Dg — D, is such that f(a) ~* f(b)
whenever a ~% b. Define g : M x Dg — D, by g(m,a) := f(a)m. Clearly,
gQa = g(1,a) = f(a). Since g(m0,a0) = f(a0)0 = f(a)0 = g(m,a)0 (using
the fact that a0 ~* a), we have g € Dyg.

In order to apply Theorem 8 we need a typed function Z : (PUS,;) — D
interpreting parameters and logical constants. We know by Theorem 12
that for all ¢ € Sy there is some Z(c) such that £.(Z(c)) holds. Let Z(w)
be chosen arbitrarily for parameters. Using Theorem 8 we can conclude
that M := (D,@,£%¢ v) is an Mas-set model satisfying property 7. As
in Example 11, property & fails in M since the applicative structure is
not functional. To see this, the reader may consider f,g € D,, given by
f(m, X) := X and g(m, X) := Xm. Since D, has four elements, property b
fails. Since the model realizes equality at all types, q holds and so M € Mg,,.

We know by Theorem 12 for all types a and sets S C D, there is a func-
tion in D,,, representing S. In particular, D,, is rich enough to represent all
subsets of A. On the other hand, only the functions from A to A respecting
~ are represented in D,,.

6 An Example Model

We now construct a concrete M-set model in which the formal theorem (1)
from Section 2 is meaningful. LetIN= {0, 1,2,...} be the set of nonnegative
integers. Let M :=IN™ be the set of all functions from IN into itself and let
e € M be the identity function. For each m,n € M we define mn € M to
be (mn)(i) ;= n(m(z)) (reverse composition). Clearly M is a monoid under
this operation with identity e. We consider IN as an M-set with action
taking a €eINand m € M to am := m(a).

By Theorem 2 there is an M-set applicative structure (D, @) such that
D, = IN (with action given above) and D, = P(M) (with action as in
Theorem 12). Let v : D, — {T,F} be defined by

T ifeeX
v(X) = { F  otherwise.
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By Theorem 12 every logical constant in S,;; is realized in the applicative
structure with respect to v. Let T : Sq;UP — D be defined so that £.(Z(c))
holds with respect to v for each ¢ € Sy;;. By Theorem 6 there is a unique
M-set, family of evaluation functions (E£™),,cps such that £2:¢(w) = Z(w)
for w € Sy UP and assignments ¢. By Theorem 8 M := (D, @, £7-¢ 1) is
an M-set S-model satisfying property 7. Furthermore, since S,;; includes
equality at each type, property q must hold and so M € Mg,,.

Since M is a model of elementary type theory in 7, the theorem (1) from
Section 2

vjt)o(u)[jj[)"rwr] /\VZLP[)‘:CZ] ) vaLPf] 2 El}/L(LL)Vf[f[Yf] = Yf]
must be true in the model. Consequently, if we can prove
V(ELE(Y Py [ PNz, 2] AV i, PAzi] DY f, P f]) =T (4)
then we can conclude
vAY, )YV [l =Y f])=T (5)
In order to interpret (4), fix an arbitrary assignment ¢, let
. ¢cTe
I:=¢, (A, z) € D,
and for each i €IN let

i._ oL.e
K' = E%[l./y] (A, y) € D,,.

We easily compute

I(m,a) = EZ;:?[G/I] (x)=a

and
1 Z,m . .
K (m, ) = &0 tim ) a2 (¥) = 110 = m(0)-

Using the properties of the interpretations of logical constants in M, we
have (4) is valid in M if for all & € D,,,), e € ®(e, f) whenever e € ®(e, I)
and e € ®(e,K") for all i eIN. This is the case if D,, = {I} U{K'|: €IN}. To
verify this equation, it is enough to show every f € D,, is either I or K’ for
some <.

Let S € M be the successor function. For each m € M and a €IN, let
[a-m] € M be the function such that [a-m](0) := a and [a-m](i+1) := m(3)
for i €IN. Clearly Ofa - m] = a and Sla - m] = m.

Let f € D,, be given. We have

f(m,a) = f(Sla-m],0la-m]) = f(S,0)a-m] = [a-m](f(S,0)).
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If £(S,0) =0, then
f(m,a) = [a-m|(0) = a

for all @ €eINand so f =1I. If f(S,0) =4+ 1 for ¢ €IN, then
f(mya) =[a-m](i+1) =m(i)

and so f =K'

Consequently, (4) is valid in M. Since (1) is also valid in M (as a
theorem of elementary type theory), the conclusion (5) must be valid in M.
We conclude the existence of a fixed point operator Y € D,(,,) such that
fle,Y(e, f))=Y(e, f) for all f €D,,.

7 Conclusion and Future Work

We have used M-sets to construct models (in the sense of [9]) of fragments
of classical higher-order logic. These models always satisfy property 7, but
may not satisfy property £. Property b depends on the choice of D, and v.
As we have demonstrated, there is a tradeoff between satisfying property b
and realizing equality (property q) in M-set models. We have used these
abstract results to obtain a model in which D,, is sparsely populated and
there is a fixed point operator in D,(,,). In future work we hope to consider
more interesting choices for monoids M and M-sets. Such models may
provide novel applications of nonextensional higher-order theorem proving.
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A Proof of Theorem 5

Let M be a monoid with identity e, A = (D, @) be an M-set applicative
structure, and (E™)enm be an M-set family of S-evaluation functions for
A. We will prove a series of results allowing us to conclude Theorem 5.

LEMMA 14. For any term A € wff,(S), m,n € M, and assignment ¢, we
have

ES (A =EZ(A).

Proof. This follows by induction on A. The variable, parameter and
constant cases are easy. The application case is verified by computing

EXFB)n = (E7(F)QET(B))n by Definition 4(2)
= E3MF)(e,E2(B)) by Definition 1(1)
= & (F)(n, 7 (B)n) by (2) and Definition 1(1)
= (& (F)n)(e,£(B)n) by (3)
= () (e &5
= & (F)QEn (B

3

B)) by the inductive hypothesis
by Definition 1(1).

~—

For the abstraction case, we verify £J'(AzgCy)n = 5" (Ax5C,) by com-
puting

(5$(AxC)n)(k, b)

EN(AxC)(nk,b) by (3)
Egn’}:f[b /2] (C) by the inductive hypothesis

= &L (AxC)(k,b) by Definition 4(4).
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In the next lemma, we combine property (3) of Definition 4 with Lemma 14
to verify the third property of evaluation functions.

LEMMA 15. For any term A € wff,(S), m € M, and assignments ¢ and
Y, if p(x) = P(z) for all z € Free(A), then E'(A) = EJ'(A).

Proof. The proof is by an easy induction on A. Note that if A is a
parameter or constant w, then we have £7'(A) = E7(A)m = £'(A) by
using property (3) of Definition 4 twice. [ |

We now prove a Substitution-Value Lemma similar to Lemma 3.20 in [9]
for evaluations. In this case we must prove the result before we know £ is
an evaluation function.

LEMMA 16 (Substitution-Value Lemma). For any term A € wff,(S), B €
wff3(S), © € Vg, m € M, and assignment o,

521,[5;;1(B)/m] (A) = 5;”([3/33]A)-

Proof. The proof is another straightforward induction on A. If A is a
parameter or constant w, we use Lemma 15 to conclude

Eqem) /) (W) = EZ'(w) = EGH([B/z]w).

Suppose A is [\ysC,] where y and z are distinct and y ¢ Free(B). In this
case, we have

Exien ) /a) (Mo Cl) (K, d)

- Egclfw;"(B)k/x]y[d/y](C) by Definition 4(4)

- gﬁj[s;nkk(B) Jaid/u(C) by Lemma 14

- Egc]f[d/y],[s;;ﬁ[d . (B)/2] (C) by Lemma 15 since y ¢ Free(B) U {z}
= gg}clf[d /) ([B/2]C) by the inductive hypothesis

= &) ([Mys[B/z]C])(k,d) by Definition 4(4)
= &7 ([B/x][AysCI)(k, d).

The remaining cases are left to the reader. |
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We next check that £ respects a single, top-level G-reduction.

LEMMA 17. For any term A € wff,(S), B € wff3(S), v € Vg, m € M,
and assignment o,

& ([Ax A B]) = £ ([B/z]A).

Proof. We compute

£ ([Ax A B)) = € ([Ax A]) (e, €' (B)) = EJem () /a) (A) = £

([B/z]A)
using Lemma 16. ]

We also check £ respects a single, top-level n-reduction.

LEMMA 18. For any term F € wff, 5(S), * € Vg, m € M, and assignment
o, if © ¢ Free(F), then

ES (\x [Fa]]) = £ (F).

Proof. We verify this fact by computing
Ep'([Ax [F z]])(k, b)

= S;’}C’f[b/ml ([F z)) by Definition 4(4)

= &Ny m(F)ab by Definition 4(1 and 2)

= Sg}f(F)@b by Lemma 15 since x ¢ Free(F)
= E&k(F)(e, b) by Definition 1(1)

= (EF(F)k)(e,b) by Lemma 14

— &N (F)(k,b) by (3).

Using the previous two lemmas, we can prove £™ respects one step On-
reductions inside a term.

LEMMA 19. For any terms A, B € wff (S), m € M, and assignment @, if
A (Bn-reduces to B in one step, then
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Proof. This follows by an induction on the position of the redex in A using
Lemmas 17 and 18 for the base cases. |

Finally, £™ respects Bn-normalization. This establishes both the final
property of evaluation functions and n-functionality.

LEMMA 20. For any term A € wff,,(S), m € M, and assignment @, we
have

EM(A) = ET(AD).

©

Proof. The proof is by induction on the number of reductions using
Lemma 19 at each step. |

We now have the necessary results to conclude Theorem 5. By Defini-
tion 4, we know £7'(x) = ¢(z) for each variable x and we know £7'([FB]) =
EX(F)QET(B). By Lemma 15, we know £7'(A) = £ (A) whenever ¢ and
1 agree on Free(A). By Lemma 20 twice, we know

E7(A) = £ (AY) = £ (A1)

(since the Bn-normal form of A'Y is Al). Hence £™ is an S-evaluation
function. Furthermore, £ is np-functional by Lemma 20. Finally, we know

£y (A)n = EGH(A)

holds by Lemma 14.

B Proof of Theorem 6

Let M be a monoid with identity e, A = (D, @) be an M-set applica-
tive structure and Z : (P US) — D be a typed function. If (ET™),,cnr
and (FZ™) e are both M-set families of evaluation functions such that
ELe(w) = I(w) = FLe(w) for all w € PUS, then an easy induction on A
proves

VA, o, m we have EL"(A) = FL™(A).

Hence we have uniqueness and must only prove existence of such a family

((c/’I,m)meM.
The construction of (£2™),,c s for the proof of Theorem 6 requires some

work. We could try to define Eg=m(A) by induction on A. Unfortunately,
for the A-abstraction case we must somehow know the function f where

Z,mk
f(k, b) = gg,;g,[b/m] (A)
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is in Dyg. Instead of defining 8£’m(Aa) € D, by induction, we define set

valued function Eval®(A,,m, ) C D, by induction, prove each value of
Eval® (A, m, ¢) is a singleton, and define EL™(AL) to be the unique value
in this singleton.

We define Eval? (A, m, ) C D, by induction as follows:

o Eval’(z,,m, @) := {¢(z)} for z € V.
e Eval’ (w,,m,p) == {Z(w)m} for w € PUS.
o Eval’([FogBg|,m, ¢) i=
{fab|f € Eval*(F,m,¢),b € Eval*(B,m, )}

for F € wff, 5(S) and B € wff3(S)

o Eval’ ([\z5 A,],m, ) :=
{f € Dug|Vk € M,b € Dgf(k,b) € Eval” (A, mk, (pk, [b/z]))}
for x € Vs and A € wff, (S).

LEMMA 21. For every A € wff,(S), assignment ¢, m,n € M and a €
EvalI(A, m, ), we have an € EvalI(A, mn, pn).

Proof. This follows by an easy induction on A using the definition of
Eval’ (A, m, ¢).
If A is a variable z, then a = p(z) and so
an = p(x)n = (¢n)(z) € Eval® (z,mn, pn).
If A is a parameter or constant w, then a = Z(w)m and so
an = Z(w)mn € Eval* (w, mn, ¢n).

Suppose A is [FosBg]. Then a is f@b for some f € Eval’ (F,m, ¢) and
b € Eval’(B,m, ). By the inductive hypothesis, fn € Eval®(F, mn, ¢n)
and bn € Eval” (B, mn, ¢n). We compute

an = (f@b)n = f(e,b)n = f(n,bn) = (fn)(e,bn) = ((fn)@(bn))

and conclude an € Eval® ([F B],mn, ¢n).

Suppose A is [AzgC,]. Then a € D,g is a function such that a(k,b) €
Eval’(C,mk, (k, [b/x])) for all k € M and b € Dg. Note that an(k,b) =
a(nk,b). Hence an(k,b) € Eval’(C, mnk, (¢nk, [b/z])). Thus

an € Eval” ([\z C],mn, ¢n)
as desired. |
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LEMMA 22. For every A € wff,(S), assignment o, and m € M, there is
a unique a € D, such that a € EvalI(A, m,p).

Proof. This also follows by induction on A. The cases for variables, pa-
rameters, logical constants and applications are easy. We only show the
A-abstraction case. Suppose A is [Az3C,]. By the inductive hypothesis, for
all k € M and b € Dp, there is a unique value in Eval® (C,mk, (ok, [b/z])).
Let f : M x Dg — D, be the function taking (k,b) to this unique value.
In order to conclude f € EvalI(A7 m, ), we must verify that f € Dy5. On
the one hand, f(kn, bn) € Eval® (C, mkn, (pkn, [bn/z])) by the choice of f.
On the other hand, f(k,b)n € Eval®(C, mkn, (pkn, [bn/z])) by Lemma 21.
Using the inductive hypothesis,

Eval’ (C, mkn, (pkn, [bn/z]))
is a singleton and we must have
f(k,b)n = f(kn, bn)

which verifies f € D,o. Finally, suppose g € Eval”(A,m, ). For any
k € M and b € Dg, we must have g(k,b) € Eval®(C,mk, (pk, [b/z])) and
so g(k,b) = f(k,b). Thus g = f and Eval® (A, m, ¢) is a singleton. |

We can now prove Theorem 6. Let Eg’m(A) be the unique member of
Eval’ (A, m, @) forall A € wff,(S), m € M and assignments ¢ into D. Note
that £2™(w) = Z(w)m since Eval® (w,m,¢) = {Z(w)m} and so ELe(w) =
Z(w) for each parameter or constant w. It remains to check the conditions
in Definition 4. For each variable x, £'(z) = ¢(z) since Eval’(z,m, ) =
{¢(x)}. For each parameter or constant w, we have £7'(w) = Z(w)m =

&y (w)m. Since E7'(F) € Eval’ (F,m, ¢) and &y (B) e Eval’ (B, m, ), we
know £ (F)Q&T(B) € Eval® ([FB], m, ¢). Hence

£7(FB) = E7'(F)Q€ET(B).

Finally,
ET(ArpAs) = f € Eval’ ([\zgA,],m, ) C Dag

where f(k,b) € Eval” (A, mk, (¢k, [b/x])), i.e., f(k,b) = 2", (A). Thus

all the conditions in Definition 4 hold and the proof is complete.
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