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Abstract. Existing constraintprogrammingsystemsoffer a fixed setof infer-

enceenginesmplementingsearclstratgiessuchassingle,all, andbestsolution
searchThis is unfortunate sincenew enginescannotbe integratedby the user

The paperpresentdirst-classcomputatiorspacessabstractionsvith which the

usercanprograminferenceenginesatahighlevel. Usingcomputatiorspacesthe

papercoversseveralinferenceenginesangingfrom standardsearchstratgiesto

techniquesiew to constrainprogrammingincludinglimited discrepang search,
visual search,and saturation.Saturationis an inferencemethodfor tautology-
checkingusedin industrialpractice Computatiorspace$iave shavn their prac-
ticability in the constrainprogrammingsystemOz.

1 Introduction

Existingconstrainprogrammingystemsike CHIP [4], clp(FD)[2], ECLiPS€[1], and
ILOG Solwer[9] offer afixedsetof inferenceenginedor searctsuchassingle,all, and
bestsolutionsearch This is unfortunate sincenew enginescanonly beimplemented
by the systems designeiatalow level andcannotbeintegratedby the user

The paperpresentdirst-classcomputationspacesas abstractionsvith which the
usercanprograminferenceenginesat a high level. A computatiorspaceencapsulates
a speculatre computationinvolving constraintsConstraintiinferenceenginesare pro-
grammedusing operationson computationspacesThey are madeavailable as first-
classcitizensin the programmindanguageo easeheir manipulatiorandcontrol.

We demonstratehat computationspacesover a broadspectrumof inferenceen-
ginesrangingfrom standardsearctstratgjiesto techniquesiew to constrainporogram-
ming. The standardstratgyiesdiscussedncludesingle,all, andbranch-and-bounbest
solutionsearchTheir presentatiorintroducestechniquedor programmingsearchen-
ginesusingcomputatiorspacesilt is shovn how thesetechniquegarryoverto engines
likeiterative deepening10] andrestartbestsolutionsearch.

The paperstudieslimited discrepang searchyisual searchandsaturatiorwhich
arenew to constraintprogrammingLimited discrepang search(LDS) hasbeenpro-
posediy Harvey andGinsbeg[6] asastratey to exploit heuristicinformation.A visual
andinteractve searchenginethat supportsthe developmentof constraintprogramsis
theOz Explorer[11]. It is anexamplewherethe userdirectly benefitsfrom the expres-
sivenesf computatiorspacesThe paperexplainsrecomputatiorwhich is relatedto
enginepprogrammedrom computatiorspaceslt allowsto solve problemswith alarge
numberof variablesandconstraintghatwould needtoo muchmemoryotherwise.
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Hagenbay, Austria,Octoberl997.SpringefVerlag.



Saturation(alsoknown as Stalmarcks method)is a methodfor tautology-checking
usedin industrialpractice[5,14]. We shav how a genericsaturatiorenginecanbebuilt
from first-classcomputatiorspacesThe engineis genericin thatit is not restrictecto
a particularconstraintsystemwhereassaturatiorhasbeenoriginally concevedin the
context of tautology-checkingf Booleanformulae.

The constraintprogrammingsystemOz [8,13] implementscomputationspaces.
While Oz offers computatiorspacego the experienceduser it alsoprovidesa library
of predefinedsearchenginesprogrammedvith computationspaceghat canbe used
without requiringdetailedknowledgeon computatiorspaceg7]. Searchenginespro-
grammedfrom spacesare efficient. For example,solving schedulingproblemsusing
theseengineds competitve with commerciallyavailablesystemg16].

Thiswork is basedbn a previoustreatmenbf theso-calledsearchcombinatof12].
It spavnsalocal computatiorspaceandresolhesremainingchoicesby returningthem
asprocedureskirst-classcomputatiorspacesubsumeéhe searchcombinatorandpro-
vide a more naturalabstractionfor programminginferenceengines.The papercon-
tributesby introducingfirst-classcomputatiorspacesbut its main contribution is how
to employ computatiorspacegor constraintinferenceengineshatgo beyondexisting
constrainfprogrammingsystems.

Theplanof the paperis asfollows. Theinferencemethodsstudiedin the paperare
shavnin Section2. Section3 introducedirst-classcomputatiorspacesTherestof the
paperis concernedvith how theinferencemethodsresentedn Section2 canbe pro-
grammedith first-classcomputatiorspacesSectionst to 10 introducevarioussearch
engineswhereadirst-classcomputatiorspacesreappliedto saturatiorin Sectionl1.
Section12 givesa brief conclusion.

2 Constraint Inference M ethods

This sectionpresentsearchandsaturatiorasconstraininferencemethodsisingcom-
putationspaces®stheir centralnotion.

A computatiorspaceconsistof propagatorgonnected propagator - - propagator
to a constraintstore. The constaint store holdsinformation ~ 7
aboutvaluesof variablesexpressedy a conjunctionof basic constrainstore
constraintsBasicconstaintsarelogic formulaeinterpretedn afixedfirst-orderstruc-
ture. In the following we restrictoursehesto finite domainconstraintsA basicfinite
domainconstrainthastheform x € D whereD is afinite subsebf the positive integers.
Otherrelevantbasicconstraintarex = y andx = n, wheren is a positive integer.

To keepoperation®nbasicconstraintfficient, moreexpressive constraintsc¢alled
nonbasi¢e.g.,X+Yy = z arenotwrittento theconstrainstore.A nonbasiconstrainis
imposedby a propagatarA propagator is a concurrencomputationabhgentthattries
to amplify the storeby constaint propagation Supposea constraintstorehostingthe
constrainC andapropagatoimposingtheconstrain. Thepropagatocantell abasic
constraintB to the store,if CA P entailsB andB addsnew andconsistentnformation
to C. Telling abasicconstrainB updateghe storeto hostC A B.

A propagatoimposingP disappearsissoonasit detectshatP is entailedby the
stores constraintsA propagatoimposingP becomedailed if it detectsthatP is in-



consistentith the constraintshostedby the store.A spaceS is stable if no further
constrainpropagatiorin Sis possible A stablespacehatcontainsafailed propagator
is failed. A stablespacenot containinga propagatois solved

Distribution. Typically, constrainpropagatioris notenougho solve aconstrainprob-

lem: A spacemaybecomestablebut neithersolved nor failed. Hence we needdistri-

bution. Distributing a spaceS with respecto a constraintD yieldstwo spacesOneis

obtainedby addingD to Sandthe otheris obtainedby adding—D to S. Theconstraint
D will bechosersuchthataddingof D (—D) enabledurtherconstraintoropagation.

Seach. To solveaconstrainproblemwith searcha spacecontainingbasicconstraints
andpropagatorsf theproblemis createdThenconstrainpropagationakesplaceuntil
the spacebecomesstable.If the spacds failed or solved, we aredone.Otherwise we
selectaconstrainD with whichwe distributethespaceA possibledistribution strateyy
for finite domainconstraintproblemsis: Selecta variablex which hasmorethanone
possiblevalueleft andanintegern from thesevaluesandthendistributewith x = n.

Iteratingconstrainpropagatioranddistributioncreatestreeof computatiorspaces
(“searchtree”) whereleavesarefailed or solved spacesin this setup,the searchiree
is definedentirely by the problemandthe distribution stratgy. An orthogonaissueis
how thesearchreeis exploredby a givensearchengine.

Satumtion. Distributingaspacesyieldstwo spaces, andS; in whichconstrainprop-
agationcantell new basicconstraintgo the storesof S andS;. Theideaof saturation
is to addbasicconstraintdo S by combiningS andS;: addthe basicconstraintghat
arecommonto both S andS; backto the original spaceS. This might enablefurther
constrainropagatiorwithin S. Distribution of Sandcombinatiorbackto Sis iterated
until afixed pointis reachedIn the saturatiorliterature,distribution andcombination
togetheiis referredto asso-calleddilemmarule.

Saturationis commonlyappliedto propositionalsatisfiability problemsinvolving
Booleanvariables(finite domainvariablesrestrictedto take either0 (false)or 1 (true)
asvalue).In this context, a possibledistribution strat@y is: selecta variablex from
somefixedsetof variablesX andproceedrom a spaceSby distributionto spaces, by
addingx = 0 and$; by addingx = 1. After constrainfpropagatiorhasfinished,S and
S, arecombinedasfollows: For eachvariabley € X whereboth S andS; containthe
basicconstrainty = n (n € {0,1}), theconstrainty = nis addedbackto S. Distribution
and combinationis iteratedfor all variablesin X until either S becomedailed or an
entireiterationover all variablesin X addsno new basicconstraintdo S. If oneof &
or § fails, saturatiorproceedsvith the otherspaceNotethatsaturationjn contrasto
searchjs incomplete aftersaturatiorfinishesthe spacemight not be solved.

Saturatiorassketchedabove considersonly a singlevariableat atime andthusis
called1-saturationn-Saturatiortakesn variablessimultaneouslynto accountit recur
sively applies(n— 1)-saturatiorto the spaces andS; obtainedby distribution,where
O-saturatiorcoincideswith constrainforopagationin practiceonly 1-saturatiorand2-
saturationare used.Harrisonreportsin [5] that the unsatisfiabilityof mary practical
formulaecanin factbe provedwith 1-saturation.



3 First-Class Computation Spaces

Section2 demonstrateshat computationspacesare a powerful abstractionfor con-
straintinferencemethodsTo controlandmanipulatecomputatiorspacesasneededn
inferenceenginesthey shouldbeavailableasfirst-classentities. Theprogrammindan-
guage0z[8,13] providescomputatiorspacessfirst-classcitizens.They canbepassed
asargumentf procedures;anbetestedor equalityandthelike. They canbecreated,
their statuscanbe asledfor, they canbe copied,their constraintsanbe accessedand
additionalconstraintsanbeinjectedinto them.

Besidesconstraintstoreand propagatorsa computationspacealso hoststhreads.
Like propagatorsthreadsare concurrencomputationaentities.A threadis a stackof
statementslt runsby reducingits topmoststatementpossiblyreplacingthe reduced
statementvith new statementsThreadssynchronizeon their topmoststatementif the
topmoststatementannotbereducedtheentirethreadcannotereducedye sayit sus-
pends Statementmcludeprocedurepplication proceduralefinition,variabledeclara-
tion, sequentiatompositionof statementgsell statementconditionalstatementthread
creation,propagatocreation,andso-calledchoices A choiceis eitherunary(choi ce
S end) or binary(choice S [| S end) whereS S, andS; arestatementgalled
alternatives A threadwith achoiceastopmoststatemensuspends.

Reductionof the statementS={NewSpace P} createsa new computationspace,
whereP is a unaryprocedureands yields a referencedo the newly createdspaceThe
newly createdspacefeaturesa singlefreshvariable,the so-calledroot variable. In S
athreadis createdhat containsasits single statementhe applicationof P to theroot
variable.Typically, the procedureP representshe problemto be solved, andits sin-
gle agumentgivesaccesdo the solutionof the problem(seethe procedureMoney in
Section5). Runningthe newly createdthreadtypically createsvariables,addsbasic
constraintgo the store,spavnsfurtherpropagatorsandcreatedurtherthreads.

A computatiorspaces is stableif nothreadandno propagatoin S canreduceand
cannotbecomereducibleby meansof ary othercomputation(moredetailson stability
canbefoundin [12]). A computatiorspaces is failedif it containsafailed propagatar
Whena computatiorspacebecomesstableand containsa threadwith a unarychoice
asits topmoststatementthe unarychoiceis replacecby its alternatve. Thatis, aunary
choicesynchronizesnstability (thisis usedto programdistribution strateies,seeSec-
tion 6). A stablecomputatiorspacenot containingthreadswith unarychoicesbut with
binary choicesastheir first statementss calleddistributable Whena spacebecomes
distributableonethreadcontaininga binarychoiceasits topmoststatemenis selected.
A stablespacds succeededf it doesnot containthreadswvhich suspendan choices.

A computationspaceS canbe asled by A={Ask S} for its status.As soonassS
becomestable thevariableA getsbound.If SisfailedthenAis boundto failed .If S
is distributable A is boundto alternatives . Otherwise A is boundto succeeded .

A distributablespaces allows to committo onealternatve of the selectecthoice.
By {Commit S 1} thespaces commitsto thel -th alternatve of the selectecthoice.
Thatis, the choiceis replacedy its | -th alternatve. To explore both alternatvesof a
selectecthoice,stablecomputatiorspacesanbe cloned.Reductionof C={Clone S}
createsa new computatiorspaceCwhichis a copy of the stablespaces.



The operation{Inject S P} takesa spaceS anda unary procedureP asargu-
ments.Similarto spacecreationjt creates new threadthatcontainsassinglestatement
the applicationof P to the root variableof S. For example,combinationfor saturation
usesnject toaddconstraintso analreadyexisting space.

The constraintsof a local computationspaceS can be accessedy Merge. Re-
ductionof {Merge S X} bindsX to theroot variableof S andthendiscardsS. The
constraintghatwerereferredto by therootvariableof S cannow bereferredto by X.

Thepresentatioherehasbeensimplifiedin two aspectskirstly, only binarychoices
areconsiderechere.Oz in fact providesalsofor non-binarychoices this requiresthe
operationsAsk and Commit to be generalizedn a straightforward manner The sec-
ondsimplificationconcernghe setupof spacesn Oz. Regularcomputationsn Oz are
carriedout in the so-calledtop-level computatiorspace Computationsnvolving con-
straintpropagatioranddistribution arespeculatie in the sensehatfailureis aregular
event. Thesecomputationsreencapsulatelly first-classcomputatiorspacesilt is per
fectly possiblen Ozto creatdfirst-classspacesvithin first-classspacegthink of nested
searctengines)which leadsto atreeof computatiorspacegnotto be confusedwith a
searchree).

4 Depth-First Search

To familiarizethereademith programmingnferenceenginesisingspacesthis section
introducessimpledepth-firstsearchengines.

fun {DFE S}
case {Ask S} of failed then nil
[ succeeded then [S]
[ alternatives then C={Clone S} in
{Commit S 1}
case {DFE S} of nil then {Commit C 2} {DFE C}
0 [T then [T]
end
end
end

Fig. 1. Depth-firstsinglesolutionsearch.

The procedureDFE (seeFigure 1) takes a spaceas argumentandtries to solve it
following adepth-firststrateyy. If nosolutionis found,but searctterminatestheempty
list nil is returned.Otherwise the procedurereturnsthe singletonlist [T] whereT
is a succeededomputationspace.Dependingon the statusof S (as determinedby
Ask), eitherthe emptylist nil  or a singletonlist containings is returned.Otherwise,
after distributing with the first clause(by {Commit S 1} ) explorationis carriedout
recursvely. If this doesnot yield a solution (i.e., nil is returned),a cloneC of S is
distributedwith the secondclauseandC is solvedrecursvely.



To turnthe procedureDFEinto a searchenginethatcanbe usedeasily withoutary
knowledgeaboutspaceswe definethefollowing procedure:

fun {SearchOne P}
case {DFE {NewSpace P}} of nil then nil
[ [S] then X in {Merge S X} [X]
end

end

SearchOne takesaunaryprocedureasinput, createsa new spacan whichthe proce-
dureP is run, andappliesthe procedureDFE to the newly createdspaceln caseDFE
returnsa solvedspacejts root variableis returnedn alist.

ThesearclengineDFEcanbeadapteaasilyto accommodatéor all solutionsearch,
wherethe entiresearchreeis exploredanda list of all solved spacess returnedlt is
sufficientto replacethe shadedinesin Figurel with:

{Commit S 1} {Commit C 2} {Append {DFE S} {DFE C}}

Otherdepth-firstsearchenginescanbe programmedollowing the structureof the
programin Figurel. For example asearclenginethatputsadepthlimit ontheexplored
part of the searchtree would just add supportfor maintainingthe exploration depth
(incrementingthe depthon eachrecursve applicationof DFE). Increasingthe depth
limit until eithera solutionis found or the entire searchtreeis explored within the
depthlimit thenyieldsiterative deepening10].

5 An Example: Send Most M oney

Let us considera variationof a popularpuzzle:Find distinct digits for the variables
S E,N,D, M, O, T,Y suchthatS# 0, M # 0 (no leadingzeros)andthe equation
SEND+ MOST= MONEYholds.The programfor this puzzleis shovn in Figure2.

proc {Money Root}
money(s:S e:E n:N dD m:M o:0O tT vy:Y) = Root
in
Root :: O#9
{FD.distinct Root} S\=:0 M\=:0
S*1000 + E*100 + N*10 + D
+ M*1000 + O*100 + S*10 + T
=: M*10000 + O*1000 + N*100 + E*10 + Y
{FD.distribute ff  Root}
end

Fig. 2. A programfor the SEND+MOST= MONEY puzzle.

Theproblemis definedasunaryprocedurewhereits singleargumentRoot is con-
strainedto the solutionof the problem.Here,the solutionis a recordthat mapsletters
to variablesfor the digits. Executionof Root :::  0#9 tells the basicconstraintghat



eachfield of Root is aninteger between0 and9. The propagatotFD.distinct en-
forcesall fieldsof therecordto bedistinct,whereaghepropagators\=:0 andMm\=:0
enforcethe variablesS andMto be distinctfrom zero. The gray-shadedines display
the propagatothat enforces SEND+ MOST= MONEY. The variablesfor the letters
aredistributed(by FD.distribute ) accordingto a stratgy assketchedin Section2,
wherevariableselectionfollows the first-fail heuristic:the variablewith the smallest
numberof possiblevaluesis distributedfirst.

Applying the searchengine(i.e., SearchOne ) to the problem (i.e., Money) by
{SearchOne Money} returnsthefollowing first solution:

[money(d:2 e:3 m:1 ni4 00 s9 t5 y:7)]

Searchengineausuallyarenotbuilt from scratchOz comeswith alibrary of prede-
finedsearchengineq7] programmedrom computatiorspacesTheinterfacebetween
searchengineandproblemis well definedby the choicesascreatedyy the distribution
stratgy. Thenext sectionshovs how to programdistribution stratgyieswith choices.

6 Programming Distribution Strategies

Figure3 shows a distribution stratgy similar to thatmentionedn Section2. The pro-
cedureDistribute takesal list of finite domainvariablesto be distributed.A unary
choiceis employedto synchronizeheexecutionof thegray-shadedtatemenbdn stabil-
ity of theexecutingspaceSincea distribution stratey typically inspectshe constraint
stores currentstate,it is importantthatvariableandvalueselectiorfor choicecreation
takesplaceonly afterconstrainfpropagatiorhasfinished.

pr oc {Distribute Xs}
choi ce case {SelectVar Xs} of nil then skip
[l [X] then N={SelectVal X} in
choice X=N[] X\=N end {Distribute Xs}
end
end
end

Fig. 3. Programming distribution stratgy with choices.

After synchronizingpnstability, Selectvar  selectsaavariableX thathasmorethan
one possiblevalueleft, whereasSelectval — selectsone possiblevalueN for X. The
binarychoicestateshateitherX is equalor notequalto N. Thefirst-fail stratgy asused
in Sectionb, for example,would implementSelectvar  asto returnthevariablewith
thesmallesinumberof possiblevaluesandSelectval — asto returnits minimalvalue.

7 Best Solution Search

Bestsolution searchdeterminesa bestsolutionwith respecto a problem-dependent
orderingamongthe solutionsof a problem.lIt is importantto not explore the entire



searchtreeof a problembut to usesolutionsasthey arefoundto prunetherestof the
searctspaceasmuchaspossible.

An Example:SendMostMoney. Let usreconsidethe exampleof Section5. Suppose
thatwe wantto find the solutionof the puzzle SEND+ MOST= MONEY wherewe
cangetthemostmoneg/: MONEY shouldbeaslargeaspossible For this, we definethe
binaryprocedureMore thattakestwo rootvariablesDandN andimposegheconstraint
thatN is betterthanO ( O.m returnsthevariableat field min recordO):
proc {More O N}
0.m*10000 + 0.0*1000 + O.n*100 + O.e*10 + Oy <:
N.m*10000 + N.0*1000 + N.n*100 + N.e*10 + N.y
end

We cansearchfor the bestsolutionby {SearchBest Money More} (SearchBest
will beexplainedlater),which returnsa singletonlist with the bestsolutionasfollows:

[money(d:2 e:7 m:1 n:8 00 s9 t4 y:6)]

Essentiafor bestsolutionsearchs to injectto a spaceanadditionalconstrainthat
thesolutionmustbe betterthana previously foundsolution. Theprocedure
proc {Constrain S Sols O}
{Inject S proc {$ NR}
ORin {Merge {Clone SolS} OR} {O OR NR}

end}
end

takesa spaces, a solvedspaceSolS (the sofar bestsolution)anda binary procedure
implementingheorder(e.g.,More in theabore example) It injectsinto S theconstraint
thatS mustyield a bettersolutionthanSolS which is implementedy anorderOon
the constraintsaccessiblérom the root variablesof the solutionandthe spaces itself.
Note that the solution’s constraintsare madeaccessibldoy memging a clone of SolS
ratherthanmelging SolS itself. Thisallowsto useSolS againwith Constrain  andto
possiblyreturnit asbestsolution.

The procedureBAB (shavn in Figure4) implementsbranch-and-boundearch.it
takesthe spaces to be explored, the spaceSolS asthe so far bestsolution,andthe
orderO asargumentslt returnsthe spacefor the bestsolutionor nil  if no solution
exists.Initially, SolS isnil . TheprocedurenaintaingheinvariantthatS canonly lead
to a solutionthatis betterthan SolS . In casethat S is failed the so far bestsolution
is returned.In cases is solved, it is returnedas a new and bettersolution (which is
guaranteedby the invariant). The centralpartis shadedyray: if following the first al-
ternatve returnsa bettersolution(the invariantensureghata differentspaceis alsoa
betterone),the spacefor the secondalternatve is constrainedo yield an even better
solutionthanSolS . Note that herethe uniqueidentity of spacess exploited andthat
nil is differentfrom ary spaceThelatterensureshatConstrain  nevergetsapplied
tonil . A procedureSearchBest asusedin theabove examplecanbeobtainedeasily
Likethe searchenginespresentedofar, it createsa spacerunningthe procedureo be
solved,appliesBAB, andpossiblyreturnsthe bestsolution.

A differenttechniquefor bestsolutionsearchis restart.After a solutionis found,
searctrestartsfrom the original problemtogethemwith the constrainto yield a better



fun {BAB S SolS O}
case {Ask S} of failed then SolS
[ succeeded then S
[ alternatives t hen
C={Clone S} {Commit S 1} {Commit C 2}
NewS={BAB S SolS O}

case NewS==SolS then skip el se {Constrain C NewS O} end
{BAB C NewsS 0O}
end
end

Fig. 4. Branch-and-bounbestsolutionsearchengine.

solution. Supposes is a spacefor the problemto be solved. A bestsolutioncanbe
computedby iteratingapplicationof a searchengineto a clone of S andapplication
of Constrain  until no furthersolutionis found. Then,the last solutionfoundis best.
Restaricanbebeneficialif it is easierto find afirst solutionratherthanexploring large
partsof the searchtreeto proceedfrom one solutionto a betterone by branch-and-
bound.Any single solution searchenginecan be usedtogetherwith the restarttech-
nique.For example limited discrepang searchseeSection8) togethemwith restartcan
computea solutionthatis an upperboundfor a bestsolution. Thenbranch-and-bound
searctcanbeusedto find a solutionbetterthanthis upperbound.

8 Limited Discrepancy Search

Usually distribution stratgies follow a heuristicthat hasbeencarefully designedo
suggesmostoften“good” alternatves,wheregoodalternatvesarethoseleadingto a
solution. This is taken into accountby limited discrepang search(LDS), which has
beenintroducedby Harvey and Ginsbeg [6]. LDS hasbeensuccessfullyappliedto
schedulingproblemg3]. Experimentatesultson frequeny assignmenproblemg15]
provide evidencefor the potentialof LDS in constrainpprogramming.

Centralto LDS is to probethe search
tree with a fixed numberof discrepancies.
A discrepancyis a decisionmadeduring

exploration of the searchtree againstthe

heuristic.In our settinga discrepang thus amountsto committingto the secondal-
ternatve of a choicefirst, ratherthanto its first alternatve. Probing meanso explore
the searchtreewith a fixed numberof discrepancies. Probingfor d = 0,1, and2 is
sketchedto the right, wherediscrepancieare shovn asthick vertices(the illustration
is adaptedrom [6]).

Sinceonly little informationis available at the root of the searchtree, it is more
likely for a heuristicto make awrongsuggestiorthere.Probingtakesthis into account
by makingdiscrepanciesat the root of the searchtreefirst. If this doesnot leadto a
solutiondiscrepanciearemadefurtherdownin thetree(assketchedoy theorderin the
illustrationabove).



fun {Probe S N}
case {Ask S} of failed then nil
[ succeeded then [S]
[ alternatives t hen
case N>0 then C={Clone S} in
{Commit S 2}
case {Probe S N-1} of nil then {Commit C 1} {Probe C N}
0 [Tl then [T]
end
el se {Commit S 1} {Probe S 0}
end
end
end

Fig. 5. Probingfor limited discrepang search.

LDS now iteratesprobingwith 0,1, 2, ... discrepanciesntil a solutionis foundor
agivenlimit for thediscrepanciess reached.

Figure5 showvs Probe thatimplementsprobing.It takesa spaces andthe number
of discrepancienl asinput, andreturnseithertheemptylist in caseno solutionis found
orasingletonlist containingasolvedspaceThecasenherethespacas failedor solved
is asusual.If S is distributableandN is greaterthanzero,a discrepang is made(by
{Commit S 2}). If therecursveapplicationof probingwith onediscrepang lessdoes
notyield a solution,probingcontinuesby makingthe discrepang furtherdown in the
searchtree.Otherwisg(thatis, Nis zero)probingcontinueswithoutary discrepang.

It is interestingthat the programshawn in Figure5 is closeboth in lengthand
structureto the pseudo-codéor probingin [6]. This demonstratethatspacesprovide
anadequatédevel of abstractiorfor searchenginesof thiskind.

A completemplementatiorof LDS thattakesa procedure® anda maximallimit M
for thediscrepancieasinput canbeobtainedstraightforvardly from Probe . Similarto
SearchOne in Sectiond a spaceS runningP is createdThenapplicationof Probe to
acloneof S andthe numberof allowed discrepanciess iterateduntil eithera solution
is foundor thediscrepang limit Mis reached.

9 TheOzExplorer: A Visual Search Engine

The Oz Explorer[11] is a visual searchenginethat supportsthe developmentof con-
straintprogramslt usesthe searchtree asits centralmetaphorThe usercaninterac-
tively explorethesearchreewhichis visualizedasit is explored.Visible nodescarryas
informationthe correspondingomputatiorspacehatcanbe accessethteractiely by
predefinedr userdefinedproceduresThe Exploreralsosupportdbestsolutionsearch.
The Exploreris implementedusing first-classcomputationspaceslts main data
structureis the searchtree implementedas a tree of objects.Eachnodeis an object
that storesa computationspace.The objects classdepend®on the statusof its stored
spacdthatis, whetherthespacas failed,solved,or distributable)andprovidesmethods
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for explorationandvisual appearancdnvoking an operationat the interfacesendsa
messagéo the objectandtriggersexecutionof thecorrespondingnethod.

The Explorerdemonstratesicely that new andinterestingsearchenginescan be
designedand programmedkasilywith computatiorspacegasis reportedin [11]). In-
teractive explorationpresupposethatsearchs notlimited to adepth-firsistrateyy. User
accesso thecomputatiorstateof asearchree’s noderequireghatcomputatiorspaces
arefirst-class Hence the userof the Explorerdirectly profits from the expressveness
of first-classcomputatiorspaces.

10 Recomputation: Trading Spacefor Time

Whensolvingcomplec real-world problemscomputatiorspacesnight containalarge
numberof variablesandconstraintsSinceClone createsa copy of a spaceto beheld
in memory searchenginesthat createmary clonesmight usetoo much memory A
drasticexampleis the Explorer:It needgo storeall spacesn thealreadyexploredpart
of asearchreeto provide useraccesso them.Thatleadsto spacaequirementsimilar
to breadth-firsisearch A solutionto this problemis recomputationwherespacesare
recomputedn demandatherthanbeingclonedin adwance.

fun {Recompute S Is}
case Is of nil then
{Clone S}

B

0 1 t hen
C={Recompute S Ir}
in
{Commit C 1} C
end
end

< 5\
£ B

iw i A .(
A={Recompute R [2 1 1]}

B={Recompute
C={Recompute

R[2 11}
R[2 12}

Fig. 6. Recomputingpaces.

Theprocedurdrecompute (seeFigure6) recomputesaspacdrom aspaces higher
upin thesearchreeandalist of integersls describinghepathbetweerthetwo spaces.
Thepathis representedottom-up sinceit canbeconstructecasilythatway by adding
thealternatve’'s numberto the path's headduringtop-down exploration.

Themostextremeversionof recomputatioris to alwaysrecomputdrom thesearch
trees root space.The procedureDFE as shavn in Figure 1 can be extendedby two
additionalaguments:R for the root spaceandls for the path of the currentspace
S to the root. Cloning is replacedby recomputationRecursie applicationsof DFE
additionallymaintainthe pathto theroot of the searchree.For example thepartof the
searctenginethatexploresthe secondalternatve of a spacdooksasfollows:

- C={Recompute R Is} in {Commit C 2} {DFE C R 2|Is}

A morepracticalstratey for recomputatioris theideaof amaximalrecomputation
distancen: Cloneaspaceoncein awhile suchthatrecomputatiomevermustrecompute
morethann applicationsof Commit. For example the Exploreruseghis strateyy.

11



11 A Generic Saturation Engine

This sectionshavs how to build a genericsaturation(for saturatiorseeSection2) en-
ginefrom computatiorspacesThe engineis genericin the sensehatit is not limited
to Booleanproblems.

AnExample As anexamplewe applysaturatiorto checkwhetherthe Boolearformula
AA (BV (AAB)) is unsatisfiableDoesAA (BV (AAB)) < 0 hold, where< reads
asequivalenceand 0 asfalse.The first stepis a translationinto so-calledtriplets by
introducingnew BooleanvariablesC andD: AAB < C,BvC & D, andAAD < 0.
Whatis calledtripletsin thesaturatioriteraturewe implementasBoolearnpropagators:
proc {P Xs} [A B CD]=Xs in
Xs 1 0#1
{FD.conj A B C} {FD.disj B C D} {FD.conj A D 0}
{SatDist  Xs}
end

Here Xs::0#1  constrainghe variablesA, B, C, and D to take Booleanvaluesand
FD.conj (FD.disj ) spawvnsa propagatoffor equivalenceto a conjunction(disjunc-
tion). Thedetailsof SatDist areexplainedbelaw. It is importantto alsotake into ac-
countvariablesntroducedfor subformulagC andD in our example)[5]. For example,
distribution andcombinationon C canaddinformationon bothA andB.

During saturatiorthe following happenskFirst, constraintpropagatiortakes place
but cannotaddnew constraintsSupposéhatSatDist  distributesfirst on A. Constraint
propagatiorin the spacefor A=0 addsC=0 (by {FD.conj A B C}), in the spacefor
A=1it firstaddsD=0 (by {FD.conj A D 0}), andin turnB=0 andC=0 (by {FD.disj
B C D}). CombinatiorthenaddshecommonconstrainC=0 backto theoriginal space,
without triggering further constraintpropagationDistribution on the remainingvari-
ablesdo not exhibit furtherinformation.Hence saturatiorcould neitherprove nor dis-
provetheformulaunsatisfiable.

Distribution. The distribution stratey SatDist for 1-saturatiorasusedin the above
exampletakesasagumentslist of Booleanvariablesxs to bedistributed.For asingle
variableX threealternatvesareneededTwo alternatvesstatethat X takeseithero or
1. Thethird alternatve allows to proceedwithout assigninga valueto X. Thesethree
alternatvesareprogrammedrom two nestedchoicesassketchedn Figure?.

pr.o.c‘ {SatDist  Xs} o X=0

choice choice X=0[] X=1 end

0 Ki 1/3(2\0 X=1
skip =
end a&z
\o skip

end

Fig. 7. Distribution for saturation.
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To committo thealternatve for X=0 (X=1), first theouterchoicemustbecommitted
to its first clause,and thenthe inner choice must be committedto its first (second)
clause To proceedwithout assigninga valueto X, the outerchoicemustbe committed
to its secondclause.This protocolof committingchoiceswill beimplementedoy the
saturatiorengine.

Choicecreationis iteratedfor all variablesx in Xs notyet assignedx valueuntil a
fixed pointis reachedThefixed pointis reachedvhenthe numberof variablesnotyet
assignea valuehasnot changedafteranentireiterationover all variables.

Combination. As distribution, combinationis specificto theunderlyingconstrainsys-
tem.To parameterizéhesaturatiorenginewith respecto combinationtheenginetakes
aprocedurdor combinatiornasinput. Thecombinatiorprocedurdor the Booleancase
takesthreelists X0s, X1s, andXs of Booleanvariables,of which X0s andX1s have

beencomputeddy the space®obtainedoy distribution. Xs arethevariablesof the orig-

inal spaceA simplestrat@y is: If avariablehasassignedhesamevaluen € {0,1} in

bothX0s andX1s, thevariableatthatpositionin Xs is assignedo n.

fun {Sat S CB}
case {Ask S}==alternatives t hen
S0={Clone S} {Commit SO 1} {Commit SO 1}
S1={Clone S} {Commit S1 1} {Commit S1 2}

case {Ask SOQ}==failed then {Sat S1 CB}
el secase {Ask Sl}==failed then {Sat SO CB}
else RORl in
{Merge SO RO} {Merge S1 R1}
{Inject S proc {$ R} {CB RO R1 R} end}
{Commit S 2} {Sat S CB}
end
else S
end
end

Fig. 8. A genericsaturatiorengine.

TheSatuation Engine Theproceduresat (shavn in Figure8) takesasinputa space
S anda procedurecBfor combinationSat returnsa saturatedomputatiorspacelf S
is not distributable,it is returned.If S is distributable,two clonesSo andS1 of S are
createdandarecommittedto their appropriatealternatves(with the distribution strat-
egy presentedabove, in SO (S1) the value0 (1) is assignedo the variableX). If SO
(S1) fails, saturationcontinueswith S1 (S0). Otherwise,combinationis doneasfol-
lows. Merging the spacess0 andS1 makestheir root variableswith the corresponding
constraintaccessibldy RO andR1. Executionof CBwithin S addsbasicconstrainton
variablesaccessiblédrom R andmighttriggerfurtherconstrainfpropagationn S.
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Thesaturatiorengineis parametrizethy the problemandhow combinatioris done.
Similarto searchthechoicescreatedy thedistribution stratgly comprisegheinterface
betweerproblemandsaturatiorengine.The saturationengineaspresentecbove can
alsobe appliedto non Booleanfinite domainproblems.The distribution stratgyy can
still follow the samestructureaspresentecbove. However, it mustemploy constraints
thatfit thecontext of finite domainvariablesasalternatves.Combinationin this contet
mustalsobe generalizedCombinatiorof thebasicconstraintx € Dg andx € D4 leads
to the basicconstraini € (Do U Dy).

The engineonly supportsl-saturation.To implementn-saturationfor n > 1, the
distribution strateyy must be extendedto recursvely createadditionalchoices.This
alsorequireghe saturatiorengineto handletheseadditionalchoices.

Sincesearchenginesas well asthe saturationenginecomputewith spacesit is
straightforvard to combinethem. One possibleapproachis to first usesaturationto
infer asmary additionalbasicconstraintsas possible andthenusesearchto actually
solve theproblem.A differentapproachs to interleave searchandsaturation.

12 Conclusion

We have presentedirst-classcomputationspacesas an abstractionto develop and
programconstraintinferenceenginesat a high level. Computationspaceshave been
demonstratetb cover single,all, andbestsolutionsearchwhich aretheinferenceen-
ginesfound in existing constraintprogrammingsystemsUsing computationspaces,
we have developedinferenceenginedor limited discrepang searchyisualsearchand
saturationThis hasdemonstratethat computatiorspacesanbe appliedto inference
engineghatgo beyondexisting constrainfprogrammingsystems.

We areconfidenthatcomputatiorspacesshigh-level abstractionsnakeit possible
to adapt(like saturation)and invent (like visual search)further constraintinference
methodsWe expectthat by this, computationspacescan contribute to the power of
constrainforogramming.
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