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Abstract. Existing constraintprogrammingsystemsoffer a fixed setof infer-
enceenginesimplementingsearchstrategiessuchassingle,all, andbestsolution
search.This is unfortunate,sincenew enginescannotbe integratedby the user.
Thepaperpresentsfirst-classcomputationspacesasabstractionswith which the
usercanprograminferenceenginesatahighlevel.Usingcomputationspaces,the
papercoversseveralinferenceenginesrangingfrom standardsearchstrategiesto
techniquesnew to constraintprogramming,includinglimited discrepancy search,
visual search,andsaturation.Saturationis an inferencemethodfor tautology-
checkingusedin industrialpractice.Computationspaceshave shown their prac-
ticability in theconstraintprogrammingsystemOz.

1 Introduction

ExistingconstraintprogrammingsystemslikeCHIP[4], clp(FD)[2], ECLiPSe[1], and
ILOG Solver [9] offer afixedsetof inferenceenginesfor searchsuchassingle,all, and
bestsolutionsearch.This is unfortunate,sincenew enginescanonly be implemented
by thesystem’sdesignerata low level andcannotbeintegratedby theuser.

The paperpresentsfirst-classcomputationspacesasabstractionswith which the
usercanprograminferenceenginesat a high level. A computationspaceencapsulates
a speculative computationinvolving constraints.Constraintinferenceenginesarepro-
grammedusingoperationson computationspaces.They aremadeavailableasfirst-
classcitizensin theprogramminglanguageto easetheirmanipulationandcontrol.

We demonstratethat computationspacescover a broadspectrumof inferenceen-
ginesrangingfrom standardsearchstrategiesto techniquesnew to constraintprogram-
ming.Thestandardstrategiesdiscussedincludesingle,all, andbranch-and-boundbest
solutionsearch.Their presentationintroducestechniquesfor programmingsearchen-
ginesusingcomputationspaces.It is shown how thesetechniquescarryoverto engines
like iterativedeepening[10] andrestartbestsolutionsearch.

The paperstudieslimited discrepancy search,visual search,andsaturationwhich
arenew to constraintprogramming.Limited discrepancy search(LDS) hasbeenpro-
posedbyHarvey andGinsberg[6] asastrategy toexploit heuristicinformation.A visual
andinteractive searchenginethat supportsthedevelopmentof constraintprogramsis
theOzExplorer[11]. It is anexamplewheretheuserdirectlybenefitsfrom theexpres-
sivenessof computationspaces.Thepaperexplainsrecomputationwhich is relatedto
enginesprogrammedfrom computationspaces.It allowsto solveproblemswith alarge
numberof variablesandconstraintsthatwouldneedtoomuchmemoryotherwise.

Appearsin: GertSmolka,editor, Proceedingsof theThird InternationalConferenceon Prin-
ciplesandPracticeof ConstraintProgramming, LectureNotesin ComputerScience,Schloß
Hagenberg, Austria,October1997.Springer-Verlag.



Saturation(alsoknown asSt̊almarck’smethod)is a methodfor tautology-checking
usedin industrialpractice[5,14].Weshow how agenericsaturationenginecanbebuilt
from first-classcomputationspaces.Theengineis genericin that it is not restrictedto
a particularconstraintsystem,whereassaturationhasbeenoriginally conceivedin the
context of tautology-checkingof Booleanformulae.

The constraintprogrammingsystemOz [8,13] implementscomputationspaces.
While Oz offerscomputationspacesto theexperienceduser, it alsoprovidesa library
of predefinedsearchenginesprogrammedwith computationspacesthat canbe used
without requiringdetailedknowledgeon computationspaces[7]. Searchenginespro-
grammedfrom spacesareefficient. For example,solving schedulingproblemsusing
theseenginesis competitivewith commerciallyavailablesystems[16].

Thiswork is basedonaprevioustreatmentof theso-calledsearchcombinator[12].
It spawnsa local computationspaceandresolvesremainingchoicesby returningthem
asprocedures.First-classcomputationspacessubsumethesearchcombinatorandpro-
vide a more naturalabstractionfor programminginferenceengines.The papercon-
tributesby introducingfirst-classcomputationspaces,but its maincontribution is how
to employ computationspacesfor constraintinferenceenginesthatgobeyondexisting
constraintprogrammingsystems.

Theplanof thepaperis asfollows.Theinferencemethodsstudiedin thepaperare
shown in Section2. Section3 introducesfirst-classcomputationspaces.Therestof the
paperis concernedwith how theinferencemethodspresentedin Section2 canbepro-
grammedwith first-classcomputationspaces.Sections4 to 10 introducevarioussearch
engines,whereasfirst-classcomputationspacesareappliedto saturationin Section11.
Section12givesa brief conclusion.

2 Constraint Inference Methods

Thissectionpresentssearchandsaturationasconstraintinferencemethodsusingcom-
putationspacesastheir centralnotion.

A computationspaceconsistsof propagatorsconnected
to a constraintstore.Theconstraint store holdsinformation
aboutvaluesof variablesexpressedby aconjunctionof basic

propagator����� propagator

constraintstore

constraints.Basicconstraintsarelogic formulaeinterpretedin a fixedfirst-orderstruc-
ture. In the following we restrictourselvesto finite domainconstraints.A basicfinite
domainconstrainthastheform x � D whereD is afinite subsetof thepositive integers.
Otherrelevantbasicconstraintsarex � y andx � n, wheren is a positive integer.

To keepoperationsonbasicconstraintsefficient,moreexpressiveconstraints,called
nonbasic, e.g.,x � y � z, arenotwrittento theconstraintstore.A nonbasicconstraintis
imposedby a propagator. A propagator is a concurrentcomputationalagentthat tries
to amplify thestoreby constraint propagation: Supposea constraintstorehostingthe
constraintC andapropagatorimposingtheconstraintP. Thepropagatorcantell abasic
constraintB to thestore,if C � P entailsB andB addsnew andconsistentinformation
toC. Telling abasicconstraintB updatesthestoreto hostC � B.

A propagatorimposingP disappearsassoonasit detectsthatP is entailedby the
store’s constraints.A propagatorimposingP becomesfailed if it detectsthat P is in-
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consistentwith the constraintshostedby the store.A spaceS is stable, if no further
constraintpropagationin S is possible.A stablespacethatcontainsa failedpropagator
is failed. A stablespacenotcontaininga propagatoris solved.

Distribution. Typically, constraintpropagationis notenoughto solveaconstraintprob-
lem: A spacemaybecomestablebut neithersolvednor failed.Hence,we needdistri-
bution.Distributing a spaceSwith respectto a constraintD yieldstwo spaces:Oneis
obtainedby addingD to Sandtheotheris obtainedby adding � D to S. Theconstraint
D will bechosensuchthataddingof D ( � D) enablesfurtherconstraintpropagation.

Search. To solveaconstraintproblemwith search,aspacecontainingbasicconstraints
andpropagatorsof theproblemis created.Thenconstraintpropagationtakesplaceuntil
thespacebecomesstable.If thespaceis failedor solved,we aredone.Otherwise,we
selectaconstraintD with whichwedistributethespace.A possibledistributionstrategy
for finite domainconstraintproblemsis: Selecta variablex which hasmorethanone
possiblevalueleft andanintegern from thesevaluesandthendistributewith x � n.

Iteratingconstraintpropagationanddistributioncreatesatreeof computationspaces
(“searchtree”) whereleavesarefailed or solvedspaces.In this setup,the searchtree
is definedentirelyby theproblemandthedistribution strategy. An orthogonalissueis
how thesearchtreeis exploredby agivensearchengine.

Saturation. DistributingaspaceSyieldstwo spacesS0 andS1 in whichconstraintprop-
agationcantell new basicconstraintsto thestoresof S0 andS1. Theideaof saturation
is to addbasicconstraintsto Sby combiningS0 andS1: addthebasicconstraintsthat
arecommonto bothS0 andS1 backto theoriginal spaceS. This might enablefurther
constraintpropagationwithin S. Distributionof Sandcombinationbackto S is iterated
until a fixedpoint is reached.In thesaturationliterature,distribution andcombination
togetheris referredto asso-calleddilemmarule.

Saturationis commonlyappliedto propositionalsatisfiabilityproblemsinvolving
Booleanvariables(finite domainvariablesrestrictedto take either0 (false)or 1 (true)
asvalue).In this context, a possibledistribution strategy is: selecta variablex from
somefixedsetof variablesX andproceedfrom aspaceSby distributionto spacesS0 by
addingx � 0 andS1 by addingx � 1. After constraintpropagationhasfinished,S0 and
S1 arecombinedasfollows: For eachvariabley � X wherebothS0 andS1 containthe
basicconstrainty � n (n �	� 0 
 1 � ), theconstrainty � n is addedbackto S. Distribution
andcombinationis iteratedfor all variablesin X until eitherS becomesfailed or an
entireiterationover all variablesin X addsno new basicconstraintsto S. If oneof S0

or S1 fails,saturationproceedswith theotherspace.Notethatsaturation,in contrastto
search,is incomplete:aftersaturationfinishesthespacemightnotbesolved.

Saturationassketchedabove considersonly a singlevariableat a time andthusis
called1-saturation.n-Saturationtakesn variablessimultaneouslyinto account:it recur-
sively applies� n 
 1 � -saturationto thespacesS0 andS1 obtainedby distribution,where
0-saturationcoincideswith constraintpropagation.In practiceonly 1-saturationand2-
saturationareused.Harrisonreportsin [5] that the unsatisfiabilityof many practical
formulaecanin factbeprovedwith 1-saturation.
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3 First-Class Computation Spaces

Section2 demonstratesthat computationspacesare a powerful abstractionfor con-
straintinferencemethods.To controlandmanipulatecomputationspacesasneededin
inferenceengines,they shouldbeavailableasfirst-classentities.Theprogramminglan-
guageOz[8,13]providescomputationspacesasfirst-classcitizens.They canbepassed
asargumentsof procedures,canbetestedfor equalityandthelike.They canbecreated,
their statuscanbeaskedfor, they canbecopied,their constraintscanbeaccessed,and
additionalconstraintscanbeinjectedinto them.

Besidesconstraintstoreandpropagators,a computationspacealsohoststhreads.
Like propagators,threadsareconcurrentcomputationalentities.A thread is a stackof
statements.It runsby reducingits topmoststatement,possiblyreplacingthe reduced
statementwith new statements.Threadssynchronizeon their topmoststatement:if the
topmoststatementcannotbereduced,theentirethreadcannotbereduced;wesayit sus-
pends. Statementsincludeprocedureapplication,proceduredefinition,variabledeclara-
tion, sequentialcompositionof statements,tell statement,conditionalstatement,thread
creation,propagatorcreation,andso-calledchoices.A choiceis eitherunary(choice
S end) or binary (choice S1 [] S2 end) whereS, S1, andS2 arestatementscalled
alternatives. A threadwith achoiceastopmoststatementsuspends.

Reductionof the statementS={NewSpace P} createsa new computationspace,
whereP is a unaryprocedureandS yieldsa referenceto thenewly createdspace.The
newly createdspacefeaturesa singlefreshvariable,the so-calledroot variable. In S

a threadis createdthatcontainsasits singlestatementtheapplicationof P to theroot
variable.Typically, the procedureP representsthe problemto be solved,andits sin-
gle argumentgivesaccessto thesolutionof theproblem(seetheprocedureMoney in
Section5). Runningthe newly createdthreadtypically createsvariables,addsbasic
constraintsto thestore,spawnsfurtherpropagators,andcreatesfurtherthreads.

A computationspaceS is stableif nothreadandnopropagatorin S canreduce,and
cannotbecomereducibleby meansof any othercomputation(moredetailsonstability
canbefoundin [12]). A computationspaceS is failed if it containsafailedpropagator.
Whena computationspacebecomesstableandcontainsa threadwith a unarychoice
asits topmoststatement,theunarychoiceis replacedby its alternative.Thatis, aunary
choicesynchronizesonstability(thisis usedto programdistributionstrategies,seeSec-
tion 6). A stablecomputationspacenot containingthreadswith unarychoicesbut with
binarychoicesastheir first statementsis calleddistributable. Whena spacebecomes
distributableonethreadcontaininga binarychoiceasits topmoststatementis selected.
A stablespaceis succeeded, if it doesnotcontainthreadswhichsuspendonchoices.

A computationspaceS canbe asked by A={Ask S} for its status.As soonasS

becomesstable,thevariableA getsbound.If S is failedthenA is boundto failed . If S

is distributable,A is boundto alternatives . Otherwise,A is boundto succeeded .
A distributablespaceS allows to commit to onealternative of theselectedchoice.

By {Commit S I} thespaceS commitsto the I -th alternative of theselectedchoice.
That is, thechoiceis replacedby its I -th alternative.To explorebothalternativesof a
selectedchoice,stablecomputationspacescanbecloned.Reductionof C={Clone S}

createsa new computationspaceCwhich is a copy of thestablespaceS.
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The operation{Inject S P} takesa spaceS anda unaryprocedureP asargu-
ments.Similarto spacecreation,it createsanew threadthatcontainsassinglestatement
theapplicationof P to theroot variableof S. For example,combinationfor saturation
usesInject to addconstraintsto analreadyexistingspace.

The constraintsof a local computationspaceS can be accessedby Merge . Re-
ductionof {Merge S X} bindsX to the root variableof S andthendiscardsS. The
constraintsthatwerereferredto by therootvariableof S cannow bereferredto by X.

Thepresentationherehasbeensimplifiedin twoaspects.Firstly, onlybinarychoices
areconsideredhere.Oz in factprovidesalsofor non-binarychoices,this requiresthe
operationsAsk andCommit to be generalizedin a straightforward manner. The sec-
ondsimplificationconcernsthesetupof spacesin Oz.Regularcomputationsin Oz are
carriedout in theso-calledtop-level computationspace.Computationsinvolving con-
straintpropagationanddistribution arespeculative in thesensethatfailureis a regular
event.Thesecomputationsareencapsulatedby first-classcomputationspaces.It is per-
fectly possiblein Ozto createfirst-classspaceswithin first-classspaces(think of nested
searchengines)which leadsto a treeof computationspaces(not to beconfusedwith a
searchtree).

4 Depth-First Search

To familiarizethereaderwith programminginferenceenginesusingspaces,thissection
introducessimpledepth-firstsearchengines.

fun {DFE S}
case {Ask S} of failed then nil
[] succeeded then [S]
[] alternatives then C={Clone S} in

{Commit S 1}
case {DFE S} of nil then {Commit C 2} {DFE C}
[] [T] then [T]
end

end
end

Fig. 1. Depth-firstsinglesolutionsearch.

The procedureDFE (seeFigure1) takesa spaceasargumentandtries to solve it
following adepth-firststrategy. If nosolutionis found,but searchterminates,theempty
list nil is returned.Otherwise,the procedurereturnsthe singletonlist [T] whereT

is a succeededcomputationspace.Dependingon the statusof S (as determinedby
Ask ), eithertheemptylist nil or a singletonlist containingS is returned.Otherwise,
after distributing with the first clause(by {Commit S 1} ) explorationis carriedout
recursively. If this doesnot yield a solution(i.e., nil is returned),a cloneC of S is
distributedwith thesecondclauseandC is solvedrecursively.
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To turn theprocedureDFE into a searchenginethatcanbeusedeasily, withoutany
knowledgeaboutspaces,wedefinethefollowing procedure:

fun {SearchOne P}
case {DFE {NewSpace P}} of nil then nil
[] [S] then X in {Merge S X} [X]
end

end

SearchOne takesa unaryprocedureasinput,createsa new spacein which theproce-
dureP is run, andappliesthe procedureDFE to the newly createdspace.In caseDFE

returnsa solvedspace,its root variableis returnedin a list.
ThesearchengineDFEcanbeadaptedeasilytoaccommodatefor all solutionsearch,

wheretheentiresearchtreeis exploredanda list of all solvedspacesis returned.It is
sufficient to replacetheshadedlinesin Figure1 with:

{Commit S 1} {Commit C 2} {Append {DFE S} {DFE C}}

Otherdepth-firstsearchenginescanbeprogrammedfollowing thestructureof the
programin Figure1.Forexample,asearchenginethatputsadepthlimit ontheexplored
part of the searchtreewould just addsupportfor maintainingthe explorationdepth
(incrementingthe depthon eachrecursive applicationof DFE). Increasingthe depth
limit until eithera solution is found or the entire searchtree is explored within the
depthlimit thenyieldsiterativedeepening[10].

5 An Example: Send Most Money

Let us considera variationof a popularpuzzle:Find distinct digits for the variables
S, E, N, D, M, O, T, Y suchthat S �� 0, M �� 0 (no leadingzeros)andthe equation
SEND� MOST � MONEYholds.Theprogramfor thispuzzleis shown in Figure2.

proc {Money Root}
money(s:S e:E n:N d:D m:M o:O t:T y:Y) = Root

in
Root ::: 0#9
{FD.distinct Root} S\=:0 M\=:0

S*1000 + E*100 + N*10 + D
+ M*1000 + O*100 + S*10 + T

=: M*10000 + O*1000 + N*100 + E*10 + Y
{FD.distribute ff Root}

end

Fig. 2. A programfor the SEND� MOST � MONEYpuzzle.

Theproblemis definedasunaryprocedure,whereits singleargumentRoot is con-
strainedto thesolutionof theproblem.Here,thesolutionis a recordthatmapsletters
to variablesfor thedigits.Executionof Root ::: 0#9 tells thebasicconstraintsthat
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eachfield of Root is an integer between0 and9. The propagatorFD.distinct en-
forcesall fieldsof therecordto bedistinct,whereasthepropagatorsS\=:0 andM\=:0

enforcethe variablesS andM to be distinct from zero.The gray-shadedlines display
thepropagatorthatenforcesSEND� MOST � MONEY. Thevariablesfor the letters
aredistributed(by FD.distribute ) accordingto a strategy assketchedin Section2,
wherevariableselectionfollows the first-fail heuristic:the variablewith the smallest
numberof possiblevaluesis distributedfirst.

Applying the searchengine(i.e., SearchOne ) to the problem (i.e., Money) by
{SearchOne Money} returnsthefollowing first solution:

[money(d:2 e:3 m:1 n:4 o:0 s:9 t:5 y:7)]

Searchenginesusuallyarenotbuilt from scratch.Ozcomeswith a library of prede-
finedsearchengines[7] programmedfrom computationspaces.Theinterfacebetween
searchengineandproblemis well definedby thechoicesascreatedby thedistribution
strategy. Thenext sectionshowshow to programdistributionstrategieswith choices.

6 Programming Distribution Strategies

Figure3 shows a distribution strategy similar to thatmentionedin Section2. Thepro-
cedureDistribute takesa list of finite domainvariablesto be distributed.A unary
choiceis employedto synchronizetheexecutionof thegray-shadedstatementonstabil-
ity of theexecutingspace.Sinceadistributionstrategy typically inspectstheconstraint
store’scurrentstate,it is importantthatvariableandvalueselectionfor choicecreation
takesplaceonly afterconstraintpropagationhasfinished.

proc {Distribute Xs}
choice case {SelectVar Xs} of nil then skip

[] [X] then N={SelectVal X} in
choice X=N [] X\=:N end {Distribute Xs}

end
end

end

Fig. 3. Programmingadistributionstrategy with choices.

After synchronizingonstability, SelectVar selectsavariableX thathasmorethan
onepossiblevalue left, whereasSelectVal selectsonepossiblevalueN for X. The
binarychoicestatesthateitherX is equalor notequalto N. Thefirst-fail strategy asused
in Section5, for example,would implementSelectVar asto returnthevariablewith
thesmallestnumberof possiblevaluesandSelectVal asto returnits minimalvalue.

7 Best Solution Search

Bestsolutionsearchdeterminesa bestsolutionwith respectto a problem-dependent
orderingamongthe solutionsof a problem.It is importantto not explore the entire
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searchtreeof a problembut to usesolutionsasthey arefoundto prunetherestof the
searchspaceasmuchaspossible.

An Example:SendMostMoney. Let usreconsidertheexampleof Section5. Suppose
thatwe want to find thesolutionof thepuzzle SEND� MOST � MONEYwherewe
cangetthemostmoney: MONEYshouldbeaslargeaspossible.For this,wedefinethe
binaryprocedureMore thattakestwo rootvariablesOandNandimposestheconstraint
thatN is betterthanO( O.m returnsthevariableat field min recordO):

proc {More O N}
O.m*10000 + O.o*1000 + O.n*100 + O.e*10 + O.y <:
N.m*10000 + N.o*1000 + N.n*100 + N.e*10 + N.y

end

We cansearchfor the bestsolutionby {SearchBest Money More} (SearchBest

will beexplainedlater),which returnsa singletonlist with thebestsolutionasfollows:

[money(d:2 e:7 m:1 n:8 o:0 s:9 t:4 y:6)]

Essentialfor bestsolutionsearchis to inject to a spaceanadditionalconstraintthat
thesolutionmustbebetterthana previously foundsolution.Theprocedure

proc {Constrain S SolS O}
{Inject S proc {$ NR}

OR in {Merge {Clone SolS} OR} {O OR NR}
end}

end

takesa spaceS, a solvedspaceSolS (thesofar bestsolution)anda binaryprocedure
implementingtheorder(e.g.,More in theaboveexample).It injectsinto S theconstraint
that S mustyield a bettersolutionthanSolS which is implementedby anorderO on
theconstraintsaccessiblefrom theroot variablesof thesolutionandthespaceS itself.
Note that the solution’s constraintsaremadeaccessibleby merging a cloneof SolS

ratherthanmergingSolS itself. Thisallowsto useSolS againwith Constrain andto
possiblyreturnit asbestsolution.

The procedureBAB (shown in Figure4) implementsbranch-and-boundsearch.It
takesthe spaceS to be explored,the spaceSolS asthe so far bestsolution,andthe
orderO asarguments.It returnsthe spacefor the bestsolutionor nil if no solution
exists.Initially, SolS is nil . TheproceduremaintainstheinvariantthatS canonly lead
to a solutionthat is betterthanSolS . In casethat S is failed the so far bestsolution
is returned.In caseS is solved, it is returnedasa new andbettersolution(which is
guaranteedby the invariant).Thecentralpart is shadedgray: if following thefirst al-
ternative returnsa bettersolution(the invariantensuresthata differentspaceis alsoa
betterone),the spacefor the secondalternative is constrainedto yield an evenbetter
solutionthanSolS . Note that herethe uniqueidentity of spacesis exploitedandthat
nil is differentfrom any space.ThelatterensuresthatConstrain nevergetsapplied
to nil . A procedureSearchBest asusedin theaboveexamplecanbeobtainedeasily.
Like thesearchenginespresentedsofar, it createsa spacerunningtheprocedureto be
solved,appliesBAB, andpossiblyreturnsthebestsolution.

A differenttechniquefor bestsolutionsearchis restart.After a solutionis found,
searchrestartsfrom theoriginal problemtogetherwith theconstraintto yield a better
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fun {BAB S SolS O}
case {Ask S} of failed then SolS
[] succeeded then S
[] alternatives then

C={Clone S} {Commit S 1} {Commit C 2}
NewS={BAB S SolS O}

in
case NewS==SolS then skip else {Constrain C NewS O} end
{BAB C NewS O}

end
end

Fig. 4. Branch-and-boundbestsolutionsearchengine.

solution.SupposeS is a spacefor the problemto be solved. A bestsolutioncan be
computedby iteratingapplicationof a searchengineto a cloneof S andapplication
of Constrain until no furthersolutionis found.Then,the lastsolutionfoundis best.
Restartcanbebeneficialif it is easierto find a first solutionratherthanexploring large
partsof the searchtree to proceedfrom onesolution to a betteroneby branch-and-
bound.Any singlesolutionsearchenginecanbe usedtogetherwith the restarttech-
nique.For example,limited discrepancy search(seeSection8) togetherwith restartcan
computea solutionthat is anupperboundfor a bestsolution.Thenbranch-and-bound
searchcanbeusedto find a solutionbetterthanthisupperbound.

8 Limited Discrepancy Search

Usually distribution strategies follow a heuristicthat hasbeencarefully designedto
suggestmostoften“good” alternatives,wheregoodalternativesarethoseleadingto a
solution.This is taken into accountby limited discrepancy search(LDS), which has
beenintroducedby Harvey andGinsberg [6]. LDS hasbeensuccessfullyappliedto
schedulingproblems[3]. Experimentalresultson frequency assignmentproblems[15]
provideevidencefor thepotentialof LDS in constraintprogramming.

Centralto LDS is to probe the search
treewith a fixed numberof discrepancies.
A discrepancyis a decisionmadeduring
exploration of the searchtree againstthe
heuristic.In our settinga discrepancy thusamountsto committing to the secondal-
ternative of a choicefirst, ratherthanto its first alternative. Probingmeansto explore
the searchtreewith a fixednumberof discrepanciesd. Probingfor d � 0 
 1, and2 is
sketchedto theright, wherediscrepanciesareshown asthick vertices(the illustration
is adaptedfrom [6]).

Sinceonly little informationis availableat the root of the searchtree,it is more
likely for a heuristicto make a wrongsuggestionthere.Probingtakesthis into account
by makingdiscrepanciesat the root of the searchtreefirst. If this doesnot leadto a
solutiondiscrepanciesaremadefurtherdown in thetree(assketchedby theorderin the
illustrationabove).
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fun {Probe S N}
case {Ask S} of failed then nil
[] succeeded then [S]
[] alternatives then

case N>0 then C={Clone S} in
{Commit S 2}
case {Probe S N-1} of nil then {Commit C 1} {Probe C N}
[] [T] then [T]
end

else {Commit S 1} {Probe S 0}
end

end
end

Fig. 5. Probingfor limited discrepancy search.

LDS now iteratesprobingwith 0, 1, 2, ����� discrepanciesuntil a solutionis foundor
a givenlimit for thediscrepanciesis reached.

Figure5 shows Probe that implementsprobing.It takesa spaceS andthenumber
of discrepanciesNasinput,andreturnseithertheemptylist in casenosolutionis found
or asingletonlist containingasolvedspace.Thecasewherethespaceis failedor solved
is asusual.If S is distributableandN is greaterthanzero,a discrepancy is made(by
{Commit S 2} ). If therecursiveapplicationof probingwith onediscrepancy lessdoes
not yield a solution,probingcontinuesby makingthediscrepancy furtherdown in the
searchtree.Otherwise(thatis, N is zero)probingcontinueswithoutany discrepancy.

It is interestingthat the programshown in Figure 5 is closeboth in length and
structureto thepseudo-codefor probingin [6]. This demonstratesthatspacesprovide
anadequatelevel of abstractionfor searchenginesof thiskind.

A completeimplementationof LDS thattakesaprocedureP andamaximallimit M

for thediscrepanciesasinputcanbeobtainedstraightforwardlyfrom Probe . Similar to
SearchOne in Section4 a spaceS runningP is created.Thenapplicationof Probe to
a cloneof S andthenumberof alloweddiscrepanciesis iterateduntil eithera solution
is foundor thediscrepancy limit Mis reached.

9 The Oz Explorer: A Visual Search Engine

TheOz Explorer[11] is a visualsearchenginethatsupportsthedevelopmentof con-
straintprograms.It usesthe searchtreeasits centralmetaphor. Theusercaninterac-
tively explorethesearchtreewhichis visualizedasit is explored.Visiblenodescarryas
informationthecorrespondingcomputationspacethatcanbeaccessedinteractively by
predefinedor user-definedprocedures.TheExploreralsosupportsbestsolutionsearch.

The Explorer is implementedusing first-classcomputationspaces.Its main data
structureis the searchtree implementedasa treeof objects.Eachnodeis an object
thatstoresa computationspace.Theobject’s classdependson thestatusof its stored
space(thatis,whetherthespaceis failed,solved,or distributable)andprovidesmethods
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for explorationandvisual appearance.Invoking an operationat the interfacesendsa
messageto theobjectandtriggersexecutionof thecorrespondingmethod.

The Explorerdemonstratesnicely that new andinterestingsearchenginescanbe
designedandprogrammedeasilywith computationspaces(asis reportedin [11]). In-
teractiveexplorationpresupposesthatsearchis notlimited toadepth-firststrategy. User
accessto thecomputationstateof asearchtree’snoderequiresthatcomputationspaces
arefirst-class.Hence,theuserof theExplorerdirectly profits from theexpressiveness
of first-classcomputationspaces.

10 Recomputation: Trading Space for Time

Whensolvingcomplex real-world problems,computationspacesmightcontaina large
numberof variablesandconstraints.SinceClone createsa copy of a spaceto beheld
in memory, searchenginesthat createmany clonesmight usetoo muchmemory. A
drasticexampleis theExplorer:It needsto storeall spacesin thealreadyexploredpart
of asearchtreeto provideuseraccessto them.Thatleadsto spacerequirementssimilar
to breadth-firstsearch.A solutionto this problemis recomputation,wherespacesare
recomputedondemandratherthanbeingclonedin advance.

fun {Recompute S Is}
case Is of nil then

{Clone S}
[] I|Ir then

C={Recompute S Ir}
in

{Commit C I} C
end

end

1 2

1 2 1 2

1 2 1 2 1 2

A

B

C

R

A={Recompute R [2 1 1]}
B={Recompute R [2 1]}
C={Recompute R [2 1 2]}

Fig. 6. Recomputingspaces.

TheprocedureRecompute (seeFigure6) recomputesaspacefrom aspaceS higher
upin thesearchtreeandalist of integersIs describingthepathbetweenthetwo spaces.
Thepathis representedbottom-up,sinceit canbeconstructedeasilythatwayby adding
thealternative’snumberto thepath’sheadduringtop-down exploration.

Themostextremeversionof recomputationis to alwaysrecomputefrom thesearch
tree’s root space.The procedureDFE as shown in Figure 1 can be extendedby two
additionalarguments:R for the root spaceand Is for the path of the currentspace
S to the root. Cloning is replacedby recomputation.Recursive applicationsof DFE

additionallymaintainthepathto therootof thesearchtree.For example,thepartof the
searchenginethatexploresthesecondalternativeof a spacelooksasfollows:

����� C={Recompute R Is} in {Commit C 2} {DFE C R 2|Is}

A morepracticalstrategy for recomputationis theideaof amaximalrecomputation
distancen: Cloneaspaceoncein awhilesuchthatrecomputationnevermustrecompute
morethann applicationsof Commit . For example,theExplorerusesthisstrategy.
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11 A Generic Saturation Engine

This sectionshows how to build a genericsaturation(for saturationseeSection2) en-
ginefrom computationspaces.Theengineis genericin thesensethat it is not limited
to Booleanproblems.

AnExample. As anexampleweapplysaturationto checkwhethertheBooleanformula
A ��� B ��� A � B��� is unsatisfiable:DoesA ��� B ��� A � B����� 0 hold, where � reads
asequivalenceand0 asfalse.The first stepis a translationinto so-calledtriplets by
introducingnew BooleanvariablesC andD: A � B � C, B � C � D, andA � D � 0.
Whatis calledtripletsin thesaturationliteratureweimplementasBooleanpropagators:

proc {P Xs} [A B C D]=Xs in
Xs ::: 0#1
{FD.conj A B C} {FD.disj B C D} {FD.conj A D 0}
{SatDist Xs}

end

Here Xs:::0#1 constrainsthe variablesA, B, C, and D to take Booleanvaluesand
FD.conj (FD.disj ) spawns a propagatorfor equivalenceto a conjunction(disjunc-
tion). Thedetailsof SatDist areexplainedbelow. It is importantto alsotake into ac-
countvariablesintroducedfor subformulas(C andD in ourexample)[5]. For example,
distributionandcombinationonC canaddinformationonbothA andB.

During saturationthe following happens.First, constraintpropagationtakesplace
but cannotaddnew constraints.SupposethatSatDist distributesfirst onA. Constraint
propagationin thespacefor A=0 addsC=0 (by {FD.conj A B C} ), in the spacefor
A=1 it first addsD=0 (by {FD.conj A D 0} ), andin turnB=0 andC=0 (by {FD.disj

B C D} ). CombinationthenaddsthecommonconstraintC=0 backto theoriginalspace,
without triggeringfurther constraintpropagation.Distribution on the remainingvari-
ablesdo notexhibit furtherinformation.Hence,saturationcouldneitherprovenordis-
provetheformulaunsatisfiable.

Distribution. Thedistribution strategy SatDist for 1-saturationasusedin theabove
exampletakesasargumentsa list of BooleanvariablesXs to bedistributed.For asingle
variableX threealternativesareneeded.Two alternativesstatethatX takeseither0 or
1. The third alternative allows to proceedwithout assigninga valueto X. Thesethree
alternativesareprogrammedfrom two nestedchoicesassketchedin Figure7.

proc {SatDist Xs}�����
choice choice X=0 [] X=1 end
[] skip
end�����

end

1

1

2

2

X=0

X=1

skip

Fig. 7. Distribution for saturation.
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To committo thealternativefor X=0 (X=1), first theouterchoicemustbecommitted
to its first clause,and then the inner choicemust be committedto its first (second)
clause.To proceedwithout assigninga valueto X, theouterchoicemustbecommitted
to its secondclause.This protocolof committingchoiceswill be implementedby the
saturationengine.

Choicecreationis iteratedfor all variablesX in Xs not yet assigneda valueuntil a
fixedpoint is reached.Thefixedpoint is reachedwhenthenumberof variablesnotyet
assignedavaluehasnotchangedafteranentireiterationoverall variables.

Combination.As distribution,combinationis specificto theunderlyingconstraintsys-
tem.To parameterizethesaturationenginewith respecttocombination,theenginetakes
aprocedurefor combinationasinput.Thecombinationprocedurefor theBooleancase
takesthreelists X0s, X1s, andXs of Booleanvariables,of which X0s andX1s have
beencomputedby thespacesobtainedby distribution.Xs arethevariablesof theorig-
inal space.A simplestrategy is: If a variablehasassignedthesamevaluen

�	� 0 
 1 � in
bothX0s andX1s, thevariableat thatpositionin Xs is assignedto n.

fun {Sat S CB}
case {Ask S}==alternatives then

S0={Clone S} {Commit S0 1} {Commit S0 1}
S1={Clone S} {Commit S1 1} {Commit S1 2}

in
case {Ask S0}==failed then {Sat S1 CB}
elsecase {Ask S1}==failed then {Sat S0 CB}
else R0 R1 in

{Merge S0 R0} {Merge S1 R1}
{Inject S proc {$ R} {CB R0 R1 R} end}
{Commit S 2} {Sat S CB}

end
else S
end

end

Fig. 8. A genericsaturationengine.

TheSaturationEngine. TheprocedureSat (shown in Figure8) takesasinput a space
S anda procedureCB for combination.Sat returnsa saturatedcomputationspace.If S

is not distributable,it is returned.If S is distributable,two clonesS0 andS1 of S are
createdandarecommittedto their appropriatealternatives(with thedistribution strat-
egy presentedabove, in S0 (S1) the value0 (1) is assignedto the variableX). If S0

(S1) fails, saturationcontinueswith S1 (S0). Otherwise,combinationis doneasfol-
lows.Merging thespacesS0 andS1 makestheir root variableswith thecorresponding
constraintsaccessibleby R0 andR1. Executionof CBwithin S addsbasicconstraintson
variablesaccessiblefrom Randmight triggerfurtherconstraintpropagationin S.
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Thesaturationengineis parametrizedby theproblemandhow combinationis done.
Similar to search,thechoicescreatedby thedistributionstrategy comprisetheinterface
betweenproblemandsaturationengine.Thesaturationengineaspresentedabove can
alsobe appliedto non Booleanfinite domainproblems.The distribution strategy can
still follow thesamestructureaspresentedabove.However, it mustemploy constraints
thatfit thecontext of finite domainvariablesasalternatives.Combinationin thiscontext
mustalsobegeneralized.Combinationof thebasicconstraintsx � D0 andx

�
D1 leads

to thebasicconstraintx � � D0 � D1 � .
The engineonly supports1-saturation.To implementn-saturationfor n � 1, the

distribution strategy must be extendedto recursively createadditionalchoices.This
alsorequiresthesaturationengineto handletheseadditionalchoices.

Sincesearchenginesas well as the saturationenginecomputewith spaces,it is
straightforward to combinethem.Onepossibleapproachis to first usesaturationto
infer asmany additionalbasicconstraintsaspossible,andthenusesearchto actually
solve theproblem.A differentapproachis to interleavesearchandsaturation.

12 Conclusion

We have presentedfirst-classcomputationspacesas an abstractionto develop and
programconstraintinferenceenginesat a high level. Computationspaceshave been
demonstratedto coversingle,all, andbestsolutionsearch,which aretheinferenceen-
ginesfound in existing constraintprogrammingsystems.Using computationspaces,
wehavedevelopedinferenceenginesfor limited discrepancy search,visualsearch,and
saturation.This hasdemonstratedthatcomputationspacescanbeappliedto inference
enginesthatgobeyondexistingconstraintprogrammingsystems.

Weareconfidentthatcomputationspacesashigh-levelabstractionsmakeit possible
to adapt(like saturation)and invent (like visual search)further constraintinference
methods.We expect that by this, computationspacescancontribute to the power of
constraintprogramming.
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