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Chapter 1IntrodutionGiven a lassial extensional tableau proof of a higher-order formula s, it is not always possibleto �nd an intuitionisti non-extensional natural dedution proof of s. For example, the formula
p∨¬p is provable lassially but not intuitionistially. Our aim is to �nd a transformed formula
s′ that is semantially equivalent to s and for whih we are able to give an intuitionisti non-extensional natural dedution proof. We de�ne a transformation whih translates formulas sto semantially equivalent formulas s′ and give a proedure for reating a intuitionisti non-extensional natural dedution proof of s′ given a lassial extensional proof of s.Over the years a lot of work has been done on translating from lassial to intuitionistilogi. In 1929, Glivenko found a straightforward transformation from propositional lassial topropositional intuitionisti logi [19℄. Glivenko's theorem states that an arbitrary propositionalformula f is lassially provable, if and only if ¬¬f is intuitionistially provable [19, 32, 31℄.Glivenko's theorem does not extend to �rst-order prediate logi. However, there are severallogial transformations that transform lassial �rst-order logi to intuitionisti �rst-order logi:the Kolmogorov negative translation [29℄, the Gödel-Gentzen negative translation [29℄, and theKuroda negative translation [29, 24℄. The latter double negates the formula and adds doublenegations after eah ourrene of the ∀ quanti�er. A reent paper by Zdanowski [32℄ shows thatGlivenko's theorem also holds for seond-order propositional logi without the ∀ quanti�er.The Kolmogorov negative translation and the Gödel-Gentzen negative translation do notextend using our de�nitions to higher-order logi. This is beause they do not map propositionalvariables to themselves but rather to their double negation and thus they are not ompositional.We depend on the fat that the transformations we use are ompositional in proving that theysatisfy our goal. Thus we use the Kuroda transformation whih is ompositional and show thatit extends to elementary type theory.In 1956, Gandy introdued a transformation that maps from extensional to non-extensionalsimple type theory [14℄. It translates equality with the help of a binary relation and a prediatethat are de�ned by mutual reursion. The transformation we introdue, alled Girard-Kuroda-Per, transforms equality with the help of a single binary relation that is de�ned indutively ontypes, and whih turns out to be a partial equivalene relation. We prove that our transformationmaps from lassial extensional to intuitionisti non-extensional simple type theory.As we have seen, mapping from one logi to another is an interesting problem that has beeninvestigated for a long time. Our pratial motivation for working on this problem is relatedto a software alled JavaSript Interative Higher-Order Tableau Prover (Jitpro) developed byBrown [33℄. Jitpro is a relatively new interative theorem prover for higher-order logi thatoutputs lassial extensional tableau proofs. Our goal is to be able to translate these proofs1



2 CHAPTER 1. INTRODUCTIONinto intuitionisti non-extensional natural dedution proof terms, whih an then be veri�ed byCoq [5℄, a widely used proof assistant.The thesis is strutured as follows. In Chapter 2 we give a brief overview of simple type theoryand in Chapter 3 we introdue the tableau aluli that we onsider. We then present the targetednatural dedution alulus N in Chapter 4. In Chapter 5 we delare some de�nitions and helpfultheorems that we extensively use in the subsequent three hapters. In partiular, we introduein the notion of logial transformation and of a logial transformation respeting a tableaualulus, and then prove that our problem is reduible to providing a logial transformationthat respets a omplete higher-order tableau alulus. In Chapter 6 we introdue a logialtransformation (Girard transformation) that respets most of the tableau rules. In Chapter 7 wemodify this logial transformation to obtain one (Girard-Kuroda transformation) that respetsan additional rule. We show that Girard-Kuroda maps lassial elementary type theory tointuitionisti elementary type theory. Chapter 8 inludes the Girard-Kuroda-Per transformation,whih respets a spei� omplete higher-order tableau alulus alled TFullres
. We onlude inChapter 9 and provide suggestions for future work.



Chapter 2Simple Type TheoryWe use simple type theory based on the simply typed λ-alulus, whih is the most prominentform of higher-order logi [13, 2℄. Simple type theory originated in 1940 with Churh [10℄ butgoes bak to ideas of Ramsey [26℄ and Chwistek [11℄ in the 1920s. Its purpose was to simplify therami�ed theory of types that was �rst introdued by Russell in 1908 [27℄, then used for formalizingsome fragments of mathematis in Prinipia Mathematia by Russell and Whitehead in 1913 [30℄.It provides the logial base of the proof assistants Isabelle [25℄ and HOL [20℄.Henkin de�ned standard and general interpretations for typed λ-alulus [21℄. He provedthe ompleteness of simple type theory with respet to general interpretations [9℄. We use thegeneral Henkin interpretation, sine it orresponds to our tableau aluli and it makes our resultmore general.We now give a brief introdution to simple type theory. For more details, please see Baren-dregt [3℄ and Hindley [22℄.2.1 SyntaxWe will now de�ne simply typed terms as syntati objets.De�nition 2.1.1 (Types). Let {o, ι} be the set of basi types. The set T of types is de�nedindutively as
T(σ, τ, . . .) ::= ι | o | σ → τwhere o is the type of propositions, ι the type of individuals, and→ is a funtion type onstrutor.We use α to range over the basi types and σ, τ, σ1, σ2, . . . to range over elements of T. Atype of the form σ → τ is alled a funtion type. Parentheses in types will often be omitted byassoiation to the right. For example, by σ → σ → τ we mean σ → (σ → τ). Moreover, we oftendrop the arrows, so that the example beomes σστ .De�nition 2.1.2 (Terms). Let V be a ountably in�nite set of variables. Assume T ∩ V = ∅.The set of terms Ter is de�ned asTer (s, t, . . . ) ::= x | c | s t | λx.swhere x ∈ V and c ∈ {⊤,⊥,¬,→,∧,∨} ∪ {∀σ, ∃σ, =σ | σ ∈ T}.3



4 CHAPTER 2. SIMPLE TYPE THEORYThis means that a term is either a variable, a logial onstant, an appliation or a λ-abstration. We use x, y to range over the variables and s, t, s1, s2, . . . to range over elements ofTer . The ∀, ∃ and = onstants are indexed by a type σ to denote that the set of logial onstantsinludes quanti�ers and equality at all types. The set is in�nite.We assume that every variable has a unique type. While names and abstrations are alwayswell-formed, an appliation s t is only well-formed if the type of s is a funtion type whoseargument type is the type of t.The following are the typing rules of simply typed terms:
x : σ

x has type σ
x : σ s : τ

λx.s : στ

s : στ t : σ

st : τThe types of the logial onstants are as follows:
⊤ : o, ⊥ : o, ¬ : oo, →: ooo, ∧ : ooo, ∨ : ooo, ∀σ : (σo)o, ∃σ : (σo)o, =σ : σσoFollowing the typing rules, every well-formed term will have a unique type. We write s : σto say that s is a term of type σ. We use Terσ to mean the set of terms of type σ. We onlyonsider well typed terms.De�nition 2.1.3 (Free Variables FV ). The set of free variables of a term s, written FV , isde�ned as follows:

FV (x) := {x}
FV (s t) := FV (s) ∪ FV (t)
FV (λx.s) := FV (s) − {x}De�nition 2.1.4 (Ground Term). A term s is ground if FV (s) = ∅.De�nition 2.1.5 (Free Variables FV ∗). The set of free variables of a set of terms X is de�nedas:

FV ∗(X) :=
⋃

s∈X

FV (s)De�nition 2.1.6 (Fragment). A fragment F is a subset of the set of terms Ter . Ter itself isalled the full fragment.We have the usual notion of α-, β-, η- equivalene (∼α, ∼β, ∼η) and of β normal form (⌈s⌉β).We onsider equality of terms up to α-equivalene.We write s[x := t] for the apture avoiding substitution of term t for variable x in term s. Asimultaneous substitution θ substitutes several variables simultaneously. The identity substitutionsubstitutes eah variable by itself yielding the same term it has been applied to. We use thenotation θ, [x := t] to mean the simultaneous substitution that agrees with θ on all variablesexept (possibly) x, whih is mapped to t.2.2 SemantisIn this setion, we de�ne the notion of a general Henkin interpretation of types and terms. Wewill de�ne formulas and interpretations and explain what it means that an interpretation satis�esa formula.Before we de�ne what an interpretation is, we need a general notion of funtion.



2.2. SEMANTICS 5De�nition 2.2.1 (Funtion). A funtion f is a set of pairs suh that for no pair (x, y) ∈ fthere is a z 6= y with (x, z) ∈ f . The domain and the range of a funtion f are de�ned asfollows: Dom f := {x | ∃y : (x, y) ∈ f}Ran f := {y | ∃x : (x, y) ∈ f}We write f : M → N to state that f is a funtion suh that Dom f = M and Ran f ⊆ N .Moreover, we write f(x) to refer to the y suh that (x, y) ∈ f .We �rst de�ne the interpretation of types, then use it to de�ne the interpretation of terms.De�nition 2.2.2 (Frame). A frame is a funtion D de�ned on T that satis�es the followingproperties:1. D(o) = {0, 1}2. ∀σ ∈ T : D(σ) 6= ∅3. ∀σ, τ ∈ T : D(στ) ⊆ {f | f : D(σ) → D(τ)}We extend frames to assignments, whih also give meaning to variables. Then we de�ne anoperator that lifts an assignment to an evaluation, whih assigns meanings to terms. Based onthat we de�ne the lass of interpretations we are atually interested in.De�nition 2.2.3 (Assignment). An assignment into a frame D is a funtion I de�ned on T∪Vsuh that1. D ⊆ I2. I(x) ∈ I(σ) for all types σ and variables x : σLet I be an assignment into a frame D, x : σ be a variable, and a ∈ I(σ). We write Ix
a todenote the assignment into D that agrees everywhere with I exept possibly on x where it yields

a.De�nition 2.2.4 (Evaluation Funtion). We de�ne a funtion ˆ that maps every assignment Iinto a funtion Î ⊆ {(s, a) | ∃σ : (s : σ) ∧ a ∈ I(σ)} as follows:1. Î(x) := I(x)2. Î(c) := f if c : σ, f ∈ I(σ), and f has the usual lassial meaning of c3. Î(s t) := Î(s)(Î(t))4. Î(λx.s) := f if λx.s : στ , f ∈ I(στ), and ∀a ∈ I(σ) : Îx
a(s) = faWe all Î the evaluation funtion of I.De�nition 2.2.5 (Interpretation). I is an interpretation if Î is a total evaluation funtion, i.e.,if Î is an evaluation funtion that assigns a meaning to every (well typed) term. We write Interpfor the set of all interpretations.Note that not every evaluation funtion is total. This is due to the interpretation of λ-abstrations and logial onstants. Consider the logial onstant ¬ : oo. Î(¬) might not bede�ned. This is beause, even though we know that the negation funtion is in I(o) → I(o), itmight not be in I(oo). Reall that in the de�nition of frame we allow I(oo) to be a subset of

I(o) → I(o). For more details see [28℄.



6 CHAPTER 2. SIMPLE TYPE THEORYDe�nition 2.2.6 (Satis�es). A formula is a term of type o. We say an interpretation I satis�esa formula s if Î(s) = 1.De�nition 2.2.7 (Satis�able / Unsatis�able). A formula is satis�able if there exists an inter-pretation that satis�es it. It is unsatis�able if it is not satis�able.De�nition 2.2.8 (Valid). A formula is valid if all interpretations satisfy it.Proposition 2.2.9. A formula is valid if and only if its negation is unsatis�able.



Chapter 3Tableau CaluliIn order to determine whether or not a given formula is valid, we ould either introdue a proofsystem for heking its validity or give a refutation system for heking the unsatis�ability ofthe formula's negation (reall Proposition 2.2.9). A tableau system is a refutation system thatprovides a mehanial method of refuting a formula. In this setion, we will introdue a tableaurefutation alulus and desribe how to use it. First, we need to introdue some preliminaryde�nitions.3.1 De�nitionsDe�nition 3.1.1 (Branh). A branh is a �nite set of β-normal formulas.Given a fragment F , an F-branh is a branh ontaining only formulas that lie in F .De�nition 3.1.2 (Branches). Branches is the set of all branhes.De�nition 3.1.3 (Ground Branh). A branh A is ground if FV ∗(A) = ∅.De�nition 3.1.4 (Tableau Step). A tableau step is a tuple of branhes 〈A, A1, . . . , An〉 with
n ≥ 0 suh that A ⊂ Ai for eah i ∈ 1, ..., n. It is presented as a refutation rule of the form,

A1 ⊢
T
⊥ . . . An ⊢

T
⊥

A ⊢
T
⊥or in a tableau view of the form,

A
A1 . . . AnWe all A the head of the tableau step and eah Ai an alternative of the step. If n ≥ 2 wesay the step is branhing.A tableau rule is a set of tableau steps. We often give these as shemas.A tableau step applies to a branh A if A is the head of this step. A tableau rule applies toa branh A if one of its steps applies to A.De�nition 3.1.5 (Tableau Calulus). A tableau alulus T is a tuple 〈F ,R〉 where F is afragment and R is a set of tableau rules. If the F is not expliitly spei�ed, we assume it is thefull fragment. 7



8 CHAPTER 3. TABLEAU CALCULIDe�nition 3.1.6 (Closed). A tableau step is losed if it has no alternatives. Let T be a tableaualulus. A branh A is T -losed if A is the head of one of the losed steps in the rules in T .De�nition 3.1.7 (Refutable). Let T = 〈F ,R〉 be a tableau alulus. An F-branh A is T -refutable if there is an r ∈ R that ontains a tableau step 〈A, A1, . . . , An〉 where A1, . . . , An are
F-branhes that are T -refutable.Theorem 3.1.8. Let T = 〈F ,R〉 and T ′ = 〈F ′,R′〉 be two tableau aluli suh that R ⊆ R′and F ⊆ F ′. If an F-branh A is T -refutable, then it is also T ′-refutable.Proof. Assume A is an F-branh that is T -refutable. We prove this theorem by indution on thederivation of A being T -refutable. By de�nition of T -refutable, there is an r ∈ R that ontainsa tableau step 〈A, A1, . . . , An〉 where A1, . . . , An are F-branhes that are T -refutable. We know,
F ⊆ F ′ therefore A, A1, . . . , An are also F ′-branhes. Moreover, R ⊆ R′ therefore r ∈ R′. Byindution hypothesis, if A1, . . . , An are T -refutable then they are also T ′-refutable.3.2 Our Tableau RulesFigure 3.1 presents all the tableau rules we will onsider throughout this thesis and Figure 3.2presents them in a tableau view. The tableau rules Closed⊥, Closed¬⊤, Closed, Closed 6=, andClosedSym have no alternatives. The Cut rule is speial in that its head has no restrition. Thismeans that it an be applied any time.There are rules for eah of the propositional logial onstants and quanti�ers. Namely, DNegfor eliminating of a double negation. For eah other logial onstant a positive and a negativerule is presented, for example, Imp and NegImp for impliation, And and NegAnd for onjuntion,and so on.In addition, rules for handling equality at all types are presented. The rules for Booleanequality and Boolean extensionality, alled Bool= and BoolExt respetively, handle equality atbase type o.The funtional equality and funtional extensionality rules (Fun=, FunExt) deal with equal-ity at funtion types.The Leibniz equality rule (Leibniz) is used to handle equality without introduing the oneptof extensionality. The reason we inlude this rule is to enable us to onsider non-extensionaltableau aluli whih inlude equality in their fragment.The mating, deomposition and onfrontation rules (Mat, De, Con) are inluded to enableus to onsider omplete ut free tableau aluli (see [7, 8, 6℄).To prove that a formula is valid using tableaux, �rst we negate the formula, then we onstruta tableau proof by repeatedly applying the tableau rules until all branhes are losed.3.3 ExamplesNow that we de�ned all the basi de�nitions regarding tableaux and presented the tableau ruleswe onsider, we illustrate how a tableau system ould be used by giving some examples.Example 3.3.1 (Peire's Law). Peire's law is simply the following formula

((p → q) → p) → pwhere p, q : o.



3.3. EXAMPLES 9To prove that this formula is valid, a tableau refutation is onstruted for its negation. Weonstrut a tableau refutation using the tableau alulus ontaining the rules Imp, NegImp, andClosed.First, NegImp rule is applied to ¬(((p → q) → p) → p) sine the outermost logial onstantsin this formula are negation and impliation.
¬(((p → q) → p) → p)

(p → q) → p
¬pThen, Imp rule is applied to (p → q) → p so we get,

¬(((p → q) → p) → p)
(p → q) → p

¬p
¬(p → q) pThe Closed rule is applied to the right branh of the tableau sine it ontains both p and ¬p.Now, the right branh is losed.NegImp rule is applied to the formula ¬(p → q) resulting in a p on this branh also, so thisbranh is similarly losed.
¬(((p → q) → p) → p)

(p → q) → p
¬p

¬(p → q) p
p
¬qThis results in a full tableau refutation of the formula's negation, sine all branhes are losed.We an onlude that Peire's Law is valid.Example 3.3.2 (Surjetive Cantor Theorem). The surjetive Cantor theorem states that

¬∃ιιog.∀ιof.∃ιu.gu = fThe following is a tableau refutation of the negation of Cantor's theorem, using the tableaualulus ontaining the tableau rules DNeg, Exists, Forall, Fun=, Closed and Bool=.
¬¬∃g.∀f.∃u.gu = f
∃g.∀f.∃u.gu = f
∀f.∃u.gu = f

∃u.gu = λx.¬gxx
gd = λx.¬gxx
gdd = ¬gdd

gdd ¬gdd
¬gdd ¬¬gdd



10 CHAPTER 3. TABLEAU CALCULIClosed⊥
A,⊥ ⊢

T
⊥

Closed¬⊤
A,¬⊤ ⊢

T
⊥

Closed
A, s,¬s ⊢

T
⊥Closed 6=

A, s 6= s ⊢
T
⊥

ClosedSym
A, (s = t), (t 6= s) ⊢

T
⊥Cut A, s ⊢

T
⊥ A,¬s ⊢

T
⊥

A ⊢
T
⊥

Dneg A, s ⊢
T
⊥

A ⊢
T
⊥

¬¬s ∈ AAnd A, s, t ⊢
T
⊥

A ⊢
T
⊥

(s ∧ t) ∈ A Or A, s ⊢
T
⊥ A, t ⊢

T
⊥

A ⊢
T
⊥

(s ∨ t) ∈ AImp A,¬s ⊢
T
⊥ A, t ⊢

T
⊥

A ⊢
T
⊥

(s → t) ∈ A NegAnd A,¬s ⊢
T
⊥ A,¬t ⊢

T
⊥

A ⊢
T
⊥

¬(s ∧ t) ∈ ANegOr A,¬s,¬t ⊢
T
⊥

A ⊢
T
⊥

¬(s ∨ t) ∈ A NegImp A, s,¬t ⊢
T
⊥

A ⊢
T
⊥

¬(s → t) ∈ AForall A, ⌈s t⌉β ⊢
T
⊥

A ⊢
T
⊥

∀s ∈ A DeMorgan∀ A, ∃x.¬s x ⊢
T
⊥

A ⊢
T
⊥

¬∀s ∈ A, x /∈ FV (s)Exists A, ⌈s y⌉β ⊢
T
⊥

A ⊢
T
⊥

∃s ∈ A, y is freshDeMorgan∃ A, ∀x.¬s x ⊢
T
⊥

A ⊢
T
⊥

¬∃s ∈ A, x /∈ FV (s)Bool = A, s, t ⊢
T
⊥ A,¬s,¬t ⊢

T
⊥

A ⊢
T
⊥

(s ≡ t) ∈ ABoolExt A, s,¬t ⊢
T
⊥ A, t,¬s ⊢

T
⊥

¬(s ≡ t) ∈ ALeibniz A, (∀p. p s → p t) ⊢
T
⊥

A ⊢
T
⊥

(s =σ t) ∈ AFun =
A, ⌈s1 t =τ s2 t⌉β ⊢

T
⊥

A ⊢
T
⊥

s1 =στ s2 ∈ AFunExt A, ⌈s x 6=τ t x⌉β ⊢
T
⊥

A ⊢
T
⊥

s 6=στ t ∈ A, x is freshMat A, s1 6= t1 ⊢
T
⊥ . . . A, sn 6= tn ⊢

T
⊥

A ⊢
T
⊥

(x s1 . . . sn), (¬x t1 . . . tn) ∈ ADe A, s1 6= t1 ⊢
T
⊥ . . . A, sn 6= tn ⊢

T
⊥

A ⊢
T
⊥

x s1 . . . sn 6=ι x t1 . . . tn ∈ ACon A, s1 6= s2, t1 6= s2 ⊢
T
⊥ A, s1 6= t2, t1 6= t2 ⊢

T
⊥

A ⊢
T
⊥

s1 =ι t1, s2 6=ι t2 ∈ AFigure 3.1: Tableau rules we will onsider



3.3. EXAMPLES 11
Closed⊥ ⊥ Closed¬⊤ ¬⊤ Closed s,¬s Closed 6=

s 6= sClosedSym (s = t), (t 6= s) Cut
s ¬s

Dneg ¬¬s

s

And s ∧ t

s, t

Or s ∨ t

s tImp s → t

¬s t
NegAnd ¬(s ∧ t)

¬s ¬t
NegOr ¬(s ∨ t)

¬s,¬t
NegImp ¬(s → t)

s,¬tForall ∀s

⌈s t⌉β

DeMorgan∀ ¬∀s

∃x.¬s x

x /∈ FV (s) Exists ∃s

⌈s y⌉β

y is freshDeMorgan∃ ¬∃s

∀x.¬s x

x /∈ FV (s) Bool = s ≡ t

s, t ¬s,¬t

BoolExt ¬(s ≡ t)

s,¬t t,¬sLeibniz s =σ t

∀p. p s → p t
Fun =

s1 =στ s2

⌈s1 t =τ s2 t⌉β

FunExt s 6=στ t

⌈s x 6=τ t x⌉β

x is freshMat x s1 . . . sn,¬x t1 . . . tn

s1 6= t1 . . . sn 6= tn

De x s1 . . . sn 6=ι x t1 . . . tn

s1 6= t1 . . . sn 6= tnCon s1 =ι t1, s2 6=ι t2

s1 6= s2, t1 6= s2 s1 6= t2, t1 6= t2Figure 3.2: Tableau view of rules we will onsider



12 CHAPTER 3. TABLEAU CALCULI



Chapter 4Natural Dedution CalulusNatural dedution (ND) is a proof system introdued by Gentzen in 1935 [15℄. Rules in thissystem formalize proof patterns that are used in ommon mathematial proofs. For this reason,the system is alled natural.Proof terms are syntati objets whih orrespond to natural dedution proofs. A proofterm has a formula as its type, namely the formula that it proves. This idea of proofs as termsand formulas as their types is alled Curry-Howard isomorphism [17, 23, 29℄.4.1 A Natural Dedution Calulus NWe onsider the ND alulus N whih is intuitionisti and non-extensional. It uses terms thatonly ontain the logial onstants ∀ and →.De�nition 4.1.1 (Natural Dedution Terms). The set N -terms of terms used in the NaturalDedution Calulus N is de�ned as
N -terms(s, t, . . . ) ::= x | s t | λx.s | ∀σ λx.s | s → twhere x ∈ V and σ ∈ T.We use ⊥

N
as a short hand for ∀o λp.p.De�nition 4.1.2 (Context). A ontext Γ is a subset of N -terms.

Contexts is the set of all ontexts.De�nition 4.1.3 (ND Rule). An ND Rule is a tuple of pairs 〈〈Γ, s〉, 〈Γ1, s1〉, . . . , 〈Γn, sn〉〉where Γ, Γ1 . . . , Γn are ontexts and s, s1, . . . , sn are β-normal formulas that are elements of
N -terms. An ND rule is presented as follows:

Γ1 ⊢
N

s1 . . . Γn ⊢
N

sn

Γ ⊢
N

sFigure 4.1 presents the rules in our ND alulus N . Note that whenever we write Γ ⊢
N

s wemean ⌈Γ⌉β ⊢
N
⌈s⌉β.De�nition 4.1.4 (Derivable). Let Γ be a ontext and s be a β-normal formula that is an elementof N -terms. The pair 〈Γ, s〉 is derivable if s ∈ Γ or if there is a rule 〈〈Γ, s〉, 〈Γ1, s1〉, . . . , 〈Γn, sn〉〉in the ND system N suh that 〈Γ1, s1〉, . . . , 〈Γn, sn〉 are derivable.We write Γ ⊢

N
s or say s is derivable in Γ to mean that the pair 〈Γ, s〉 is derivable. Moreover,we usually write ⊢
N

s as a short hand for ∅ ⊢
N

s.13



14 CHAPTER 4. NATURAL DEDUCTION CALCULUSNote that if for some ontext Γ and some formula s we are given a derivation of Γ ⊢
N

s thatuses the wk rule, we an onstrut a derivation of Γ ⊢
N

s that does not use the wk rule. Thisbasially follows from how the hy rule is stated. We only add the wk rule for onveniene.
hy

t ∈ Γ
Γ ⊢

N
t

wk
Γ′ ⊢

N
t

Γ′ ⊆ Γ
Γ ⊢

N
t

∀I
Γ ⊢

N
t

x /∈ FV ∗(Γ)
Γ ⊢

N
∀x.t

→ I
Γ, s ⊢

N
t

Γ ⊢
N

s → t

∀E
Γ ⊢

N
∀x.s

Γ ⊢
N
⌈s[t/x]⌉β → E

Γ ⊢
N

s → t Γ ⊢
N

s

Γ ⊢
N

tFigure 4.1: Rules in our ND alulus N4.2 CoqCoq is a formal proof management system that is based on the alulus of indutive onstru-tions [5℄. It provides a formal language alled Gallina to write de�nitions and theorems, inaddition it serves as an interative theorem prover and a proof heker. We formulate many ofour lemmas and their proofs in Gallina. The proofs orrespond to proof terms whih orrespondto ND proofs. So any proof that is written in Coq ould be diretly translated to an ND proofand vie versa. We use Coq to hek those proofs. This way we get an assurane that the proofsare orret.We will now present a simple lemma that we use later on in some of our proofs. We provideboth an ND proof of the lemma and present in Figure 4.2 the orresponding Coq lemma andCoq proof. This is done to provide an intuition about the orrespondene of the proofs and tomake the reader familiar with Coq proofs. For more information about the orrespondane ofND proofs and proof terms please refer to [29℄.Lemma 4.2.1. ⊢
N
∀op . p → (p → ⊥

N
) → ⊥

NProof. By ∀I and → I it is enough to prove p, p → ⊥
N

⊢
N
⊥

N
. We know this by → E.Definition simple lemma : ∀ p : Prop, p → (p → (∀ q : Prop, q)) → (∀ q : Prop, q):= fun p u v ⇒ (v u).Figure 4.2: Lemma 4.2.1 and its proof in Coq



Chapter 5Logial TransformationsWe �rst onsider transformations Ψ that map terms to N -terms. We would like the transforma-tion to map tableau refutable formulas to ND-refutable N -terms. Note that unsatis�ability ofa formula s with free variables x1, . . . , xn is equivalent to unsatis�ability of the ground formula
∃x1, . . . , xn.s. For this reason we will be satis�ed if the transformation Ψ maps ground tableaurefutable formulas to ND-refutable N -terms. Sine a tableau alulus operates on branhes in-stead of formulas, we will also need branh transformations Ψ∗ that maps branhes to ontexts.A branh Ψ∗ extends a logial transformation Ψ if it agrees with Ψ on ground formulas.5.1 De�nitionsDe�nition 5.1.1 (Logial Transformation). A logial transformation is a funtion Ψ : Ter →
N -terms suh that ∀I ∈ Interp : ∀s ∈ F : Î(Ψ(s)) = Î(s).De�nition 5.1.2 (Compositional). A logial transformation Ψ is ompositional if it satis�es thefollowing:

Ψ(x) = x for x ∈ V
Ψ(s t) = Ψ(s) Ψ(t)
Ψ(λx.s) = λx.Ψ(s)
FV (Ψ(c)) = ∅ for all logial onstants cDe�nition 5.1.3 (Beta). A logial transformation Ψ respets beta if

∀s, t ∈ Ter : (s ∼β t) =⇒ (Ψ(s) ∼β Ψ(t)).Proposition 5.1.4. If a logial transformation is ompositional then it respets beta.Proof. This follows from the de�nition of a logial transformation being ompositional.De�nition 5.1.5 (Branh Transformation). A branh transformation is a funtion
Ψ∗ : Branches → Contexts.De�nition 5.1.6 (Extends). Let Ψ be a logial transformation. A branh transformation Ψ∗extends Ψ if for all ground branhes A we have Ψ∗(A) = {Ψ(s)|s ∈ A}. We say Ψ∗ triviallyextends Ψ, if for all branhes A we have Ψ∗(A) = {Ψ(s)|s ∈ A}.15



16 CHAPTER 5. LOGICAL TRANSFORMATIONSDe�nition 5.1.7 (Branh Transformation Respets a Step). Let Ψ∗ be a branh transformationand A, A1, . . . , An be branhes. We say Ψ∗ respets a step 〈A, A1, . . . , An〉 if the following holds:if Ψ∗(A1) ⊢N
⊥

N
. . . Ψ∗(An) ⊢

N
⊥

N
then Ψ∗(A) ⊢

N
⊥

NA branh transformation respets a rule if it respets all the steps in the rule. Moreover, abranh transformation respets a tableau alulus if it respets all the rules in the alulus. Alogial transformation Ψ respets a tableau alulus T if there exists a branh transformation Ψ∗whih extends Ψ and Ψ∗ respets T .5.2 TranslationTheorem 5.2.1 (Translation). Let T = 〈F ,R〉 be a tableau alulus, Ψ∗ be a branh transfor-mation that respets T , and A be an F-branh. If A is T -refutable, then Ψ∗(A) ⊢
N
⊥

N
.Proof. We know A is T -refutable. By de�nition of T -refutable, there exists an r ∈ R thatontains a tableau step 〈A, A1, . . . , An〉 where A1, . . . , An are F-branhes that are T -refutable.Suppose A is T -refutable. Then, there is an r ∈ R that ontains a tableau step 〈A, A1, . . . , An〉and A1, . . . , An are T -refutable. By indution hypothesis, Ψ∗(A1) ⊢

N
⊥

N
, . . . , Ψ∗(An) ⊢

N
⊥

N
.We want to show that Ψ∗(A) ⊢

N
⊥

N
. We know that Ψ∗ respets T . Hene, Ψ∗(A) ⊢

N
⊥

N
.Corollary 5.2.2. Let T = 〈F ,R〉 be a tableau alulus, Ψ be a logial transformation thatrespets T , and s be a ground formula in F . If {s} is T -refutable, then {Ψ(s)} ⊢

N
⊥

N
.Proof. We know that Ψ respets T . Therefore, there exists a branh transformation Ψ∗ whihextends Ψ and Ψ∗ respets T . By Theorem 5.2.1, we know Ψ∗({s}) ⊢

N
⊥

N
. Sine s is groundtherefore, Ψ∗({s}) = {Ψ(s)}. Hene, {Ψ(s)} ⊢

N
⊥

N
.



Chapter 6The Girard TransformationIn this hapter we give the Girard transformation ΨG that maps all logial onstants to termsontaining only the logial onstants ∀ and →. This is used to translate general terms Ter to
N -terms. The de�nition of ΨG is based on Girard's de�nitions given in [18℄.6.1 The Girard Transformation ΨGThe Girard transformation ΨG transforms terms as follows:

ΨG(x) = x for x ∈ V
ΨG(s t) = ΨG(s) ΨG(t)
ΨG(λx.s) = λx.ΨG(s)
ΨG(→) = λx.λy.x → y
ΨG(∀) = λf.∀x.f x
ΨG(=) = λx.λy.∀p.p x → p y (Leibniz Equality)
ΨG(⊥) = ∀op.p
ΨG(⊤) = ∀op.p → p
ΨG(¬) = λx.x → ∀op.p
ΨG(∧) = λx.λy.∀p.(x → y → p) → p
ΨG(∨) = λx.λy.∀p.(x → p) → (y → p) → p
ΨG(∃) = λf.∀p.(∀x.f x → p) → pWe write ¬

G
and ⊥

G
as shorthand for ΨG(¬) and ΨG(⊥) respetively. We do the same for allother logial onstants.Proposition 6.1.1. The Girard transformation ΨG is a logial transformation.Proof. Follows from the obvious fat that this transformation is meaning preserving.Proposition 6.1.2. The Girard transformation ΨG respets beta.Proof. Follows from Proposition 5.1.4 sine ΨG is ompositional.Let Ψ∗

G be the branh transformation that trivially extends ΨG .Before onsidering the tableau alulus ontaining all the tableau rules and the full fragment,we will onsider two smaller tableau aluli. The �rst tableau alulus we onsider is T→,⊥. Theseond is Tsec. In the following two setions we de�ne these tableau aluli and state whether ornot the Girard transformation ΨG respets them.17



18 CHAPTER 6. THE GIRARD TRANSFORMATION6.2 The Tableau Calulus T→,⊥Let F→,⊥
1 be the fragment of terms ontaining only the logial onstants ⊥,¬, and → and

R→,⊥ be the following set of rules:
{Closed⊥, Closed, DNeg, Imp, NegImp, Cut}The tableau alulus T→,⊥ is the pair 〈F→,⊥,R→,⊥〉.Lemma 6.2.1 (NegImp). ⊢

N
∀op q.(p → (¬

G
q) → ⊥

N
) → (¬

G
(p → q)) → ⊥

NProof. Figure 6.1 presents a derivation of ⊢
N
∀p q.(p → (¬

G
q) → ⊥

N
) → (¬

G
(p → q)) → ⊥

N
.Lemma 6.2.2. Ψ∗

G respets the rule NegImp.Proof. We need to prove that for any branh A and for any two formulas p and q suh that
¬(p → q) ∈ A if Ψ∗

G(A), ΨG(p), ΨG(¬q) ⊢
N
⊥

N
then Ψ∗

G(A) ⊢
N
⊥

NA proof is presented in Figure 6.2. Note that we impliitly make use of the fat that ΨG(¬(p →
q)) is equivalent to ¬

G
ΨG(p → q) and to ¬

G
(ΨG(p) → ΨG(q)). In addition, this derivationdepends on the transformation of the logial onstants ¬ and → whih are the ones used in theNegImp rule.Lemma 6.2.3 (Closed⊥). ⊢

N
⊥

G
→ ⊥

NLemma 6.2.4 (Closed). ⊢
N
∀op.p → (¬

G
p) → ⊥

NLemma 6.2.5 (DNeg). ⊢
N
∀op.(p → ⊥

G
) → (¬

G
¬

G
p) → ⊥

NLemma 6.2.6 (Imp). ⊢
N
∀op q.((¬

G
p) → ⊥

N
) → (q → ⊥

N
) → (p → q) → ⊥

NLemma 6.2.7 (Cut). ⊢
N
∀op.(p → ⊥

N
) → ((¬

G
p) → ⊥

N
) → ⊥

NLemma 6.2.8. Ψ∗
G respets all of the rules in T→,⊥.Proof. In Appendix A, we provide a Coq proof of Lemmas 6.2.1, 6.2.3, 6.2.4, 6.2.5, 6.2.6, and 6.2.7whih orrespond to eah of the rules in R→,⊥. Using those lemmas to prove that Ψ∗

G respetsthe lemma's orresponding rule is straightforward. We presented a proof that Ψ∗
G respets therule NegImp by proving Lemma 6.2.2 using Lemma 6.2.1. The rest of the ases are very similar.Thus, this step from now on will be left for the reader.Theorem 6.2.9. The Girard transformation ΨG respets T→,⊥.Proof. This follows diretly from Lemma 6.2.8.Corollary 6.2.10. Let s be a ground formula. If {s} is T→,⊥-refutable, then {ΨG(s)} ⊢

N
⊥

N
.Proof. The proof follows diretly from Corollary 5.2.2 and from Theorem 6.2.9

1Note that we all this fragment F→,⊥ beause it inludes the preimage of terms whih only ontain → and
⊥

G
under ΨG .
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→

,⊥
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hy

hy

Γ, p, q ⊢
N

q
→ I

hy hy

Γ, p, q ⊢
N
¬

G
(p → q) Γ, p, q ⊢

N
p → q

→ E

Γ, p ⊢
N

p → (¬
G
q) → ⊥

G
Γ, p ⊢

N
p

→ E

Γ, p, q ⊢
N
⊥

G
→ I

Γ, p ⊢
N

(¬
G
q) → ⊥

G
Γ, p ⊢

N
(¬

G
q)

→ E

Γ, p ⊢
N
⊥

G
∀E

hy

Γ, p ⊢
N

q
→ I

Γ ⊢
N
¬

G
(p → q) Γ ⊢

N
p → q

→ E

(p → (¬
G
q) → ⊥

N
), (¬

G
(p → q)) ⊢

N
⊥

N
→ I

(p → (¬
G
q) → ⊥

N
) ⊢

N
(¬

G
(p → q)) → ⊥

N
→ I

⊢
N

(p → (¬
G
q) → ⊥

N
) → (¬

G
(p → q)) → ⊥

N
∀I

⊢
N
∀q.(p → (¬

G
q) → ⊥

N
) → (¬

G
(p → q)) → ⊥

N
∀I

⊢
N
∀p q.(p → (¬

G
q) → ⊥

N
) → (¬

G
(p → q)) → ⊥

Nwhere Γ = {(p → (¬
G
q) → ⊥

N
), (¬

G
(p → q))}.Figure 6.1: Derivation of proposition orresponding to NegImp translated using ΨG
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Lemma 6.2.1

⊢
N
∀t1t2.s2 → ¬

G
(t1 → t2) → ⊥

N
∀E

⊢
N
∀t1.s1 → ¬

G
(t1 → ΨG(q)) → ⊥

N
∀E

Ψ∗
G(A), ΨG(p),¬

G
ΨG(q) ⊢

N
⊥

N
→ I

⊢
N

s → ¬
G
(ΨG(p) → ΨG(q)) → ⊥

N
wk

Ψ∗
G(A), ΨG(p) ⊢

N
¬

G
ΨG(q) → ⊥

N
→ I

Ψ∗
G(A) ⊢

N
s → ¬

G
(ΨG(p) → ΨG(q)) → ⊥

N
Ψ∗

G(A) ⊢
N

s
→ E hy

Ψ∗
G(A) ⊢

N
¬

G
(ΨG(p) → ΨG(q)) → ⊥

N
Ψ∗

G(A) ⊢
N
¬

G
(ΨG(p) → ΨG(q))

→ E

Ψ∗
G(A) ⊢

N
⊥

Nwhere s = (ΨG(p) → ¬
G
ΨG(q) → ⊥

N
),

s1 = (t1 → ¬
G
ΨG(q) → ⊥

N
), and

s2 = (t1 → t2 → ⊥
N

).Figure 6.2: Ψ∗
G respets NegImp



6.3. THE TABLEAU CALCULUS TSEC 216.3 The Tableau Calulus TsecLet Fsec be the fragment of terms ontaining the logial onstants ⊤,⊥,¬,→,∧,∨, ∀ι, ∀ιo, ∃ι,and ∃ιo and Rsec be the following set of rules:
{Closed⊥, Closed¬⊤, Closed, DNeg, And, NegAnd, Or, NegOr,Imp, NegImp, DeMorgan∀, DeMorgan∃, Forall, Exists, Cut}The tableau alulus Tsec is the pair 〈Fsec,Rsec〉. This tableau alulus orresponds to seond-order logi.6.3.1 ΨG does not Respet TsecDe�nition 6.3.1 (Double Negation Shift). The double negation shift, DNS, is the formula:

(∀x.¬¬f x) → ¬¬∀x.f xLemma 6.3.2. 0
N

(∀x.¬
G
¬

G
f x) → ¬

G
¬

G
∀x.f xProof. It is known that DNS is not provable intuitionistially [16, 12, 31℄. If we transform thenegations in this formula using the intuitionisti Girard transformation the result is also notprovable intuitionistially, and thus annot be derived using our intutionisti ND system N .Lemma 6.3.3. ⊢

N
(ΨG(∀ιof.¬((¬∀ιx.f x)∧¬∃ιx.¬f x)) → ⊥

N
) → (∀x.¬

G
¬

G
f x) → ¬

G
¬

G
∀x.f xProof. The Coq proof of this lemma is provided in Appendix A.Lemma 6.3.4. {ΨG(∀ιof.¬((¬∀ιx.f x) ∧ ¬∃ιx.¬f x))} 0

N
⊥

NProof. Assume {ΨG(∀ιof.¬((¬∀ιx.f x) ∧ ¬∃ιx.¬f x))} ⊢
N
⊥

N
. By the → I rule we know ⊢

N

ΨG(∀ιof.¬((¬∀ιx.f x) ∧ ¬∃ιx.¬f x)) → ⊥
N
. Using Lemma 6.3.3 and the → E rule, we know

⊢
N

(∀x.¬
G
¬

G
f x) → ¬

G
¬

G
∀x.f x. This leads to a ontradition with Lemma 6.3.2. Hene,

{ΨG(∀ιof.¬((¬∀ιx.f x) ∧ ¬∃ιx.¬f x))} 0
N
⊥

N
.Theorem 6.3.5. The Girard transformation ΨG does not respet Tsec.Proof. Consider the following formula s:

∀ιof.¬((¬∀ιx.f x) ∧ ¬∃ιx.¬f x)The Fsec-branh {¬∀ιof.¬((¬∀ιx.f x)∧¬∃ιx.¬f x)} is Tsec-refutable. A tableau proof that onlyuses rules fromRsec is given in Figure 6.3. By Lemma 6.3.4 we know that {ΨG(∀ιof.¬((¬∀ιx.fx)∧
¬∃ιx.¬f x))} 0

N
⊥

N
. Sine s ∈ Fsec and FV (s) = ∅, therefore using Corollary 5.2.2 it followsthat the logial transformation ΨG does not respet Tsec.If ΨG does not respet Tsec then it also does not respet the tableau alulus ontaining allthe rules and the full fragment. Thus we need to reate a modi�ed transformation that respets

Tsec. In order to �nd this modi�ed transformation, it is helpful to know whih tableau rules Ψ∗
Grespets and whih rules it does not respet.
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¬∀f.¬((¬∀x.f x) ∧ ¬∃x.¬f x)
∃f.¬¬((¬∀x.f x) ∧ ¬∃x.¬f x)
¬¬((¬∀x.f x) ∧ ¬∃x.¬f x)

(¬∀x.f x) ∧ ¬∃x.¬f x
¬∀x.f x
¬∃x.¬f x
∃x.¬f xFigure 6.3: Tableau Proof of ∀ιof.¬((¬∀ιx.p x) ∧ ¬∃ιx.¬p x)6.3.2 Tableau Rules in Tsec that are Respeted by Ψ

∗
GBy Lemma 6.2.8 we know that Ψ∗

G respets the following rules:Closed⊥, Closed, DNeg, Imp, NegImp, CutLemma 6.3.6 (Closed¬⊤). ⊢
N

(¬
G
⊤

G
) → ⊥

NLemma 6.3.7 (And). ⊢
N
∀p q.(p → q → ⊥

N
) → (p ∧

G
q) → ⊥

NLemma 6.3.8 (NegAnd). ⊢
N
∀p q.((¬

G
p) → ⊥

N
) → ((¬

G
q) → ⊥

N
) → ¬

G
(p ∧

G
q) → ⊥

NLemma 6.3.9 (Or). ⊢
N
∀p q.(p → ⊥

N
) → (q → ⊥

N
) → (p ∨

G
q) → ⊥

NLemma 6.3.10 (NegOr). ⊢
N
∀p q.((¬

G
p) → (¬

G
q) → ⊥

N
) → ¬

G
(p ∨

G
q) → ⊥

NLemma 6.3.11 (Forall). ⊢
N
∀σof.∀σt.(f t → ⊥

N
) → (∀σ

G
f) → ⊥

NLemma 6.3.12 (Exists). ⊢
N
∀σof.(∀σx.f x → ⊥

N
) → (∃σ

G
f) → ⊥

NLemma 6.3.13 (DeMorgan∃). ⊢
N
∀σ→of.((∀σ

G
(λx.¬

G
f x)) → ⊥

N
) → (¬

G
(∃σ

G
f)) → ⊥

NTheorem 6.3.14. The branh transformation Ψ∗
G respets the following rules:Closed⊥, Closed¬⊤, Closed, DNeg, And, NegAnd, Or,NegOr, Imp, NegImp, DeMorgan∃, Forall, Exists, CutProof. Follows from Lemmas 6.2.3, 6.3.6, 6.2.4 ,6.2.5, 6.3.7, 6.3.8, 6.3.9, 6.3.10, 6.2.6, 6.2.2,6.3.13, 6.3.11, 6.3.12, and 6.2.7 respetively.6.3.3 Tableau Rules in Tsec that are not Respeted by Ψ

∗
GTheorem 6.3.15. The branh transformation Ψ∗

G does not respet the DeMorgan∀ rule.Proof. Let T be a tableau alulus ontaining exatly the following rules:DeMorgan∀, Exists, DNeg, And, ClosedThe tableau refutation of the branh {¬∀ιof.¬((¬∀ιx.f x) ∧ ¬∃ιx.¬f x)} given in Figure 6.3uses only the rules in T . Therefore, this branh is T -refutable. Following the same method usedto prove Theorem 6.3.5 we onlude that the logial transformation ΨG does not respet T . Weknow that Ψ∗
G respets the rules Exists, DNeg, And, and Closed using Theorem 6.3.14. Therefore,

Ψ∗
G does not respet the DeMorgan∀ rule.
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TFull is the tableau alulus ontaining all the tableau rules presented in Figure 3.1 exept forthe Leibniz rule. Moreover, it inludes the full fragment of terms. The reason why we exludethe Leibniz rule from TFull but still inlude the Cut rule (even though it is not needed forompleteness) is that we aim at obtaining the rihest omplete tableau alulus for whih wean �nd a logial transformation. We easily ould handle Cut, but not Leibniz. It is known thatLeibniz equality does not follow from Boolean extensionality. Therefore we argue that ΨGKPdoes not respet the Leibniz rule at type o. We already know from Lemma 6.3.15 that Ψ∗
G doesnot respet the DeMorgan∀ rule. Thus, ΨG does not respet the full tableau alulus. However,we still hek whih rules in this full alulus are respeted by ΨG . This is done to determinewhih rules are not respeted by this transformation, in order to get an intuition on how tomodify the transformation suh that it respets those rules.Proposition 6.4.1. The Tableau Calulus TFull is omplete.Proof. This follows from the main result in [6℄.6.4.1 ΨG does not Respet TFullTheorem 6.4.2. The Girard transformation ΨG does not respet TFull.Proof. We know Fsec ⊆ FFull, Rsec ⊆ RFull, and that the branh {¬∀ιof.¬((¬∀ιx.f x) ∧

¬∃ιx.¬f x)} is Tsec-refutable. Therefore by Theorem 3.1.8 we know that {¬∀ιof.¬((¬∀ιx.f x) ∧
¬∃ιx.¬f x)} is TFull-refutable. Following the same method used to prove Theorem 6.3.5 weonlude that the logial transformation ΨG does not respet TFull.6.4.2 Tableau Rules in TFull that are Respeted by Ψ

∗
GUsing Theorem 6.3.14 we know that the branh transformation Ψ∗

G respets the following rules:Closed⊥, Closed¬⊤, Closed, DNeg, And, NegAnd, Or,NegOr, Imp, NegImp, DeMorgan∃, Forall, Exists, CutLemma 6.4.3 (Closed6=). ⊢
N
∀σs.¬

G
(s =

G
s) → ⊥

NLemma 6.4.4 (ClosedSym). ⊢
N
∀σs t.(s =

G
t) → ¬

G
(t =

G
s) → ⊥

NLemma 6.4.5 (Bool=). ⊢
N
∀op q.(p → q → ⊥

N
) → ((¬

G
p) → (¬

G
q) → ⊥

N
) → (p =

G
q) → ⊥

NLemma 6.4.6 (Fun=). ⊢
N
∀στk h.∀σt.((k t =

G
h t) → ⊥

N
) → (k =

G
h) → ⊥

NLemma 6.4.7 (Mat). ⊢
N
∀σ1σ2...σnop.∀σ1s1 t1.∀σ2s2 t2. . . . .∀σnsn tn.(¬

G
(s1 =

G
t1) → ⊥

N
) →

(¬
G
(s2 =

G
t2) → ⊥

N
) → · · · → (¬

G
(sn =

G
tn) → ⊥

N
) → p s1 s2 . . . sn → ¬

G
(p t1 t2 . . . tn) →

⊥
NLemma 6.4.8 (De). ⊢

N
∀σ1σ2...σnιh.∀σ1s1 t1.∀σ2s2 t2. . . . .∀σnsn tn.(¬

G
(s1 =

G
t1) → ⊥

N
) →

(¬
G
(s2 =

G
t2) → ⊥

N
) → · · · → (¬

G
(sn =

G
tn) → ⊥

N
) → ¬

G
(h s1 s2 . . . sn =

G
h t1 t2 . . . tn) →

⊥
NFor simpliity the Coq proofs provided in Appendix A for the Mat and De rules are for thebinary ase.



24 CHAPTER 6. THE GIRARD TRANSFORMATIONLemma 6.4.9 (Con). ⊢
N
∀ιs1 t1 s2 t2.(¬G

(s1 =
G

s2) → ¬
G
(t1 =

G
s2) → ⊥

N
) → (¬

G
(s1 =

G

t2) → ¬
G
(t1 =

G
t2) → ⊥

N
) → (s1 =

G
t1) → ¬

G
(s2 =

G
t2) → ⊥

NTheorem 6.4.10. The branh transformation Ψ∗
G respets the following rules:Closed⊥, Closed¬⊤, Closed, DNeg, And, NegAnd, Or, NegOr, Imp, NegImp, DeMorgan∃,Forall, Exists, Cut, Closed 6=, ClosedSym, Bool =, Fun =, Mat, De, ConProof. Follows diretly from Theorem 6.3.14 and Lemmas 6.4.3, 6.4.4, 6.4.5, 6.4.6, 6.4.7, 6.4.8,and 6.4.9, respetively.6.4.3 Tableau Rules in TFull that are not Respeted by Ψ

∗
GIn [4℄ Benzmüller et al. de�ned a non-extensional model lass Mβ. They prove soundness of anND alulus NKβ in Theorem 7.3. It is easy to hek that our ND alulus is also sound withrespet to Mβ.Lemma 6.4.11. ∃M ∈ Mβ : M � ΨG(∃ox y.∃oof.¬(x → y → f x → f y))Proof. The model Mβf onstruted in Example 5.4 of [4℄ is in Mβ and it is not di�ult to verifythat it satis�es ΨG(∃ox y.∃oof.¬(x → y → f x → f y)).Lemma 6.4.12. {ΨG(∃ox y.∃oof.¬(x → y → f x → f y))} 0

N
⊥

NProof. Assume {ΨG(∃ox y.∃oof.¬(x → y → f x → f y))} ⊢
N
⊥

N
.Our ND alulus N is sound with respet to Mβ .Therefore, ∀M ∈ Mβ : M 2 ΨG(∃ox y.∃oof.¬(x → y → f x → f y)).This ontradits Lemma 6.4.11.Theorem 6.4.13. The branh transformation Ψ∗

G does not respet the BoolExt rule.Proof. Let T be a tableau alulus ontaining exatly the following rules:Exists, NegImp, Mating, BoolExt, ClosedA tableau refutation of the branh {∃ox y.∃oof.¬(x → y → f x → f y)} that uses only the rulesin T is given in Figure 6.4. Therefore, this formula is T -refutable. We know by Lemma 6.4.12that {ΨG(∃ox y.∃oof.¬(x → y → f x → f y)} 0
N
⊥

N
. Sine ∃x y.∃f.¬(x → y → f x → f y) isa ground formula, therefore using Corollary 5.2.2 it follows that the logial transformation ΨGdoes not respet T . We know that Ψ∗

G respets the rules Exists, NegImp, Mating, and Closedusing Theorem 6.4.10. Therefore, Ψ∗
G does not respet the BoolExt rule.Lemma 6.4.14. ∃M ∈ Mβ : M � ΨG(∃ιof g.¬((¬∃ox.f x 6= g x) → (f = g)))Proof. The model Mβξb onstruted in Example 5.6 of [4℄ is in Mβ and it is not di�ult toverify that it satis�es ΨG(∃ιof g.¬((¬∃ox.f x 6= g x) → (f = g))).Lemma 6.4.15. {ΨG(∃ιof g.¬((¬∃ox.f x 6= g x) → (f = g)))} 0

N
⊥

NProof. Assume {ΨG(∃ιof g.¬((¬∃ox.f x 6= g x) → (f = g)))} ⊢
N
⊥

N
.Our ND alulus N is sound with respet to Mβ .Thus, ∀M ∈ Mβ : M 2 ΨG(∃ιof g.¬((¬∃ox.f x 6= g x) → (f = g))).This ontradits Lemma 6.4.14.
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∃x y.∃f.¬(x → y → f x → f y)
∃y.∃f.¬(x → y → f x → f y)
∃f.¬(x → y → f x → f y)
¬(x → y → f x → f y)

x
¬(y → f x → f y)

y
¬(f x → f y)

f x
¬f y
x 6= y

x y
¬y ¬xFigure 6.4: Tableau Refutation of ∃x y.∃f.¬(x → y → f x → f y)Theorem 6.4.16. The branh transformation Ψ∗

G does not respet the FunExt rule.Proof. Let T be a tableau alulus ontaining exatly the following rules:Exists, NegImp, DeMorgan∃, FunExt, Forall, ClosedA tableau refutation of the branh {∃ιofg.¬((¬∃ox.fx 6= gx) → (f = g))} that uses only the rulesin T is given in Figure 6.5. Therefore, this formula is T -refutable. We know by Lemma6.4.15 that
{ΨG(∃ιof g.¬((¬∃ox.f x 6= gx) → (f = g)))} 0

N
⊥

N
. Sine ∃ιof g.¬((¬∃ox.f x 6= gx) → (f = g))is a ground formula, therefore using Corollary 5.2.2 it follows that the logial transformation ΨGdoes not respet T . We know that Ψ∗

G respets the rules Exists, NegImp, DeMorgan∃, FunExt,and Closed using Theorem 6.4.10. Therefore, Ψ∗
G does not respet the FunExt rule.

∃f g.¬((¬∃ox.f x 6= g x) → (f = g))
∃g.¬((¬∃ox.f x 6= g x) → (f = g))
¬((¬∃ox.f x 6= g x) → (f = g))

¬∃ox.f x 6= g x
f 6= g

∀x.¬(f x 6= g x)
f x 6= g x

¬(f x 6= g x)Figure 6.5: Tableau Refutation of ∃ιof g.¬((¬∃ox.f x 6= g x) → (f = g))Theorem 6.4.17. The branh transformation Ψ∗
G does not respet the following rules:DeMorgan∀, BoolExt, FunExt,Proof. Follows diretly from Theorems 6.3.15, 6.4.13, and 6.4.16.It may be a bit surprising that the only tableau rule whih makes use of lassial logi is theDeMorgan∀ rule. Thus, this rule is not respeted by the straightforward transformation Ψ∗

G .



26 CHAPTER 6. THE GIRARD TRANSFORMATIONOn the other hand, it is not at all surprising that Ψ∗
G does not respet the BoolExt ruleand the FunExt rule. This is beause they expliitly make use of the onepts of Boolean andfuntional extensionality respetively. Note that ΨG transforms equality as Leibniz equality andthus doesn't introdue any onept of extensionality. Moreover, the extensionality axioms annotbe proven using Leibniz equality.



Chapter 7The Girard-Kuroda TransformationThe Girard-Kuroda transformation ΨGK is a lassial non-extensional logial transformationwhih slightly modi�es the Girard transformation ΨG . We all this transformation Girard-Kuroda beause it turns out to be the same as Kuroda's negative translation that translates fromlassial �rst-order logi to intuitionisti �rst-order logi [24, 29℄. Our aim using this transfor-mation is to translate from lassial higher-order logi to intuitionisti higher-order logi. Otherthan the BoolExt and FunExt rules whih introdue the priniples of Boolean extensionality andfuntional extensionality respetively, the only rule that is not respeted by the intuitionistitransformation ΨG is the DeMorgan∀ rule. This is beause the DeMorgan∀ rule makes use oflassial priniples and does not hold intuitionistially [32℄.This year a paper has been published showing that Glivenko's theorem also holds for seond-order propositional logi without the ∀ quanti�er [32℄. We have seen this paper on Otober 29,2009 and its result is similar to one of our results. Namely, we show that the DeMorgan∀ rule isnot provable intuitionistially and that all the other rules are. This is similar to the result in [32℄stating that Glivenko's theorem does not hold for the full fragment of seond-order propositionallogi that inludes the ∀ however holds for the fragment that exludes the ∀ quanti�er. Onedi�erene is that we show this result for elementary type theory, i.e., lassial non-extensionalhigher-order logi (see [1℄), rather than seond-order propositional logi.In the oming two setions we give a logial transformation that we all Girard-Kuroda andprove that it transforms lassial elementary type theory to intuitionisti elementary type theory.7.1 Properties of the Girard-Kuroda TransformationThe logial transformation ΨGK modi�es the Girard transformation of the logial onstant ∀suh that the DeMorgan∀ rule is respeted.The Girard-Kuroda transformation ΨGK is exatly like ΨG exept for it transforms the logialonstant ∀ as follows:
ΨGK(∀) = λf.∀x.¬

G
¬

G
f xWe write ∀

GK
as shorthand for ΨGK(∀).Proposition 7.1.1. The Girard-Kuroda transformation ΨGK is a logial transformation.Proof. By Proposition 6.1.1 we know that the Girard transformation is a logial transformation.It is easy to see that the Girard-Kuroda transformation is lassially equivalent to the Girardtransformation. Hene, the Girard-Kuroda transformation is also a logial transformation.27



28 CHAPTER 7. THE GIRARD-KURODA TRANSFORMATIONProposition 7.1.2. The Girard-Kuroda transformation ΨGK respets beta.Proof. Follows from Proposition 5.1.4 sine ΨGK is ompositional.Let Ψ∗
GK be the branh transformation that trivially extends ΨGK.7.2 The Tableau Calulus TelemLet Relem be the following set of rules:

{Closed⊥, Closed¬⊤, Closed, DNeg, And, NegAnd, Or, NegOr,Imp, NegImp, DeMorgan∃, DeMorgan∀, Forall, Exists, Cut,Closed 6=, ClosedSym, Bool =, Leibniz, Fun =, Mat, De, Con}The tableau alulus Telem is the pair 〈Ter ,Relem〉. This tableau alulus orresponds to ele-mentary type theory. Elementary type theory is a lassial non-extensional higher-order logi(see [1℄).Note that the ΨGK transforms all logial onstants the same way as the Girard transformationexept for the forall logial onstant ∀. Therefore, for eah of the tableau rules that do not ontainthe logial onstant ∀ whenever we know that the Girard transformation respets this rule we alsoknow that the Girard-Kuroda transformation respets it. The only tableau rules that ontainthe ∀ logial onstant are Forall, the DeMorgan∃, DeMorgan∀, and Leibniz. Thus, we show thatthe Girard-Kuroda transformation respets those four rules.The Coq proofs of the following four lemmas are provided in Appendix B.Lemma 7.2.1 (Forall). ⊢
N
∀σof.∀σt.(f t → ⊥

N
) → (∀σ

GK
f) → ⊥

NLemma 7.2.2 (DeMorgan∃). ⊢
N
∀σ→of.((∀σ

GK
(λx.¬

G
f x)) → ⊥

N
) → (¬

G
(∃σ

G
f)) → ⊥

NLemma 7.2.3 (DeMorgan∀). ⊢
N
∀σ→of.((∃σ

G
(λx.¬

G
f x)) → ⊥

N
) → (¬

G
(∀σ

GK
f)) → ⊥

NLemma 7.2.4 (Leibniz). ⊢
N
∀ιx y.((∀σo

GK
(λf.f x → f y)) → ⊥

N
) → (x =

G
y) → ⊥

NLemma 7.2.5. The branh transformation Ψ∗
GK respets all of the rules in Telem.Proof. This follows diretly from Theorem 6.4.10 and Lemmas 7.2.1, 7.2.2, and 7.2.3.Theorem 7.2.6. The Girard-Kuroda transformation ΨGK respets Telem.Proof. This follows diretly from Lemma 7.2.5.Corollary 7.2.7. Let s be a ground formula. If {s} is Telem-refutable, then {ΨGK(s)} ⊢

N
⊥

N
.Proof. The proof follows diretly from Corollary 5.2.2 and from Theorem 7.2.6Using Lemma 7.2.5 we know that ΨGK respets all the rules in TFull exept for the Bool 6=and Fun 6= rules. Moreover, using similar proofs to those of Theorems 6.4.13 and 6.4.16 providedin Chapter 6 we know that ΨGK does not respet the Bool 6= and Fun 6= rules .



Chapter 8The Girard-Kuroda-PerTransformationThe Girard-Kuroda-Per transformation ΨGKP is a lassial extensional logial transformationwhih modi�es the Girard-Kuroda transformation ΨGK. It introdues the priniples of Booleanand funtional extensionality and therefore makes it possible to respet the rules BoolExt andFunExt. In Setion 8.3, we state why we all this transformation Per.In 1956 Gandy introdued a transformation from extensional to non-extensional simple typetheory [14℄. His aim was to show that if simple type theory exluding the axioms of extensionalityis onsistent, then so is simple type theory inluding extensionality. The ΨGKP transformationis similar in that it also transforms extensional to non-extensional simple type theory but ad-ditionally it transforms lassial to intuitionisti logi. The two transformations are apparentlydi�erent. Gandy's transformation uses a binary relation and a prediate de�ned by mutual reur-sion. Meanwhile, ΨGKP uses a single binary relation that de�ned indutively on types, and whihturns out to be a partial equivalene relation. The question of whether Gandy's transformationand ΨGKP are the same up to double negations is still open for future work.8.1 The Girard-Kuroda-Per Transformation ΨGKPDe�nition 8.1.1. For every type σ we de�ne indutively a term Rσ as follows:
Ro = λx y.(x → y) ∧

G
(y → x)

Rι = λx y.∀q.q x → q y

Rσ→τ = λf g.∀x y.Rσ x y → ¬
G
¬

G
(Rτ (f x)(g y))This term Rσ orresponds to a binary relation on type σ. To give the reader a good intuitionwe sometimes speak Rσ as a relation rather than as a term. Note that at funtion types R isde�ned as a logial relation up to double negations.The Girard-Kuroda-Per transformation ΨGKP agrees with the Girard transformation ΨG onall logial onstants exept for ∀, ∃ and =, whih it transformes as follows:

ΨGKP(=σ) = Rσ

ΨGKP(∀σ) = λf.∀x.(Rσx x) → ¬
G
¬

G
f x

ΨGKP(∃σ) = λf.∀op.(∀x.(Rσx x) → f x → p) → p29



30 CHAPTER 8. THE GIRARD-KURODA-PER TRANSFORMATIONWe write ∀
GKP

and ∃
GKP

as shorthand for ΨGKP(∀) and ΨGKP(∃), respetively.8.2 ΨGKP is a Logial TransformationLemma 8.2.1. ∀σ ∈ T : ∀I ∈ Interp : ∀a, b ∈ I(σ) : (Î(Rσ) a b = 1) ⇐⇒ a = bProof. We prove this lemma by indution on types. Let I be an arbitrary interpretation. Let aand b be arbitrary elements in I(σ). We show (Î(Rσ) a b = 1) ⇐⇒ a = b.
• Case σ = o:We want to show Î(Ro)ab = 1 ⇐⇒ a = b. By expanding the de�nition of Ro this reduesto showing Î(λx y.(x → y) ∧

G
(y → x)) a b = 1 ⇐⇒ a = b. This is equivalent to showing

Îxy
ab ((x → y) ∧

G
(y → x)) = 1 ⇐⇒ a = b, whih is obviously true.

• Case σ = ι:We want to show Î(Rι) a b = 1 ⇐⇒ a = b. We know that Rι is Leibniz equality and byProposition 6.1.1 that the Girard transformation is a logial transformation that maps =to Leibniz equality. Therefore, the interpretation of Leibniz equality is ordinary equality.
• Case σ = σ1σ2:We want to show Î(Rσ1σ2) a b = 1 ⇐⇒ a = b.� We show Î(Rσ1σ2) a b = 1 =⇒ a = b.Assume Î(Rσ1σ2) a b = 1. We need to show a = b. Let c ∈ I(σ1) be given. Now weneed to show a(c) = b(c).

Î(Rσ1σ2) a b = 1

⇐⇒ Î(λf g.∀x y.Rσ1 x y → ¬
G
¬

G
(Rσ2(f x)(g y))) a b = 1

⇐⇒ Îfg
ab (∀x y.Rσ1 x y → ¬

G
¬

G
(Rσ2(f x)(g y))) = 1

=⇒ ̂Ifgxy
abcc (Rσ1 x y → ¬

G
¬

G
(Rσ2(f x)(g y))) = 1

⇐⇒ ̂Ifgxy
abcc (Rσ1 x y → (Rσ2(f x)(g y))) = 1

⇐⇒ (̂Ifgxy
abcc (Rσ1 x y) = 1 =⇒ ̂Ifgxy

abcc (Rσ2(f x)(g y))) = 1)

⇐⇒ (Î(Rσ1) c c = 1 =⇒ Î(Rσ2)(a(c))(b(c)) = 1)

⇐⇒ (c = c =⇒ a(c) = b(c)) by IH
⇐⇒ a(c) = b(c)� We show a = b =⇒ Î(Rσ1σ2) a b = 1



8.3. PROPERTIES OF R 31Assume a = b. We need to show Î(Rσ1σ2) a b = 1.
Î(Rσ1σ2) a b = 1

⇐⇒ Î(λf g.∀x y.Rσ1 x y → ¬
G
¬

G
(Rσ2(f x)(g y))) a b = 1

⇐⇒ Îfg
ab (∀x y.Rσ1 x y → ¬

G
¬

G
(Rσ2(f x)(g y))) = 1

=⇒ ∀c, d ∈ I(σ1) :
̂Ifgxy

abcd (Rσ1 x y → ¬
G
¬

G
(Rσ2(f x)(g y))) = 1

⇐⇒ ∀c, d ∈ I(σ1) :
̂Ifgxy

abcd (Rσ1 x y → (Rσ2(f x)(g y))) = 1

⇐⇒ (∀c, d ∈ I(σ1) : ̂Ifgxy
abcd (Rσ1 x y) = 1 =⇒ ̂Ifgxy

abcd (Rσ2(f x)(g y))) = 1)

⇐⇒ (∀c, d ∈ I(σ1) : Î(Rσ1) c d = 1 =⇒ Î(Rσ2)(a(c))(b(d)) = 1)

⇐⇒ (∀c, d ∈ I(σ1) : c = d =⇒ a(c) = b(d)) by IH
⇐⇒ a = bLemma 8.2.2. For every interpretation I and every a in I(σ) we have I(Rσ) a a = 1.Proof. Follows diretly from Lemma 8.2.1.Theorem 8.2.3. Girard-Kuroda-Per is a logial transformation.Proof. Follows diretly from the fat that the Girard transformation is a logial transformationand from Lemmas 8.2.1 and 8.2.2.8.3 Properties of RIn order to make progress, we �rst have to onsider whih properties of the relationR are provablein the ND alulus N .De�nition 8.3.1 (Re�exive Type). A type σ is re�exive if ⊢

N
∀σx.Rσxx.De�nition 8.3.2 (Symmetri). We will say an N -term G : σσo is symmetri if the followingholds:

⊢
N
∀σx y.(G x y) → (G y x)De�nition 8.3.3 (Transitive). We will say an N -term G : σσo is transitive if the followingholds:

⊢
N
∀σx y z.(G x y) → (G y z) → (G x z)De�nition 8.3.4 (Negatively Transitive). We will say an N -term G : σσo is negatively transitiveif the following holds:

⊢
N
∀σx y z.(G x y) → ¬

G
(G x z) → ¬

G
(G y z)We show that for all types σ the relation Rσ that our transformation transforms equalityinto is both symmeti and transitive. Moreover, we show that not all types are re�exive. Hene,we an onlude that Rσ is a partial equivalene relation. This is the reason why we all thistransformation Girard-Kuroda-Per.



32 CHAPTER 8. THE GIRARD-KURODA-PER TRANSFORMATIONLemma 8.3.5. For eah type σ the relation Rσ is symmetri.Proof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.6. For eah type σ the relation Rσ is transitive.Proof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.7. For eah type σ the relation Rσ is negatively transitive.Proof. A Coq proof of this lemma is inluded in Appendix C.First we show that the two basi types o and ι are re�exive. Then we show some non-re�exivetypes, namely the types oo and oι. This shows that not all types are re�exive.Note that in Lemma 8.2.1 we were able to show for all types σ that Rσ is equivalent to=σ usingthe lassial extensional semantis. The ND alulus N is intuitionisti and non-extensional.This is why it does not follow that all types σ are re�exive.Lemma 8.3.8. The basi type ι is re�exive.Proof. A Coq proof of this lemma an be found in Appendix C.Lemma 8.3.9. The basi type o is re�exive.Proof. A Coq proof of this lemma an be found in Appendix C.Lemma 8.3.10. The types oo and oι are not re�exive.Proof. The model Mβf onstruted in Example 5.4 of [4℄ is in Mβ and it is not di�ult to verifythat it satis�es the negation of both ∀oof.Rooff and ∀oιf.Roιff . Sine N is sound with respetto Mβ , therefore the types oo and oι annot be re�exive.Now we show a very interesting theorem, namely Theorem 8.3.21, stating that if for all the freevariables x of a term t we know Γ ⊢
N

R xx then we know Γ ⊢
N
¬

G
¬

G
(R (ΨGKP(t)) (ΨGKP(t))).At �rst sight this theorem might seem obvious but in fat it is not very diret to prove. In fat,a more general form of this theorem stating that this property is true for all N -terms does nothold. This theorem is neessary to prove that Girard-Kuroda-Per respets the tableau alulus

TFullres
whih will be introdued in the next setion.Before proving this theorem we will �rst show that for all transformations of the logialonstants c′ we know ⊢

N
R c′ c′. The most interesting ase is the ∃

GKP
ase, for whih weprovide a step-by-step explanation of the proof. For eah of the other logial onstants weprovide Coq proofs in Appendix C.Lemma 8.3.11. ⊢

N
R ¬

G
¬

GProof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.12. ⊢
N

R →
G
→

GProof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.13. ⊢
N

R ∧
G
∧

GProof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.14. ⊢
N

R ∨
G
∨

G



8.3. PROPERTIES OF R 33Proof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.15. ⊢
N

R ∃σ
GKP

∃σ
GKP

for any type σProof. A Coq proof of this lemma is inluded in Appendix C. We also provide an explanation ofthe proof here.We show that ⊢
N

R(σo)o∃σ
GKP

∃σ
GKP

(for any σ).1. After unfolding the de�nition of R(σo)o we need to show ¬
G
¬

G
(Ro(∃

GKP
g1) (∃

GKP
g2)) underthe assumption ∀σz1 z2.(R

σz1 z2) → ¬
G
¬

G
(Ro(g1 z1) (g2 z2)).2. So suppose ¬

G
(Ro(∃

GKP
g1) (∃

GKP
g2)).3. We need to show Ro(∃

GKP
g1) (∃

GKP
g2), of whih we present only the impliation from leftto right here. (The other part is symmetri.)4. So suppose ∃

GKP
g1, i.e., ∀op. (∀σx. Rσx x →

G
g1 x →

G
p) →

G
p.5. We need to show ∃

GKP
g2, i.e., ∀op. (∀σx.Rσx x →

G
g2 x →

G
p) →

G
p.6. It su�es to show p. Note that we will not need to use the assumption ∀σx.Rσx x →

G

g2 x →
G

p.7. Using (4) this redues to showing ∀σx.Rσx x →
G

g1 x →
G

p.8. So suppose Rσx x and g1 x.9. We need to show p.10. Instantiating the assumption in (1) yields ¬
G
¬

G
(Ro(g1 x) (g2 x)).11. It thus su�es to show ¬

G
(Ro(g1x) (g2 x)) (sine from ⊥

G
we an onlude p).12. So suppose Ro (g1 x) (g2 x).13. We need to show ⊥

G
.14. From g1 x and g1 x →

G
g2 x we get g2 x.15. By (2) it su�es to show Ro(∃

GKP
g1) (∃

GKP
g2) (whih is the original goal, but now we anuse the aumulated assumptions).16. The impliation from right to left follows easily from (4).17. For the other diretion we need to show ∃

GKP
g2, i.e., ∀op. (∀σx.Rσx x →

G
g2 x →

G
p) →

G
p.18. So suppose ∀σx. Rσx x →

G
g2 x →

G
q.19. We need to show q, whih follows from (18), (8), and (14).Lemma 8.3.16. ⊢

N
R ∀σ

GKP
∀σ

GKP
for any type σProof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.17. ⊢

N
R RσRσ for any type σ



34 CHAPTER 8. THE GIRARD-KURODA-PER TRANSFORMATIONProof. A Coq proof of this lemma is inluded in Appendix C. Note that the Coq proof term inAppendix C proves this property for any relation whih is symmetri and transitive. Sine weknow Rσ is symmetri and transitive on all types thus using the Coq lemma we an obtain thislemma.In some of the lemmas we prove later on that involve showing a property for Rσ, we provideCoq proofs for the lemma generalized to any relation whih is symmetri and transitive. Sinewe know Rσ is symmetri and transitive on all types σ thus using the Coq proofs we an obtainproofs for the orresponding lemma.Lemma 8.3.18. ⊢
N

R (ΨGKP(c))(ΨGKP (c)) where c is a logial onstant.Proof. We prove this lemma for eah logial onstant c.
• Case t = ⊤

G
or t = ⊥

GWe need to show that ⊢
N

Ro⊥ ⊥ and ⊢
N

Ro⊤ ⊤. They both follow diretly using Lemma8.3.9.
• Case t = ¬

G
, t =→

G
, t = ∧

G
, t = ∨

G
, t = ∃σ

GKP
, t = ∀σ

GKP
, or t = RσThose ases are proven by Lemmas 8.3.11, 8.3.12, 8.3.13, 8.3.14, 8.3.15, 8.3.16, and 8.3.17respetively.Lemma 8.3.19. ⊢

N
∀t1 t2.(¬G

¬
G
Rστ t1 t1) → (¬

G
¬

G
Rσt2 t2) → (¬

G
¬

G
Rτ (t1 t2)(t1 t2))Proof. A Coq proof of this lemma is inluded in Appendix C.Lemma 8.3.20. For all terms t, for all substitutions θ1, θ2 and, for all ontexts Γ:if ∀x ∈ FV (t) : Γ ⊢

N
R (θ1(x))(θ2(x)) then Γ ⊢

N
¬

G
¬

G
(R (θ1(ΨGKP(t)))(θ2(ΨGKP(t))))Proof. We prove this lemma by strutural indution on ΨGKP(t).

• Case t is a variable xWe know ΨGKP(t) = x and FV (t) = {x}. Hene, this ase is trivial due to the assumptionand Lemma 4.2.1.
• Case t is a logial onstantProof follows by Lemma 4.2.1 and by weakening of Lemma 8.3.18.
• Case t = t1 t2We know ΨGKP(t) = (ΨGKP(t1)) (ΨGKP(t2)).Assume that the following holds:

∀x ∈ FV (t) : Γ ⊢
N

R (θ1(x)) (θ2(x))We want to show that
Γ ⊢

N
¬

G
¬

G
(R (θ1(ΨGKP(t1 t2))) (θ2(ΨGKP(t1 t2)))).Sine FV (t1) ⊆ FV (t), therefore we know:

∀x ∈ FV (t1) : Γ ⊢
N

R (θ1(x)) (θ2(x))



8.3. PROPERTIES OF R 35Similarly sine FV (t2) ⊆ FV (t), therefore we also know:
∀x ∈ FV (t2) : Γ ⊢

N
R (θ1(x)) (θ2(x))Thus, by applying the indution hypothesis with θ1, θ2, Γ we know the following two fats:

Γ ⊢
N
¬

G
¬

G
(R (θ1(ΨGKP(t1)))(θ2(ΨGKP(t1))))and Γ ⊢

N
¬

G
¬

G
(R (θ1(ΨGKP(t2)))(θ2(ΨGKP(t2))))By Lemma using 8.3.19 we diretly get Γ ⊢

N
¬

G
¬

G
(R (θ1(ΨGKP(t1 t2)))(θ2(ΨGKP(t1 t2)))).

• Case t = λx.t′We know ΨGKP(t) = λx.(ΨGKP (t′)).Assume that the following holds:
∀y ∈ FV (t) : Γ ⊢

N
R (θ1(y)) (θ2(y))We want to show

Γ ⊢
N
¬

G
¬

G
(R (θ1(ΨGKP(λx.t′))) (θ2(ΨGKP(λx.t′)))).By the de�nition of substitution and ΨGKP we need to show

Γ ⊢
N
¬

G
¬

G
(R (λx.θ1(ΨGKP(t′))) (λx.θ2(ΨGKP(t′)))).for whih it su�es to show

Γ ⊢
N

R (λx.θ1(ΨGKP(t′))) (λx.θ2(ΨGKP(t′))).After unfolding the de�nition of R, we need to show
Γ, (R x1 x2) ⊢N

¬
G
¬

G
(R ((λx.θ1(ΨGKP(t′))) x1) ((λx.θ2(ΨGKP(t′))) x2)).where x1 and x2 are two distint fresh variables.By β-redution it remains to show

Γ, (R x1 x2) ⊢N
¬

G
¬

G
(R (θ1(ΨGKP(t′)))[x := x1] (θ2(ΨGKP(t′)))[x := x2]).De�ning Γ′ = Γ, (R x1 x2) as well as θ′1 = θ1, [x := x1] and θ′2 = θ2, [x := x2], it is easy tosee that we have

∀y ∈ FV (t′) : Γ′ ⊢
N

R (θ′1(y)) (θ′2(y)),beause of the assumption about FV (t) and the fat that
FV (t′) ⊆ FV (t) ∪ {x}.We therefore an apply the indution hypothesis to get

Γ′ ⊢
N
¬

G
¬

G
(R θ′1(ΨGKP(t′)) θ′2(ΨGKP(t′))),whih is what we needed to show.
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A, ⌈s t⌉β ⊢
T
⊥

A ⊢
T
⊥

∀s ∈ A, t is admissible for AFun =res

A, ⌈s1 t =τ s2 t⌉β ⊢
T
⊥

A ⊢
T
⊥

s1 =στ s2 ∈ A, t is admissible for ACutres

A, s ∨ ¬s ⊢
T
⊥

A ⊢
T
⊥

s is admissible for AFigure 8.1: Restrited Forall, Fun=, and Cut RulesTheorem 8.3.21. For all terms t, and for all ontexts Γ:if ∀x ∈ FV (t) : Γ ⊢
N

R x x then Γ ⊢
N
¬

G
¬

G
R (ΨGKP(t))(ΨGKP (t)))Proof. Follows diretly from Lemma 8.3.20 by using the identity substitutions.Corollary 8.3.22. For all terms t, and for all ontexts Γ:if ∀x ∈ FV (t) : (R x x ∈ Γ) or x has a re�exive type, then

Γ ⊢
N
¬

G
¬

G
R (ΨGKP(t))(ΨGKP (t)))Proof. Follows diretly from Theorem 8.3.21 beause if x has a re�exive type we know by the

wk rule that Γ ⊢
N

R x x, and if R x x ∈ Γ by hy rule we know Γ ⊢
N

R x x.8.4 The Tableau Calulus TFullresDe�nition 8.4.1 (Admissible for a Branh). A term t is admissible for a branh A if for eahvariable x ∈ FV (t), either x ∈ FV ∗(A) or x has a re�exive type.The tableau alulus TFullres
ontains the full fragment of terms and all the tableau rules thatare in TFull exept for Forall, Fun=, and Cut, for whih it ontains restrited forms as shown inFigure 8.1. Reall that TFull ontains all tableau rules exept for the Leibniz rule.Proposition 8.4.2. The tableau alulus TFullres

is omplete.Proof. Let A be a branh. We show that for every term t that is not admissible for A there isa orresponding term t′ that ould be used instead and is admissible for A. We an onstrutthe term t′ by replaing eah free variable x : σ1 . . . σnα in t that does not our free in A anddoes not have a re�exive type by λy1 . . . yn.z where z : α. Assume w.l.o.g. that z is not used asa fresh variable somewhere in the refutation being onsidered. By Lemmas 8.3.8 and 8.3.9 wean infer that z has a re�exive type. Thus, t′ is admissible for A. We know by Proposition 6.4.1that TFull is omplete. Whenever we apply the Forall, Fun=, or the Cut rule with a term t wean apply the Forallres, Fun=res, or the Cutres rule respetively with a orresponding term t′that is admissible for the branh. Hene, we an onlude that TFullres
is omplete.Note that not all types are re�exive. For instane by Lemma 8.3.10 the type oo and the type

oι are not re�exive. Thus, the restrited full tableau alulus TFullres
is stritly less general thanthe full tableau alulus TFull.
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378.5 ΨGKP respets TFullresLemma 8.5.1. 0

N
¬

G
¬

G
Roox xProof. The model Mβf onstruted in Example 5.4 of [4℄ is in Mβ and it is not di�ult to verifythat it satis�es ¬

G
Roox x. Thus, it does not satisfy ¬

G
¬

G
Roox x. Sine N is sound with respetto Mβ we know 0

N
¬

G
¬

G
Roox x.Proposition 8.5.2. The trivial branh transformation Ψ∗

GKPtr
that extends ΨGKP does notrespet TFullres

.Proof. This is beause Ψ∗
GKPtr

does not respet some of the rules in TFullres
.Assume Ψ∗

GKPtr
respets the tableau step 〈{x 6= x}〉. Then we know ¬

G
Roox x ⊢

N
⊥

N
. Thuswe an infer ⊢

N
¬

G
¬

G
Roox x. This ontradits Lemma 8.5.1. Hene Ψ∗

GKPtr
annot respet

〈{x 6= x}〉. Sine 〈{x 6= x}〉 ∈ Closed 6=, Ψ∗
GKPtr

does not respet the Closed6= rule.The objetive of the following examples is to illustrate that given a branh A, if its branhtransformation inludes R x x for any free variable x in A, then it will respet the Closed6= rule.Of ourse, those added formulas have to be disharged at some point in the proess of provingthat this branh transformation respets TFullres
. We also illustrate how this works. Later on,we will introdue a branh transformation doing exatly this and indeed prove that it respets

TFullres
.Example 8.5.3. Consider the formula ∃z.z 6= z. A tableau refutation of this formula using theExists and Closed 6= rules looks as follows:

∃z.z 6= z

y 6= yTo show that the Closed6= step in this refutation is respeted we need to show that the followingholds:
{¬

G
R y y, R y y} ⊢

N
⊥

NThis is obvious.In oder to show that the Exists step in this refutation is respeted we assume
{∃

GKP
z.¬

G
R z z, ¬

G
R y y, R y y} ⊢

N
⊥

Nand want to show
{∃

GKP
z.¬

G
R z z} ⊢

N
⊥

N
.This follows if we know

⊢
N

(R y y → ¬
G
R y y → ⊥

N
) → (∃

GKP
z.¬

G
R z z) → ⊥

N
,whih is obtained by instantiating Lemma 8.5.13.Example 8.5.4. Consider the formula ∀z.z 6= z where z has a re�exive type. A tableau refuta-tion of this formula using the Forallres and Closed 6= rules looks as follows:

∀z.z 6= z

y 6= y



38 CHAPTER 8. THE GIRARD-KURODA-PER TRANSFORMATIONAs shown in the last example, proving that the Closed 6= step in this refutation is respeted isobvious. In oder to show that the Forallres step in this refutation is respeted we assume
{∀

GKP
z.¬

G
R z z, ¬

G
R y y, R y y} ⊢

N
⊥

Nand want to show
{∀

GKP
z.¬

G
R z z} ⊢

N
⊥

N
.This follows if we know

{((∀
GKP

z.¬
G
R z z) → (¬

G
R y y) → (R y y) → ⊥

N
), (∀

GKP
z.¬

G
R z z)} ⊢

N
⊥

N
.From the restrition on the Forallres rule we an infer ⊢

N
R y y. Therefore it su�es to show

{R y y, ((∀
GKP

z.¬
G
R z z) → (¬

G
R y y) → (R y y) → ⊥

N
), (∀

GKP
z.¬

G
R z z)} ⊢

N
⊥

NWe know ∀
GKP

z.¬
G
R z z = ∀z.R z z → ¬

G
¬

G
¬

G
R z z. By instantiating this with y we get

R y y → ¬
G
¬

G
¬

G
R y y and by using the assumption R y y we know ¬

G
¬

G
¬

G
R y y. UsingLemma 4.2.1 with the assumption R y y we know ¬

G
¬

G
R y y. By ¬

G
¬

G
¬

G
R y y and ¬

G
¬

G
R y ywe an infer ⊥

N
.De�nition 8.5.5 (The Branh Transformation Ψ∗

GKP). The branh transformation Ψ∗
GKP ex-tends ΨGKP and is de�ned as follows:For any branh A : Ψ∗

GKP(A) = {ΨGKP(s)|s ∈ A} ∪ {Rσx x | x : σ and x ∈ FV ∗(A)}Lemma 8.5.6. The branh transformation Ψ∗
GKP respets the following rules:Closed⊥, Closed¬⊤, Closed, Cutres, DNeg, And, NegAnd, Or, NegOr, Imp, NegImpProof. Follows by Lemmas 6.2.3, 6.3.6, 6.2.4, 6.2.7, 6.2.5, 6.3.7, 6.3.9, 6.3.8, 6.3.10, 6.2.6, and6.2.1, respetively. Note that the proof that Ψ∗
GKP respets the Cutres rule (using Lemma 6.2.7)relies on the restrition imposed by Cutres: any term s that it adds to a branh is admissibleand therefore we know ⊢

N
R x x for eah x that is free in s but not in the branh.Lemma 8.5.7 (ClosedSym). ⊢

N
∀σx y.(Rσx y) → ¬

G
(Rσy x) → ⊥

NLemma 8.5.8 (DeMorgan∀). ⊢
N
∀σ→of.((∃σ

GKP
(λx.¬

G
f x)) → ⊥

N
) → (¬

G
(∀σ

GKP
f)) → ⊥

NLemma 8.5.9 (DeMorgan∃). ⊢
N
∀σ→of.((∀σ

GKP
(λx.¬

G
f x)) → ⊥

N
) → (¬

G
(∃σ

GKP
f)) → ⊥

NLemma 8.5.10 (Bool=). ⊢
N
∀op q.(p → q → ⊥

N
) → ((¬

G
p) → (¬

G
q) → ⊥

N
) → (Rop q) → ⊥

NLemma 8.5.11 (BoolExt). ⊢
N
∀op q.(p → (¬

G
q) → ⊥

N
) → (q → (¬

G
p) → ⊥

N
) → ¬

G
(Rop q) →

⊥
NLemma 8.5.12 (Con). ⊢

N
∀ιs t u v.(¬

G
(Rιs u) → ¬

G
(Rιt u) → ⊥

N
) → (¬

G
(Rιs v) →

¬
G
(Rιt v) → ⊥

N
) → (Rιs t) → ¬

G
(Rιu v) → ⊥

NLemma 8.5.13 (Exists). ⊢
N
∀σof.(∀σx.(Rσx x) → (f x) → ⊥

N
) → (∃σ

GKP
f) → ⊥

NWe provide a proof that Ψ∗
GKP respets the Exists rule using Lemma 8.5.13 beause it is notstraightforward.Lemma 8.5.14. The branh transformation Ψ∗

GKP respets the Exists rule.
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39Proof. Let s be a term, A be a branh ontaining ∃s, and y be a fresh variable.Assume that

Ψ∗
GKP(A ∪ {⌈s y⌉β}) ⊢

N
⊥

N
.We want to show that

Ψ∗
GKP(A) ⊢

N
⊥

N
.Note that if y ours free in ⌈s y⌉β then

Ψ∗
GKP(A ∪ {⌈s y⌉β}) = Ψ∗

GKP(A) ∪ {ΨGKP(⌈s y⌉β)} ∪ {R y y},otherwise
Ψ∗

GKP(A ∪ {⌈s y⌉β}) = Ψ∗
GKP(A) ∪ {ΨGKP(⌈s y⌉β)}.By applying the ∀E rule with ΨGKP(s) to Lemma 8.5.13 we get

⊢
N

(∀σx.(Rσx x) → ((ΨGKP(s)) x) → ⊥
N

) → (∃σ
GKP

(ΨGKP(s))) → ⊥
N

.By using the wk rule we an get
Ψ∗

GKP(A) ⊢
N

(∀σx.(Rσx x) → ((ΨGKP(s)) x) → ⊥
N

) → (∃σ
GKP

(ΨGKP(s))) → ⊥
N

.By the → E rule we know that given a proof of
Ψ∗

GKP(A) ⊢
N

(∀σx.(Rσx x) → ((ΨGKP(s)) x) → ⊥
N

)we obtain a proof of
Ψ∗

GKP(A) ⊢
N

(∃σ
GKP

(ΨGKP(s))) → ⊥
N

.

ΨGKP is ompositional, so
∃σ

GKP
(ΨGKP(s)) = ΨGKP(∃s).Sine ∃s ∈ A, we know ΨGKP(∃s) ∈ Ψ∗
GKP(A) and thus Ψ∗

GKP(A) ⊢
N

ΨGKP(∃s) by the hy rule.By applying the → E rule we obtain
Ψ∗

GKP(A) ⊢
N
⊥

N
.It remains to show that

Ψ∗
GKP(A) ⊢

N
(∀σx.(Rσx x) → ((ΨGKP(s)) x) → ⊥

N
).By assumption and possibly the wk rule we know

Ψ∗
GKP(A) ∪ {ΨGKP(⌈s y⌉β)} ∪ {R y y} ⊢

N
⊥

N
.By applying the → I rule twie and then the ∀I rule, we obtain

Ψ∗
GKP(A) ⊢

N
(∀σx.(Rσx x) → ((ΨGKP(s)) x) → ⊥

N
).Note that in the last step we impliitly make use of the fat that ΨGKP is ompositional, that itrespets beta, and that y /∈ FV ∗(Ψ∗

GKP(A)).Lemma 8.5.15 (Forallres). ⊢
N
∀σof.∀σt.¬

G
¬

G
(Rσt t) → ((f t) → ⊥

N
) → (∀σ

GKP
f) → ⊥

N
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GKP respets the Forallres rule using Lemma 8.5.15 is not straightforward andtherefore we provide the proof. It is similar to the proof that Ψ∗

GKP respets the Fun=res ruleusing Lemma 8.5.18, whih is therefore omitted. Moreover, the proof that Ψ∗
GKP respets therule Closed 6= using Lemma 8.5.19 is also similar but simpler, sine the Closed6= rule does notintrodue new terms, and therefore is also omitted.Lemma 8.5.16. The branh transformation Ψ∗

GKP respets the Forallres rule.Proof. Let s be a term, A be a branh ontaining ∀s, and t be a term admissible for A.Assume that
Ψ∗

GKP(A ∪ {⌈s t⌉β}) ⊢
N
⊥

N
.We want to show that

Ψ∗
GKP(A) ⊢

N
⊥

N
.Note that

Ψ∗
GKP(A ∪ {⌈s t⌉β}) ⊆ Ψ∗

GKP(A) ∪ {ΨGKP(⌈s t⌉β)} ∪ {R x x | x ∈ FV (t)}.By applying the ∀E rule twie to Lemma 8.5.15 with ΨGKP(s) and ΨGKP(t) respetively and thenusing the wk rule we get Ψ∗
GKP(A) ⊢

N
¬

G
¬

G
(RσΨGKP(t) ΨGKP(t)) → ((ΨGKP(s) ΨGKP(t)) →

⊥
N

) → (∀σ
GKP

ΨGKP(s)) → ⊥
N

.By the → E rule we know that given proofs of
Ψ∗

GKP(A) ⊢
N
¬

G
¬

G
(Rσ ΨGKP(t) ΨGKP(t))and

Ψ∗
GKP(A) ⊢

N
(ΨGKP(s) ΨGKP(t)) → ⊥

Nwe obtain a proof of
Ψ∗

GKP(A) ⊢
N

(∀σ
GKP

ΨGKP(s)) → ⊥
N

.Sine ΨGKP is ompositional,
(∀σ

GKP
ΨGKP(s)) = ΨGKP(∀s).Sine ∀s ∈ A, we know ΨGKP(∀s) ∈ Ψ∗

GKP(A) thusΨ∗
GKP(A) ⊢

N
ΨGKP(∀s) by the hy rule.Hene, by applying the → E rule we obtain

Ψ∗
GKP(A) ⊢

N
⊥

N
.It remains to show two things, namely

Ψ∗
GKP(A) ⊢

N
¬

G
¬

G
(Rσ ΨGKP(t) ΨGKP(t))and

Ψ∗
GKP(A) ⊢

N
(ΨGKP(s) ΨGKP(t)) → ⊥

N
.Applying Corollary 8.3.22 with Γ = Ψ∗

GKP(A) and making use of the restrition on the Forallresrule we obtain
Ψ∗

GKP(A) ⊢
N
¬

G
¬

G
(Rσ ΨGKP(t) ΨGKP(t)).By assumption and possibly the wk rule we know

Ψ∗
GKP(A) ∪ {ΨGKP(⌈s t⌉β)} ∪ {R x x | x ∈ FV (t)} ⊢

N
⊥

N
.
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41We know that ΨGKP is ompositional and respets beta, therefore by applying the → I rule weobtain

Ψ∗
GKP(A) ∪ {R x x | x ∈ FV (t)} ⊢

N
(ΨGKP(s) ΨGKP(t)) → ⊥

N
.By the restrition on the Forallres rule we know ∀x ∈ FV (t) : Ψ∗

GKP(A) ⊢
N

R x x. By repetitiveappliations of the → I rule and the → E rule we obtain
Ψ∗

GKP(A) ⊢
N

(ΨGKP(s) ΨGKP(t)) → ⊥
N

.Lemma 8.5.17 (FunExt). ⊢
N
∀στkh.¬

G
¬

G
(Rστh h) → (∀σx.(Rσx x) → ¬

G
(Rτ (k x)(h x)) →

⊥
N

) → ¬
G
(Rστk h) → ⊥

NThe proof that Ψ∗
GKP respets the FunExt rule using Lemma 8.5.17 uses arguments similarto the the ones given in the proofs of Lemmas 8.5.14 and 8.5.16. Therefore, we leave the prooffor the reader.Lemma 8.5.18 (Fun=res). ⊢

N
∀στk h.∀σt.¬

G
¬

G
(Rσt t) → ((Rτ (k t) (h t)) → ⊥

N
) →

(Rστk h) → ⊥
NLemma 8.5.19 (Closed 6=). ⊢

N
∀σx.¬

G
¬

G
(Rσx x) → ¬

G
(Rσx x) → ⊥

NLemma 8.5.20 (Mat). ⊢
N
∀σ1σ2...σnop.∀σ1s1 t1.∀σ2s2 t2. . . . .∀σnsn tn.¬

G
¬

G
(Rσ1σ2...σnop p) →

(¬
G
(Rσ1s1 t1) → ⊥

N
) → (¬

G
(Rσ2s2 t2) → ⊥

N
) → . . . → (¬

G
(Rσnsn tn) → ⊥

N
) →

p s1 s2 . . . sn → ¬
G
(p t1 t2 . . . tn) → ⊥

NLemma 8.5.21 (De). ⊢
N
∀σ1σ2...σnιh.∀σ1s1 t1.∀

σ2s2 t2. . . . .∀σnsn tn.¬
G
¬

G
(Rσ1σ2...σnιh h) →

(¬
G
(Rσ1s1 t1) → ⊥

N
) → (¬

G
(Rσ2s2 t2) → ⊥

N
) → . . . → (¬

G
(Rσnsn tn) → ⊥

N
) →

¬
G
(Rι(h s1 s2 . . . sn)(h t1 t2 . . . tn)) → ⊥

NFor simpliity the Coq proofs provided in Appendix C for the Mat and De rules are for theunary and the binary ases.Theorem 8.5.22. The branh transformation Ψ∗
GKP respets all of the rules in TFullres

.Proof. This follows from Lemmas 8.5.6, 8.5.8, 8.5.9, 8.5.10, 8.5.11, 8.5.12, 8.5.13, 8.5.17, 8.5.15,8.5.18, 8.5.20, 8.5.21, 8.5.19, and 8.5.7.Theorem 8.5.23. The Girard-Kuroda-Per transformation ΨGKP respets TFullres
.Proof. This follows diretly from Theorem 8.5.22.Corollary 8.5.24. Let s be a ground formula. If {s} is TFullres

-refutable, then {ΨGKP(s)} ⊢
N

⊥
N
.Proof. The proof follows diretly from Corollary 5.2.2 and from Theorem 8.5.23
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Chapter 9Conlusion and Future WorkGiven a higher-order formula s and a lassial extensional tableau proof of s, our aim was to �nda formula s′ that is semantially equivalent to s and onstrut an intuitionisti non-extensionalND proof of s′. In order to ahieve this goal we introdued the notions of logial transformationand branh transformation. Furthermore, we de�ned what it means for a branh transformationto respet a tableau rule and for a logial transformation to respet a tableau alulus.We argued in the introdution of Chapter 5 stating that it is su�ient to onsider only losedformulas. Corollary 5.2.2 states that if a logial transformation Ψ respets a tableau alulus Tthen Ψ maps any losed T -refutable formula s to an ND-refutable formula Ψ(s). Hene, thereis a formula s′ that is semantially equivalent to s, namely s′ := (Ψ(s) → ⊥
N

) → ⊥
N
, for whihthere is an intuitionisti non-extensional ND proof. This orollary redued our problem to givinga logial transformation that respets a omplete higher-order tableau alulus.On the way to �nding this logial transformation we obtained a few other interesting resultsby onsidering ertain fragments of higher-order logi. We introdued the logial transformations

ΨG , ΨGK, and ΨGKP and orresponding branh transformations. We then showed whih tableaurules are respeted by eah of the branh transformations and whih are not.If T is a tableau alulus ontaining only rules that are respeted by a branh transformation
Ψ∗ that extends a logial transformation Ψ, then Ψ respets T . We showed that ΨG respetsthe tableau alulus T→,⊥. Moreover, that the branh transformation trivially extending ΨGrespets all the tableau rules exept for DeMorgan∀, BoolExt, and FunExt. Thus, ΨG respets alltableau aluli that do not inlude those three rules. In addition we showed that ΨGK respetsthe tableau alulus for elementary type theory Telem. Finally, we showed that ΨGKP respets aomplete tableau alulus for higher-order logi TFullres

. From here we ful�lled our goal.Several issues are still open for future work. First, we would like to determine the preiserelationship between our Girard-Kuroda-Per transformation and the transformation given byGandy [14℄. We want to �nd out whether they are equivalent up to double negations.We are also keen to know whether the Girard-Kuroda-Per transformation respets TFull. Forthis we have to �nd a di�erent branh transformation and may have to hange some de�nitionsor add more de�nitions.On the more pratial side, we would like to implement a mapping from tableau proofs tonarural dedution proof terms. This would enable proof heking the tableau proofs that Jitprooutputs using the proof heker that Coq provides. This implementation ould be done usingthe Coq lemmas that we provide in the appendix whih handle the mapping of eah of the rulesin the tableau alulus. 43
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Appendix AGirard Transformation
A.1 De�ning basi types i, oParameter i : Type.Definition o := Prop.A.2 Girard TransformationDefinition Bot := ∀ p : o, p.Definition Neg := fun p : o ⇒ p → Bot.Definition Top := ∀ p : o, p → p.Definition Imp := fun p q : o ⇒ p → q.Definition Forall (sigma : Type) := fun f : (sigma → o) ⇒ (∀ x : sigma, f x ).Definition And (M : o) (N : o) := (∀ p : o, (M → N → p) → p).Definition Or (M : o) (N : o) := (∀ p : o, (M → p) → (N → p) → p).Definition Equal (sigma : Type) (M : sigma) (N : sigma):= ∀ f : (sigma → o), (f M ) → f N.Definition Exists (sigma : Type) (M : (sigma → o)):= ∀ p : o, (∀ x : sigma, (M x ) → p) → p.A.2.1 Short HandDefinition ForallNeg (sigma : Type):= fun f : (sigma->o) ⇒ Forall sigma (fun x : sigma ⇒ (Neg(f x ))).Definition ExistsNeg (sigma : Type) (M : (sigma → o)):= Exists sigma (fun x : sigma ⇒ (Neg(M x ))).A.3 Symmetry of equalityDefinition Sym (sigma : Type): ∀ x y : sigma, (Equal sigma x y) → (Equal sigma y x ):= fun x y u f v ⇒ u (fun z ⇒ f z → f x ) (fun w ⇒ w) v.47



48 APPENDIX A. GIRARD TRANSFORMATIONA.4 Transitivity of equalityDefinition Tra (sigma : Type): ∀ x y z : sigma, (Equal sigma x y) → (Equal sigma y z ) → (Equal sigma x z ):= fun x y z u v p w ⇒ v p (u p w).A.5 Negative transitivityDefinition TraNeg (sigma : Type): ∀ x y z : sigma, (Equal sigma x y) → Neg(Equal sigma x z ) → Neg(Equal sigma y z ):= fun x y z u v w ⇒ v (Tra sigma x y z u w).A.6 LemmasA.6.1 Closed False RuleDefinition losedfalserule : Bot → Bot := fun u ⇒ u.A.6.2 Closed Not True RuleDefinition losednottruerule : (Neg Top) → Bot := fun u ⇒ u (fun p v ⇒ v).A.6.3 Closed RuleDefinition losedrule : ∀ p : o, p → (Neg p) → Bot:= fun p u v ⇒ (v u).A.6.4 Closed Neg Equal RuleDefinition losednegequalrule (sigma : Type): ∀ (s : sigma), Neg(Equal sigma s s) → Bot:= fun p u ⇒ u (fun f v ⇒ v).A.6.5 Closed Symmetri RuleDefinition losedsymrule (sigma : Type): ∀ (s t : sigma), (Equal sigma s t) → Neg(Equal sigma t s) → Bot:= fun s t u v ⇒ v (Sym sigma s t u).A.6.6 Double Negation RuleDefinition dnegrule: ∀ p : o, (p → Bot) → Neg(Neg p) → Bot:= fun p u v ⇒ v u.



A.6. LEMMAS 49A.6.7 Cut RuleDefinition utrule: ∀ p : o, (p → Bot) → ((Neg p) → Bot) → Bot:= fun p u v ⇒ v u.A.6.8 Impliation RuleDefinition imprule: ∀ p q : o, ((Neg p) → Bot) → (q → Bot) → (Imp p q) → Bot:= fun p q u v w ⇒ u (fun u1 : p ⇒ v (w u1 )).A.6.9 Negative Impliation RuleDefinition negimprule: ∀ p q : o, (p → (Neg q) → Bot) → (Neg (Imp p q)) → Bot:= fun p q u v ⇒ v (fun w1 : p ⇒ u w1 (fun z : q ⇒ v (fun w2 : p ⇒ z )) q).A.6.10 And RuleDefinition andrule: ∀ p q : o, (p → q → Bot) → (And p q) → Bot:= fun p q u v ⇒ v Bot u.A.6.11 Or RuleDefinition orrule: ∀ p q : o, (p → Bot) → (q → Bot) → (Or p q) → Bot:= fun p q u v w ⇒ w Bot u v.A.6.12 Neg And RuleDefinition negandrule: ∀ p q : o, ((Neg p) → Bot) → ((Neg q) → Bot) → Neg(And p q) → Bot:= fun p q u v w ⇒ u (fun u1 ⇒ v (fun u2 ⇒ w (fun p u3 ⇒ u3 u1 u2 ))).A.6.13 Neg Or RuleDefinition negorrule: ∀ p q : o, ((Neg p) → (Neg q) → Bot) → Neg(Or p q) → Bot:= fun p q u v ⇒u (fun w ⇒ v (fun r u1 u2 ⇒ u1 w))(fun w ⇒ v (fun r u1 u2 ⇒ u2 w)).A.6.14 Forall RuleDefinition forallrule (sigma : Type): ∀ (f : sigma → o) (t : sigma), ((f t) → Bot) → (Forall sigma f ) → Bot:= fun f t u v ⇒ u (v t).



50 APPENDIX A. GIRARD TRANSFORMATIONA.6.15 Exists RuleDefinition existsrule (sigma : Type): ∀ f : (sigma → o), (∀ x : sigma, (f x ) → Bot) → (Exists sigma f ) → Bot:= fun f u v ⇒ v Bot u.A.6.16 DeMorgan Exists RuleDefinition demorganexistsrule (sigma : Type): ∀ (f : sigma → o), ((ForallNeg sigma f ) → Bot) → (Neg (Exists sigma f )) → Bot:= fun f u v ⇒ u (fun y w1 ⇒ v (fun r w2 ⇒ w2 y w1 )).A.6.17 Boolean Equality RuleDefinition booleqrule: ∀ (p q : o), (p → q → Bot) → ((Neg p) → (Neg q) → Bot) → (Equal o p q) → Bot:= fun p q u1 u2 u3 ⇒u2 (fun v ⇒ u1 v (u3 (fun w ⇒ w) v))(u3 (fun w ⇒ Neg w) (fun v ⇒ u1 v (u3 (fun w ⇒ w) v))).A.6.18 Leibniz Rule - not used in the ThesisDefinition leibnizrule (sigma : Type): ∀ (x y : sigma), ((Forall (sigma → o) (fun f ⇒ f x → f y)) → Bot) → (Equal sigma x y)
→ Bot:= fun x y u v ⇒ u v.A.6.19 Funtional Equality RuleDefinition funeqrule (sigma tau : Type): ∀ (k h : (sigma → tau)) (t : sigma),((Equal tau (k t) (h t)) → Bot) → (Equal (sigma → tau) k h) → Bot:= fun k h t u1 u2 ⇒u1 (u2 (fun r ⇒ Equal tau (k t) (r t)) (fun f v ⇒ v)).A.6.20 Mating Rule - 2 argumentsDefinition matingrule 2 (sigma tau : Type): ∀ (f : (sigma ->tau → o)) (s1 t1 : sigma) (s2 t2 : tau),(Neg(Equal sigma s1 t1 ) → Bot) → (Neg(Equal tau s2 t2 ) → Bot) →(f s1 s2 ) → Neg(f t1 t2 ) → Bot:= fun f s1 t1 s2 t2 u1 u2 u3 u4 ⇒u1 (fun v1 ⇒u2 (fun v2 ⇒ u4 (v2 (fun x ⇒ f t1 x ) (v1 (fun x ⇒ f x s2 ) u3 )))).A.6.21 Deomposition Rule - 2 argumentsDefinition deompositionrule 2 (sigma tau : Type): ∀ (h : (sigma → tau → i)) (s1 t1 : sigma) (s2 t2 : tau),(Neg(Equal sigma s1 t1 ) → Bot) → (Neg(Equal tau s2 t2 ) → Bot) →



A.6. LEMMAS 51Neg(Equal i (h s1 s2 ) (h t1 t2 )) → Bot:= fun h s1 t1 s2 t2 u1 u2 u3 ⇒u1 (fun v1 ⇒u2 (fun v2 ⇒u3 (fun p v3 ⇒(v2 (fun x ⇒ p (h t1 x )) (v1 (fun x ⇒ p (h x s2 )) v3 ))))).A.6.22 Confrontation RuleDefinition onfrontationrule: ∀ (s1 t1 s2 t2 : i), (Neg(Equal i s1 s2 ) → Neg(Equal i t1 s2 ) → Bot) →(Neg(Equal i s1 t2 ) → Neg(Equal i t1 t2 )→ Bot) →(Equal i s1 t1 ) → Neg(Equal i s2 t2 ) → Bot:= fun s1 t1 s2 t2 u1 u2 u3 u4 ⇒u1 (fun v1 ⇒u2 (TraNeg i s2 s1 t2 (Sym i s1 s2 v1 ) u4 )(TraNeg i s1 t1 t2 u3 (TraNeg i s2 s1 t2 (Sym i s1 s2 v1 ) u4 )))(TraNeg i s1 t1 s2 u3 (fun v1 ⇒u2 (TraNeg i s2 s1 t2 (Sym i s1 s2 v1 ) u4 )(TraNeg i s1 t1 t2 u3(TraNeg i s2 s1 t2(Sym i s1 s2 v1 ) u4 )))).



52 APPENDIX A. GIRARD TRANSFORMATION



Appendix BGirard-Kuroda Transformation
B.1 De�ning basi types i, oParameter i : Type.Definition o := Prop.B.2 Girard-Kuroda TransformationDefinition Bot := ∀ p : o, p.Definition Neg := fun p : o ⇒ p → Bot.Definition Top := ∀ p : o, p → p.Definition Imp := fun p q : o ⇒ p → q.Definition Forall (sigma : Type):= fun f : (sigma → o) ⇒ (∀ x : sigma, Neg(Neg (f x ))).Definition And (M : o) (N : o) := (∀ p : o, (M → N → p) → p).Definition Or (M : o) (N : o) := (∀ p : o, (M → p) → (N → p) → p).Definition Equal (sigma : Type) (M : sigma) (N : sigma):= ∀ f : (sigma → o), (f M ) → f N.Definition Exists (sigma : Type) (M : (sigma → o)):= ∀ p : o, (∀ x : sigma, (M x ) → p) → p.B.2.1 Short HandDefinition ForallNeg (sigma : Type):= fun f : (sigma → o) ⇒ Forall sigma (fun x : sigma ⇒ (Neg(f x ))).Definition ExistsNeg (sigma : Type) (M : (sigma → o)):= Exists sigma (fun x : sigma ⇒ (Neg(M x ))).B.3 Symmetry of equalityDefinition Sym (sigma : Type): ∀ x y : sigma, (Equal sigma x y) → (Equal sigma y x ):= fun x y u f v ⇒ u (fun z ⇒ f z → f x ) (fun w ⇒ w) v.53



54 APPENDIX B. GIRARD-KURODA TRANSFORMATIONB.4 Transitivity of equalityDefinition Tra (sigma : Type): ∀ x y z : sigma, (Equal sigma x y) → (Equal sigma y z ) → (Equal sigma x z ):= fun x y z u v p w ⇒ v p (u p w).B.5 Negative transitivityDefinition TraNeg (sigma : Type): ∀ x y z : sigma, (Equal sigma x y) → Neg(Equal sigma x z ) → Neg(Equal sigma y z ):= fun x y z u v w ⇒ v (Tra sigma x y z u w).B.6 LemmasB.6.1 Closed False RuleDefinition losedfalserule : Bot → Bot := fun u ⇒ u.B.6.2 Closed Not True RuleDefinition losednottruerule : (Neg Top) → Bot := fun u ⇒ u (fun p v ⇒ v).B.6.3 Closed RuleDefinition losedrule :
∀ p : o, p → (Neg p) → Bot:= fun p u v ⇒ (v u).B.6.4 Closed Neg Equal RuleDefinition losednegequalrule (sigma : Type): ∀ (s : sigma), Neg(Equal sigma s s) → Bot:= fun p u ⇒ u (fun f v ⇒ v).B.6.5 Closed Symmetri RuleDefinition losedsymrule (sigma : Type): ∀ (s t : sigma), (Equal sigma s t) → Neg(Equal sigma t s) → Bot:= fun s t u v ⇒ v (Sym sigma s t u).B.6.6 Double Negation RuleDefinition dnegrule: ∀ p : o, (p → Bot) → Neg(Neg p) → Bot:= fun p u v ⇒ v u.



B.6. LEMMAS 55B.6.7 Cut RuleDefinition utrule: ∀ p : o, (p → Bot) → ((Neg p) → Bot) → Bot:= fun p u v ⇒ v u.B.6.8 Impliation RuleDefinition imprule: ∀ p q : o, ((Neg p) → Bot) → (q → Bot) → (Imp p q) → Bot:= fun p q u v w ⇒ u (fun u1 : p ⇒ v (w u1 )).B.6.9 Negative Impliation RuleDefinition negimprule: ∀ p q : o, (p → (Neg q) → Bot) → (Neg (Imp p q)) → Bot:= fun p q u v ⇒ v (fun w1 : p ⇒ u w1 (fun z : q ⇒ v (fun w2 : p ⇒ z )) q).B.6.10 And RuleDefinition andrule: ∀ p q : o, (p → q → Bot) → (And p q) → Bot:= fun p q u v ⇒ v Bot u.B.6.11 Or RuleDefinition orrule: ∀ p q : o, (p → Bot) → (q → Bot) → (Or p q) → Bot:= fun p q u v w ⇒ w Bot u v.B.6.12 Neg And RuleDefinition negandrule: ∀ p q : o, ((Neg p) → Bot) → ((Neg q) → Bot) → Neg(And p q) → Bot:= fun p q u v w ⇒ u (fun u1 ⇒ v (fun u2 ⇒ w (fun p u3 ⇒ u3 u1 u2 ))).B.6.13 Neg Or RuleDefinition negorrule: ∀ p q : o, ((Neg p) → (Neg q) → Bot) → Neg(Or p q) → Bot:= fun p q u v ⇒u (fun w ⇒ v (fun r u1 u2 ⇒ u1 w))(fun w ⇒ v (fun r u1 u2 ⇒ u2 w)).B.6.14 Forall RuleDefinition forallrule (sigma : Type): ∀ (f : sigma → o) (t : sigma), ((f t) → Bot) → (Forall sigma f ) → Bot:= fun f t u v ⇒ v t u.



56 APPENDIX B. GIRARD-KURODA TRANSFORMATIONB.6.15 DeMorgan Forall RuleDefinition demorganforallrule (sigma : Type): ∀ (f : sigma → o), ((ExistsNeg sigma f ) → Bot) → (Neg (Forall sigma f )) → Bot:= fun f u v ⇒ v (fun x w ⇒ u ( fun r z ⇒ z x w)).B.6.16 Exists RuleDefinition existsrule (sigma : Type): ∀ f : (sigma → o), (∀ x : sigma, (f x ) → Bot) → (Exists sigma f ) → Bot:= fun f u v ⇒ v Bot u.B.6.17 DeMorgan Exists RuleDefinition demorganexistsrule (sigma : Type): ∀ (f : sigma → o), ((ForallNeg sigma f ) → Bot) → (Neg (Exists sigma f )) → Bot:= fun f u v ⇒ u (fun y w1 ⇒ w1 (fun w2 ⇒ v (fun r w3 ⇒ w3 y w2 ))).B.6.18 Boolean Equality RuleDefinition booleqrule: ∀ (p q : o), (p → q → Bot)→ ((Neg p) → (Neg q) → Bot) → (Equal o p q) → Bot:= fun p q u1 u2 u3 ⇒u2 (fun v ⇒ u1 v (u3 (fun w ⇒ w) v))(u3 (fun w ⇒ Neg w) (fun v ⇒ u1 v (u3 (fun w ⇒ w) v))).B.6.19 Leibniz RuleDefinition leibnizrule (sigma : Type): ∀ (x y : sigma), ((Forall (sigma → o) (fun f ⇒ f x → f y)) → Bot) → (Equal sigma x y)
→ Bot:= fun x y u v ⇒ u (fun f u1 ⇒ u1 (v f )).B.6.20 Funtional Equality RuleDefinition funeqrule (sigma tau : Type): ∀ (k h : (sigma → tau)) (t : sigma), ((Equal tau (k t) (h t)) → Bot) →(Equal (sigma → tau) k h) → Bot:= fun k h t u1 u2 ⇒ u1 (u2 (fun r ⇒ Equal tau (k t) (r t)) (fun f v ⇒ v)).B.6.21 Mating Rule - 2 argumentsDefinition matingrule 2 (sigma tau : Type): ∀ (f : (sigma → tau → o)) (s1 t1 : sigma) (s2 t2 : tau),(Neg(Equal sigma s1 t1 ) → Bot) → (Neg(Equal tau s2 t2 ) → Bot) →(f s1 s2 ) → Neg(f t1 t2 ) → Bot:= fun f s1 t1 s2 t2 u1 u2 u3 u4 ⇒u1 (fun v1 ⇒u2 (fun v2 ⇒ u4 (v2 (fun x ⇒ f t1 x ) (v1 (fun x ⇒ f x s2 ) u3 )))).



B.6. LEMMAS 57B.6.22 Deomposition Rule - 2 argumentsDefinition deompositionrule 2 (sigma tau : Type): ∀ (h : (sigma → tau → i)) (s1 t1 : sigma) (s2 t2 : tau),(Neg(Equal sigma s1 t1 ) → Bot) → (Neg(Equal tau s2 t2 ) → Bot) →Neg(Equal i (h s1 s2 ) (h t1 t2 )) → Bot:= fun h s1 t1 s2 t2 u1 u2 u3 ⇒u1 (fun v1 ⇒u2 (fun v2 ⇒u3 (fun p v3 ⇒v2 (fun x ⇒ p (h t1 x )) (v1 (fun x ⇒ p (h x s2 )) v3 )))).B.6.23 Confrontation RuleDefinition onfrontationrule: ∀ (s1 t1 s2 t2 : i), (Neg(Equal i s1 s2 ) → Neg(Equal i t1 s2 ) → Bot) →(Neg(Equal i s1 t2 ) → Neg(Equal i t1 t2 )→ Bot) → (Equal i s1 t1 ) →Neg(Equal i s2 t2 ) → Bot:= fun s1 t1 s2 t2 u1 u2 u3 u4 ⇒u1 (fun v1 ⇒ u2 (TraNeg i s2 s1 t2 (Sym i s1 s2 v1 ) u4 )(TraNeg i s1 t1 t2 u3 (TraNeg i s2 s1 t2(Sym i s1 s2 v1 ) u4 )))(TraNeg i s1 t1 s2 u3 (fun v1 ⇒u2 (TraNeg i s2 s1 t2 (Sym i s1 s2 v1 ) u4 )(TraNeg i s1 t1 t2 u3(TraNeg i s2 s1 t2(Sym i s1 s2 v1 ) u4 )))).



58 APPENDIX B. GIRARD-KURODA TRANSFORMATION



Appendix CGirard-Kuroda-Per Transformation
C.1 De�ning basi types ι, oParameter i : Type.Definition o := Prop.C.2 Girard-Kuroda-Per TransformationDefinition Bot := ∀ p : o, p.Definition Neg := fun p : o ⇒ p → Bot.Definition Top := ∀ p : o, p → p.Definition Imp := fun p q : o ⇒ p → q.Definition And (M : o) (N : o) := (∀ p : o, (M → N → p) → p).Definition Or (M : o) (N : o) := (∀ p : o, (M → p) → (N → p) → p).Definition R o (M : o) (N : o) := (And (Imp M N ) (Imp N M )).Definition R i (M : i) (N : i) := (∀ p : i → o, (p M ) → (p N )).Definition R ar (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o) (M : sigma → tau) (N : sigma → tau):= ∀ x y : sigma, R sigma x y → Neg(Neg(R tau (M x ) (N y))).Definition Forall (sigma : Type) (R sigma : sigma → sigma → o):= fun f : (sigma → o) ⇒ ∀ t : sigma, Imp (R sigma t t) (Neg(Neg(f t))).Definition Exists (sigma : Type) (R sigma : sigma → sigma → o):= fun f : (sigma → o) ⇒ ∀ p : o, (∀ x : sigma, (R sigma x x ) → (f x ) → p) → p.C.2.1 Short HandDefinition ForallNeg (sigma : Type) (R sigma : sigma → sigma → o):= fun f :(sigma → o) ⇒ Forall sigma R sigma (fun x :sigma ⇒ (Neg(f x ))).Definition ExistsNeg (sigma : Type) (R sigma : sigma → sigma → o) (M : (sigma → o)):= Exists sigma R sigma (fun x :sigma ⇒ (Neg(M x ))).59



60 APPENDIX C. GIRARD-KURODA-PER TRANSFORMATIONC.3 Some De�nitionsC.3.1 De�nition of SymNegDefinition SymNeg (sigma : Type) (R sigma : sigma → sigma → o): (∀ x y : sigma, (R sigma x y) → (R sigma y x )) →(∀ x y : sigma, Neg(R sigma x y) → Neg(R sigma y x )):= fun u x y v w ⇒ v (u y x w).C.3.2 Reursive de�nition of SymDefinition Sym o: ∀ x y : o, (R o x y) → (R o y x ):= fun x y u r v ⇒ u r (fun u1 u2 ⇒ v u2 u1 ).Definition Sym i: ∀ x y : i, (R i x y) → (R i y x ):= fun x y u p v ⇒ u (fun z ⇒ p z → p x ) (fun w ⇒ w) v.Definition Sym ar (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o)(Sym sigma : ∀ (x y : sigma), (R sigma x y) → (R sigma y x ))(Sym tau : ∀ (x y : tau), (R tau x y) → (R tau y x )): ∀ (f g : (sigma → tau)),(R ar sigma tau R sigma R tau f g) → (R ar sigma tau R sigma R tau g f ):= fun f g u x y v w ⇒u y x (Sym sigma x y v) (SymNeg tau R tau Sym tau (g x ) (f y) w).C.3.3 Reursive de�nition of TraDefinition Tra o: ∀ x y z : o, (R o x y) → (R o y z ) → (R o x z ):= fun x y y u v r w ⇒u r (fun u1 u2 ⇒v r (fun v1 v2 ⇒w (fun w1 ⇒ v1 (u1 w1 )) (fun w2 ⇒ u2 (v2 w2 )))).Definition Tra i: ∀ x y z : i, (R i x y) → (R i y z ) → (R i x z ):= fun x y z u v p w ⇒ v p (u p w).Definition Tra ar (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o)(Sym sigma : ∀ (x y : sigma), (R sigma x y) → (R sigma y x ))(Tra sigma : ∀ x y z : sigma, (R sigma x y) → (R sigma y z ) → (R sigma x z ))(Tra tau : ∀ x y z : tau, (R tau x y) → (R tau y z ) → (R tau x z )): ∀ (f g h : (sigma → tau)), (R ar sigma tau R sigma R tau f g) →(R ar sigma tau R sigma R tau g h) → (R ar sigma tau R sigma R tau f h):= fun f g h u v x y w1 w2 ⇒u x y w1 (fun u1 ⇒ v y y (Tra sigma y x y (Sym sigma x y w1 ) w1 )(fun v1 ⇒ w2 (Tra tau (f x ) (g y) (h y) u1 v1 ))).



C.4. LEMMAS 61C.3.4 De�nition of TraNeg relative to TraDefinition TraNeg (sigma : Type) (R sigma : sigma → sigma → o)(Tra sigma : ∀ x y z : sigma, (R sigma x y) → (R sigma y z ) → (R sigma x z )): ∀ x y z : sigma, (R sigma x y) → Neg(R sigma x z ) → Neg(R sigma y z ):= fun x y z u v w ⇒ v (Tra sigma x y z u w).C.4 LemmasC.4.1 Closed False RuleDefinition losedfalserule : Bot → Bot := fun u ⇒ u.C.4.2 Closed Not True RuleDefinition losednottruerule : (Neg Top) → Bot := fun u ⇒ u (fun p v ⇒ v).C.4.3 Closed RuleDefinition losedrule : ∀ p : o, p → (Neg p) → Bot := fun p u v ⇒ (v u).C.4.4 Closed Neg Equal RuleDefinition losednegequalrule (sigma : Type) (R sigma : sigma → sigma → o): ∀ (s : sigma), Neg(Neg(R sigma s s)) → Neg(R sigma s s) → Bot:= fun s u v ⇒ u v.C.4.5 Closed Symmetri RuleDefinition losedsymrule (sigma : Type) (R sigma : sigma → sigma → o)(Sym sigma : ∀ (x y : sigma), (R sigma x y) → (R sigma y x )): ∀ (s t : sigma), (R sigma s t) → Neg(R sigma t s) → Bot:= fun s t u v ⇒ v (Sym sigma s t u).C.4.6 Double Negation RuleDefinition dnegrule: ∀ (p : o), (p → Bot) → Neg(Neg p) → Bot:= fun p u v ⇒ v u.C.4.7 Restrited Cut RuleDefinition utrule: ∀ (p : o), (p → Bot) → ((Neg p) → Bot) → Bot:= fun p u v ⇒ v u.



62 APPENDIX C. GIRARD-KURODA-PER TRANSFORMATIONC.4.8 Impliation RuleDefinition imprule: ∀ (p q : o), ((Neg p) → Bot) → (q → Bot) → (Imp p q) → Bot:= fun p q u v w ⇒ u (fun u1 : p ⇒ v (w u1 )).C.4.9 Negative Impliation RuleDefinition negimprule: ∀ (p q : o), (p → (Neg q) → Bot) → (Neg (Imp p q)) → Bot:= fun p q u v ⇒ v (fun w1 : p ⇒ u w1 (fun z : q ⇒ v (fun w2 : p ⇒ z )) q).C.4.10 And RuleDefinition andrule: ∀ (p q : o), (p → q → Bot) → (And p q) → Bot:= fun p q u v ⇒ v Bot u.C.4.11 Or RuleDefinition orrule: ∀ (p q : o), (p → Bot) → (q → Bot) → (Or p q) → Bot:= fun p q u v w ⇒ w Bot u v.C.4.12 Neg And RuleDefinition negandrule: ∀ (p q : o), ((Neg p) → Bot) → ((Neg q) → Bot) → Neg(And p q) → Bot:= fun p q u v w ⇒ u (fun u1 ⇒ v (fun u2 ⇒ w (fun p u3 ⇒ u3 u1 u2 ))).C.4.13 Neg Or RuleDefinition negorrule: ∀ (p q : o), ((Neg p) → (Neg q) → Bot) → Neg(Or p q) → Bot:= fun p q u v ⇒u (fun w ⇒ v (fun r u1 u2 ⇒ u1 w)) (fun w ⇒ v (fun r u1 u2 ⇒ u2 w)).C.4.14 Restrited Forall RuleDefinition forallrule (sigma : Type) (R sigma : sigma → sigma → o): ∀ (f : sigma → o) (t : sigma), Neg(Neg(R sigma t t)) → ((f t) → Bot) →(Forall sigma R sigma f ) → Bot:= fun f t u v w ⇒ u (fun u1 ⇒ w t u1 v).C.4.15 DeMorgan Forall RuleDefinition demorganforallrule (sigma : Type) (R sigma : sigma → sigma → o): ∀ (f : sigma → o), ((ExistsNeg sigma R sigma f ) → Bot) →(Neg (Forall sigma R sigma f )) → Bot:= fun f u v ⇒ v (fun x v1 v2 ⇒ u (fun p u1 ⇒ u1 x v1 v2 )).



C.4. LEMMAS 63C.4.16 Exists RuleDefinition existsrule (sigma : Type) (R sigma : sigma → sigma → o): ∀ (f : sigma → o), (∀ x : sigma, (R sigma x x ) → (f x ) → Bot) →(Exists sigma R sigma f ) → Bot:= fun f u v ⇒ v Bot u.C.4.17 DeMorgan Exists RuleDefinition demorganexistsrule (sigma : Type) (R sigma : sigma → sigma → o): ∀ (f : sigma → o), ((ForallNeg sigma R sigma f ) → Bot) →(Neg (Exists sigma R sigma f )) → Bot:= fun f u v ⇒ u (fun x u1 u2 ⇒ u2 (fun u3 ⇒ v (fun p v1 ⇒ v1 x u1 u3 ))).C.4.18 Boolean Equality RuleDefinition booleqrule: ∀ (p q : o), (p → q → Bot) → ((Neg p) → (Neg q) → Bot) → (R o p q) → Bot:= fun p q u v w ⇒w Bot (fun u1 u2 ⇒ v (fun v1 ⇒ u v1 (u1 v1 )) (fun v2 ⇒ u (u2 v2 ) v2 )).C.4.19 Boolean Extensionality RuleDefinition boolextrule: ∀ (p q : o), (p → (Neg q) → Bot) → (q → (Neg p) → Bot) → Neg(R o p q) → Bot:= fun p q u v w ⇒w (fun r w1 ⇒w1 (fun z1 ⇒(u z1 (fun z2 ⇒w (fun r1 w2 ⇒ w2 (fun z3 ⇒ z2 ) (fun z4 ⇒ z1 )))) q)(fun z1 ⇒(v z1 (fun z2 ⇒w (fun r1 w2 ⇒ w2 (fun z3 ⇒ z1 ) (fun z4 ⇒ z2 )))) p)).C.4.20 Restrited Funtional Equality RuleDefinition funeqrule (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o): ∀ (k h : (sigma → tau)) (t : sigma), Neg(Neg(R sigma t t)) →((R tau (k t) (h t)) → Bot) → (R ar sigma tau R sigma R tau k h) → Bot:= fun k h t u v w ⇒ u (fun u1 ⇒ w t t u1 v).C.4.21 Funtional Extensionality RuleDefinition funextrule (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o)(Sym sigma : ∀ (x y : sigma),(R sigma x y) → (R sigma y x ))(Tra sigma : ∀ x y z : sigma, (R sigma x y) → (R sigma y z ) → (R sigma x z ))(Tra tau : ∀ x y z : tau, (R tau x y) → (R tau y z ) → (R tau x z )): ∀ (k h : (sigma → tau)), Neg(Neg(R ar sigma tau R sigma R tau h h)) →



64 APPENDIX C. GIRARD-KURODA-PER TRANSFORMATION(∀ x : sigma, (R sigma x x ) → Neg(R tau (k x ) (h x )) → Bot) →Neg(R ar sigma tau R sigma R tau k h) → Bot:= fun k h u v w ⇒w (fun x y w1 w2 ⇒v x (Tra sigma x y x w1 (Sym sigma x y w1 ))(fun v1 ⇒u (fun u1 ⇒u1 x y w1 (TraNeg tau R tau Tra tau (k x ) (h x ) (h y) v1 w2 )))).C.4.22 Mating Rule - 1 argumentDefinition matingrule 1 (sigma : Type) (R sigma : sigma → sigma → o): ∀ (f : (sigma → o)) (s t : sigma), Neg(Neg(R ar sigma o R sigma R o f f )) →(Neg(R sigma s t) → Bot) → (f s) → Neg(f t) → Bot:= fun f s t u0 u1 u2 u3 ⇒u1 (fun v1 ⇒u0 (fun u00 ⇒ u00 s t v1 (fun v2 ⇒ v2 Bot (fun w1 w2 ⇒ u3 (w1 u2 ))))).C.4.23 Mating Rule - 2 argumentsDefinition matingrule 2 (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o): ∀ (p : (sigma ->tau → o)) (s1 t1 : sigma) (s2 t2 : tau),Neg(Neg(R ar sigma (tau → o) R sigma (R ar tau o R tau R o) p p)) →(Neg(R sigma s1 t1 ) → Bot) → (Neg(R tau s2 t2 ) → Bot) → (p s1 s2 ) →Neg(p t1 t2 ) → Bot:= fun p s1 t1 s2 t2 u0 u1 u2 u3 u4 ⇒u1 (fun v1 ⇒u2 (fun v2 ⇒u0 (fun u00 ⇒u00 s1 t1 v1 (fun w ⇒w s2 t2 v2 (fun z ⇒z Bot (fun z1 z2 ⇒u4 (z1 u3 ))))))).C.4.24 Deomposition Rule - 1 argumentDefinition deompositionrule 1 (sigma : Type) (R sigma : sigma → sigma → o): ∀ (h : (sigma → i)) (s t : sigma), Neg(Neg(R ar sigma i R sigma R i h h)) →(Neg(R sigma s t) → Bot) → Neg(R i (h s) (h t)) → Bot:= fun h s t u v w ⇒ u (fun u1 ⇒ v (fun v1 ⇒ (u1 s t v1 ) w)).C.4.25 Deomposition Rule - 2 argumentsDefinition deompositionrule 2 (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o): ∀ (h : (sigma → tau → i)) (s1 t1 : sigma) (s2 t2 : tau),Neg(Neg(R ar sigma (tau → i) R sigma (R ar tau i R tau R i) h h)) →(Neg(R sigma s1 t1 ) → Bot) → (Neg(R tau s2 t2 ) → Bot) →Neg(R i (h s1 s2 ) (h t1 t2 )) → Bot



C.5. OTHER LEMMAS 65:= fun h s1 t1 s2 t2 u v1 v2 w ⇒u (fun u1 ⇒v1 (fun v11 ⇒v2 (fun v21 ⇒ (u1 s1 t1 v11 ) (fun z1 ⇒ (z1 s2 t2 v21 ) w)))).C.4.26 Confrontation RuleDefinition onfrontationrule: ∀ (s t u v : i), (Neg(R i s u) → Neg(R i t u) → Bot) →(Neg(R i s v) → Neg(R i t v) → Bot) → (R i s t) → Neg(R i u v) → Bot:= fun s t u v u1 u2 u3 u4 ⇒u1 (fun v1 ⇒u2 (TraNeg i R i Tra i u s v (Sym i s u v1 ) u4 )(TraNeg i R i Tra i s t v u3(TraNeg i R i Tra i u s v (Sym i s u v1 ) u4 )))(TraNeg i R i Tra i s t u u3 (fun v1 ⇒u2 (TraNeg i R i Tra i u s v(Sym i s u v1 ) u4 )(TraNeg i R i Tra i s t v u3(TraNeg i R i Tra i u s v(Sym i s u v1 ) u4 )))).C.5 Other LemmasC.5.1 Lemma 8.3.9Definition Rore�: ∀ (x : o), R o x x:= fun x p u ⇒ u (fun v ⇒ v) (fun v ⇒ v).C.5.2 Lemma 8.3.8Definition Rire�: ∀ (x : i), R i x x:= fun x p u ⇒ u.C.5.3 Lemma 8.3.11Definition negre�: R ar o o R o R o Neg Neg:= fun x y u v1 ⇒v1 (fun p v ⇒v (fun w1 w2 ⇒ u Bot (fun w3 w4 ⇒ w1 (w4 w2 )))(fun w1 w2 ⇒ u Bot (fun w3 w4 ⇒ w1 (w3 w2 )))).C.5.4 Lemma 8.3.12Definition impre�: R ar o (o → o) R o (R ar o o R o R o) Imp Imp



66 APPENDIX C. GIRARD-KURODA-PER TRANSFORMATION:= fun x1 x2 u1 v1 ⇒v1 (fun y1 y2 u2 v2 ⇒v2 (fun p u3 ⇒u1 p (fun w1 w2 ⇒u2 p (fun w3 w4 ⇒u3 (fun w5 w6 ⇒ w3 (w5 (w2 w6 )))(fun w5 w6 ⇒ w4 (w5 (w1 w6 ))))))).C.5.5 Lemma 8.3.13Definition andre�: R ar o (o → o) R o (R ar o o R o R o) And And:= fun x1 x2 u1 v1 ⇒v1 (fun y1 y2 u2 v2 ⇒v2 (fun p u3 ⇒u1 p (fun w1 w2 ⇒u2 p (fun w3 w4 ⇒u3 (fun w5 q w6 ⇒w5 q (fun w7 w8 ⇒w6 (w1 w7 ) (w3 w8 )))(fun w5 q w6 ⇒w5 q (fun w7 w8 ⇒w6 (w2 w7 ) (w4 w8 ))))))).C.5.6 Lemma 8.3.14Definition orre�: R ar o (o → o) R o (R ar o o R o R o) Or Or:= fun x1 x2 u1 v1 ⇒v1 (fun y1 y2 u2 v2 ⇒v2 (fun p u3 ⇒u1 p (fun w1 w2 ⇒u2 p (fun w3 w4 ⇒u3 (fun w5 q w6 w7 ⇒w5 q (fun w8 ⇒ w6 (w1 w8 ))(fun w8 ⇒ w7 (w3 w8 )))(fun w5 q w6 w7 ⇒w5 q (fun w8 ⇒ w6 (w2 w8 ))(fun w8 ⇒ w7 (w4 w8 ))))))).C.5.7 Lemma 8.3.17Definition Rre� (sigma tau : Type) (R sigma : sigma → sigma → o)(Sym sigma : ∀ (x y : sigma),(R sigma x y) → (R sigma y x ))(Tra sigma : ∀ x y z : sigma, (R sigma x y) → (R sigma y z ) → (R sigma x z )): R ar sigma (sigma → o) R sigma (R ar sigma o R sigma R o) R sigma R sigma:= fun x1 x2 u1 v1 ⇒v1 (fun y1 y2 u2 v2 ⇒v2 (fun p u3 ⇒



C.5. OTHER LEMMAS 67u3 (fun w1 ⇒Tra sigma x2 y1 y2(Tra sigma x2 x1 y1 (Sym sigma x1 x2 u1 ) w1 ) u2 )(fun w1 ⇒Tra sigma x1 y2 y1(Tra sigma x1 x2 y2 u1 w1 ) (Sym sigma y1 y2 u2 )))).C.5.8 Lemma 8.3.15Definition existsre� (sigma : Type) (R sigma : sigma → sigma → o): R ar (sigma → o) o (R ar sigma o R sigma R o) R o(Exists sigma R sigma) (Exists sigma R sigma):= fun g1 g2 u1 u2 ⇒u2 (fun p u3 ⇒u3 (fun v1 q v2 ⇒v1 q (fun x v3 v4 ⇒u1 x x v3 (fun v5 ⇒v5 Bot (fun v6 v7 ⇒u2 (fun r v8 ⇒v8 (fun v9 r1 v10 ⇒v10 x v3 (v6 v4 ))(fun v9 ⇒ v1 ))))q))(fun v1 q v2 ⇒v1 q (fun x v3 v4 ⇒u1 x x v3 (fun v5 ⇒v5 Bot (fun v6 v7 ⇒u2 (fun r v8 ⇒v8 (fun v9 ⇒ v1 )(fun v9 r1 v10 ⇒v10 x v3 (v7 v4 )))))q))).C.5.9 Lemma 8.3.16Definition forallre� (sigma : Type) (R sigma : sigma → sigma → o): R ar (sigma → o) o (R ar sigma o R sigma R o) R o(Forall sigma R sigma) (Forall sigma R sigma):= fun g1 g2 u1 u2 ⇒u2 (fun p u3 ⇒u3 (fun v1 x v2 v3 ⇒v1 x v2 (fun v4 ⇒u1 x x v2 (fun v5 ⇒v5 Bot (fun v6 v7 ⇒ v3 (v6 v4 )))))(fun v1 x v2 v3 ⇒v1 x v2 (fun v4 ⇒u1 x x v2 (fun v5 ⇒v5 Bot (fun v6 v7 ⇒ v3 (v7 v4 )))))).



68 APPENDIX C. GIRARD-KURODA-PER TRANSFORMATIONC.5.10 Lemma 8.3.19Definition apptra (sigma tau : Type) (R sigma : sigma → sigma → o)(R tau : tau → tau → o): ∀ (f g : (sigma → tau)) (x y : sigma),Neg(Neg(R ar sigma tau R sigma R tau f g)) → Neg(Neg(R sigma x y)) →Neg(Neg(R tau (f x ) (g y))):= fun f g x y u v w ⇒ v (fun v1 ⇒ u (fun u1 ⇒ u1 x y v1 w)).


