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ABSTRACT. Programming languages with countable nondeterministic choice are compu-
tationally interesting since countable nondeterminism arises when modeling fairness for
concurrent systems. Because countable choice introduces non-continuous behaviour, it is
well-known that developing semantic models for programming languages with countable
nondeterminism is challenging. We present a step-indexed logical relations model of a
higher-order functional programming language with countable nondeterminism and demon-
strate how it can be used to reason about contextually defined may- and must-equivalence.
In earlier step-indexed models, the indices have been drawn from w. Here the step-indexed
relations for must-equivalence are indexed over an ordinal greater than w. Finally, we define
step-indexed logical relations for showing the adequacy of a continuation-passing-style
transformation of the language.

1. INTRODUCTION

Programming languages with countable nondeterministic choice are computationally inter-
esting since countable nondeterminism arises when modeling fairness for concurrent systems.
In this paper we show how to construct simple semantic models for reasoning about may-
and must-equivalence in a call-by-value higher-order functional programming language with
countable nondeterminism, recursive types and impredicative polymorphism.

Models for languages with nondeterminism have originally been studied using deno-
tational techniques. In the case of countably branching nondeterminism it is not enough
to consider standard w-continuous complete partial orders and the denotational models
become quite involved [3], [6]. This has sparked research in operationally-based theories of
equivalence for nondeterministic higher-order languages [1, 10, 11}, 12} [13] 19]. In particular,
Lassen investigated operationally-based relational methods for countable nondeterminism
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and suggested that it would be interesting to consider also methods based on logical relations,
i.e., where the types of the programming languages are given a relational interpretation [10),
page 47]. Such an interpretation would allow one to relate terms of different types, as needed
for reasoning about parametricity properties of polymorphic types.

For languages with recursive types, however, logical relations cannot be defined by
induction on types. In the case of deterministic languages, this problem has been addressed
by the technique of syntactic minimal invariance [4] (inspired by domain theory [15]). The
idea here is that one proves that a syntactically definable fixed point on a recursive type
is contextually equivalent to the identity function, and then uses a so-called unwinding
theorem for syntactically definable fixed points when showing the existence of the logical
relations. However, in the presence of countable nondeterminism it is not clear how to define
the unwindings of the syntactic fixed point in the programming language. Indeed, Lassen
proved an unwinding theorem for his language with countable nondeterminism, but he did
so by extending the language with new terms needed for representing the unwindings and
left open the question of whether this is a conservative extension of the language.

Here we give a logical relations model of our language where we do not rely on syntactic
minimal invariance for constructing the logical relations. Instead, we use the idea of step-
indexed logical relations [2]. In particular, we show how to use step-indexing over ordinals
larger than w to reason about must-equivalence in the presence of countable nondeterminism.

This approach turns out to be both simple and also useful for reasoning about concrete
may- and must-equivalences. We show that our logical relations are sound and complete
with respect to the contextually defined notions of may- and must-equivalence. Moreover, we
show how to use our logical relations to establish some concrete equivalences. In particular,
we prove the recursion-induction rule from Lassen [10] and establish the syntactic minimal
invariance property (without extending the language with new unwinding terms). We also
include an example to show that the model can be used to prove parametricity properties
(free theorems) of polymorphic types.

As another application we show how to define and use step-indexed logical relations for
showing the adequacy of a continutation-passing-style (cps) transformation for our language
with countable nondeterminism. Specifically, we define a cps translation for the language
and show that if the cps-transforms of two expressions are may- and must-contextually
equivalent, then also the original expressions are may- and must-equivalent.

Overview of the technical development. One way to understand the failure of w-
continuity in an operational setting is to consider the must-convergence predicate e |}, which
by Tarski’s fixed point theorem can be defined as the least fixed point of the monotone
functional ®(R) = {e |Ve'. e— ¢’ = €’ € R} on sets of terms. Here e — ¢’ means that
e reduces to € in one step. However, due to the countable branching the fixed point is not
reached by w-many iterations [ J,,,, ®"(0). The reason is that even when a program has no
infinite reduction sequences, we cannot in general bound the length of reduction sequences
by any n < w.

The idea of step-indexed semantics is a stratified construction of relations which facilitates
the interpretation of recursive types, and in previous applications this stratification has
typically been realized by indexing over w. However, as we pointed out, the closure ordinal
of the inductively defined must-convergence predicate is strictly larger than w: the least
fixed point |} is reached after wi-many iterations, for w; the least uncountable ordinal. (In
fact, the least non-recursive ordinal would suffice [3].) Thus, one of the key steps in our
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Figure 1: Types, terms and evaluation contexts

development is the definition of a-indexed uniform relations, for arbitrary ordinals «, in
Section [3

In Section [ we define a logical w-indexed uniform relation, and use this relation to prove
a CIU theorem for may-contextual equivalence. The logical relation combines step-indexing
and biorthogonality, and we can prove that it coincides with may-contextual equivalence;
the proofs are similar to those in [I7]. Section |5| considers the case of must-contextual
equivalence. The only modifications that this requires, compared to Section 4| are the use of
wi-indexed uniform relations and of a suitably adapted notion of biorthogonality.

In Section [7] we define the cps-transformation and show adequacy of it by means of
step-indexed logical relations; for the must-equivalence we use indexing over w;.

Summary of contributions. In summary, the contribution of this paper is a simple,
operationally-based model of countable nondeterminism in a higher-order language, and
the use of this model for proving several non-trivial applications in Section [6} In particular,
we derive a least-fixed point property for recursive functions in our language, answering
a question raised by Lassen [10]. Moreover, we show adequacy of a cps-transformation
for the language; this appears to be the first such result for a language with countable
nondeterminism.

Laird [9] has developed a fully abstract denotational model based on bidomains for
a calculus similar to the one studied here but without recursive and polymorphic types;
our model appears to be the first model of countable nondeterminism for a language with
impredicative polymorphism.

2. A LAMBDA CALCULUS WITH COUNTABLE CHOICE

Syntax and operational semantics. Figure[I]gives the syntax of a higher-order functional
language with recursive and polymorphic types, and a (countably branching) choice construct.
We assume disjoint, countably infinite sets of type variables, ranged over by «, and term
variables, ranged over by z. The free type variables of types and terms, ftv(7) and ftv(e),
and free term variables fv(e), are defined in the usual way. The notation (-)[7/d] denotes
the simultaneous capture-avoiding substitution of types 7 for the free type variables @ in
types and terms; similarly, e[//Z] denotes simultaneous capture-avoiding substitution of
values ¥ for the free term variables 7 in e.

The syntax is kept minimal, and in examples we may use additional syntactic sugar, for
instance writing let x = e in €’ for (Az.€’) e and et for let f =e in f 7 for some fresh f.
We define the unary natural numbers datatype as nat = pa.1 4+ a and write 0 = in; () and
n+1 = ing(n). The ‘erratic’ (finitely branching) choice construct e; or es can be defined
from ? as let x = 7 in case x of inj y.e; | ingy. e for fresh z,y.
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Figure 2: Operational semantics
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Figure 3: Typing of terms and evaluation contexts, where I' := () | ', z:7 and A =:=0 | A, «.
The notation A F 7 means that ftv(7) C A, and A F I means that A - 7 holds
for all z:7 € T.

The operational semantics of the language is given in Figure [2| by a reduction relation
e — €'. In particular, the choice operator ? evaluates nondeterministically to any numeral
n (n € N). We also consider evaluation contexts E, and write E[e] for the term obtained by
plugging e into E. It is easy to see that e — €’ holds if and only if Ele] — Ele/].

Typing judgements take the form A;T' - e : 7 where I is a typing context x1:71, ..., Tn: Ty
and where A is a finite set of type variables that contains the free type variables of 71, ..., 7,
and 7. The rules defining this judgement are summarized in Figure[3] The typing judgement
for evaluation contexts, - E : 7 —o 7/, means that @; @ - Ele] : 7/ holds whenever &; @ - e : 7.

We write Type for the set of closed types 7, i.e., where ftv(1) = (). We write Val(T)
and Tm(7) for the sets of closed values and terms of type 7, resp., and Stk(7r) for the
set of T-accepting evaluation contexts. For a typing context I' = x1:7q,...,zy:7, with
1y Tn € Type, let Subst(T) = {y € Val® | V1 < i < n. y(x;) € Val(r;)} denote the set of
type-respecting value substitutions. In particular, if A;T'F e : 7 then @; 3 - edy : 76 for
any 6 € Type®™ and v € Subst(I'), and the type system satisfies the standard progress and
preservation theorems.
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Figure 4: Compatibility properties of type-indexed relations

We let fix : Vo, B.((a— ) — (a— f)) = (a— () denote a variant of the (call-by-value)
fixed point combinator from untyped lambda calculus, fix = Aa, B.\f.07(in df) where d; is
the term \y.case y of iny. f(Ax.let r=y¢'y in rx), and we write Q : Va.a for the term
Aa.fixla (Af.f) (). Note that reduction from {2 is deterministic and non-terminating.

Contextual approximation. We follow Lassen’s approach [10] and define contextual
approximation as the largest relation that satisfies certain compatibility and adequacy
properties (also see, e.g. [16l [I7]). The technical advantage of this approach, compared to
the more traditional one of universally quantifying over program contexts, is that in proofs
there will be no need to explicitly take care of contexts and of term occurrences within
contexts. In our terminology, we keep close to Pitts [16], except for suitably adapting the
definitions to take the nondeterministic outcomes of evaluation into account.

The observables on which contextual approximation is based are given by may- and
must-convergence. A closed term e may-converges, written e |, if e —* v for some v € Val,
and e may-diverges, written e T, if there is an infinite reduction sequence starting from e.
The must-convergence predicate e |} is the complement of may-divergence, and it can be
defined inductively by e | if and only if for all €/, if e — €’ then € ||.

Definition 1 (Type-indexed relation). A type-indexed relation is a set of tuples (A, T, e, €', 1)
such that A;T Fe: 1 and A;T F €' : 7 holds. We write A;THeR e :7if (A, T,e e, 7)€ R.

Definition 2 (Precongruence). A type-indexed relation R is reflexive if A;T'F e : 7 implies
A;T'FeRe: 7. Itis transitive if A;T'F e R e : 7 and A;T F e R e . 1 implies
A;THeRe”: 7. A precongruence is a reflerive and transitive type-indexed relation R that
is closed under the inference rules in Figure [4)
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Figure 5: Basic may- and must-theory, where e; or ez is an abbreviation for the term
let x =7 in case z of injy.e; | ingy.eo

Definition 3 (May- and must-adequate relations). A type-indexed relation R is may-
adequate if, whenever @; @+ e R € : 7 holds, then e | implies €' |. It is must-adequate if,
whenever @; @ e R e : 7 holds, then e |} implies €' |.

Definition 4 (Contextual approximations and equivalences). May-contextual approximation,

written ,Sjm, 1s the largest may-adequate precongruence. May-contextual equivalence, %jt"”,

is the symmetrization of <. Analogously, must-contextual approximation, written ,Sffx,

1s the largest must-adequate precongruence, and must-contextual equivalence, %ff“", 1S 1ts

symmetrization. Contextual approximation, <, and contextual equivalence, =,

are
given as intersections of the respective may- and must-relations, and thus = is also the

symmetrization of <.

That this largest (may-, must-) adequate precongruence exists can be shown as in [16],
by proving that the relation S = [J{R | R compatible and (may-, must-) adequate} is an
adequate precongruence.

In principle, to establish an equivalence A;I' - e =2 ¢/ : 7 it suffices to find some
may- and must-adequate congruence R that contains the tuple (A, T, e, e/, T) since = ig
the largest such relation. However, in practice it is difficult to verify that a relation R has
the necessary compatibility properties in Figure[dl An alternative characterization of the
contextual approximation and equivalence relations can be given in terms of CIU preorders

[14], which we define next.

Definition 5 (CIU preorders). May- and must-CIU preorder, written Sfu and gfj“ resp.,
are the type-indexed relations defined as follows: for all e, e’ with A;T'Fe: 7 and AT Fe T,

e AsT ke ,Sim ¢ 117 & Vie Type®, e Subst(I'6), E € Stk(76). Eledy] | =

Ele'sy] )
e AT FegiMe 7 & Ve Type®, v € Subst(I'6), E € Stk(76). Eledy] || =
Ele'on] §

The CIU preorder is defined as the intersection of fjw and Sﬁ“‘

Theorem 6 (CIU theorem). The (may-, must-) CIU preorder coincides with (may-, must-)
contextual approximation.

Using the CIU theorem, it is easy to verify that all the deterministic reductions are
also valid equivalences, and that the various call-by-value eta laws hold. Moreover, we can
establish the laws of Moggi’s computational lambda calculus and the basic (inequational)
theory of erratic choice (Figure |5)). We will prove the CIU theorem in Section || (for the
may-CIU preorder) and Section [5| (for the must-CIU preorder).
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3. UNIFORM RELATIONS

For an ordinal number « and a set X we define an a-indexed uniform relation on X to be a
family (Rg)g<q of relations Rg C X such that

o Ryp=X,

e Rgi1 C Rg for all § < «, and

o Ry =)z, Rp for every limit ordinal A < a.

Let Rel,(X) denote the a-indexed uniform relations on X.

Recursive definitions. The notions of n-equivalence, non-expansiveness and contractive-
ness (e.g., [5]) all generalize from the case of w-indexed uniform relations: Given a-indexed
uniform relations R, S € Rel,(X) and v < a we say that R and S are v-equivalent, written
RZ S, if Rg = Sp for all 8 < v. In particular, R = S if and only if R Z S for all v < a.

A function F : Rely(X1) x - - - X Rely(X,,) — Rely(X) is non-expansive if R < S implies
F(R) £ F(S), and F is contractive if R < S implies F(R) il F(S). If R € Rel,(X) then
> R € Rely(X) is the uniform relation determined by > Rg 1 = Rg; this operation gives rise
to a contractive function on Rely(X).

Proposition 7 (Unique fixed points). If F': Rely(X) — Rely(X) is contractive, then F' has
a unique fixed point fixr.F(r).
Proof. First note that F' has at most one fixed point: if R, .S are fixed points of F' then, by
the contractiveness of F, we can establish that R = F(R) = F(S) = S holds for all v < «
by induction and thus R = S.

Because of the uniformity conditions it is sufficient to give the components of the fixed
point fizr.F(r) that are indexed by successor ordinals. We set fixr.F(r),+1 = F(R)y+1
where R € Rely(X) is defined by Rg = fixzr.F(r)g for B < v and Rg = ) for § > v. By
induction, it is easy to see that firr.F(r) € Rel,(X) and that F(fixr.F(r)), = fixr.F(r),
holds for all v < «, and thus F(fixr.F(r)) = fixr.F(r). O

Proposition [7]is an instance of Di Gianantonio and Miculan’s sheaf-theoretic fixed point
theorem [7]. Indeed, an a-indexed uniform relation on X corresponds to a subobject of the
constant sheaf on X in the sheaf topos on a.

Uniform relations on syntax. For 7,7' € Type we consider the collections of a-indexed
uniform relations between values, terms and evaluation contexts: we write VRel, (7, 7")
for Rel,(Val(T) x Val(7'")), we write SRel,(T,7') for Rel,(Stk(T) x Stk(7')), and we use
TRely(1,7') for Relo,(Tm(7) x Tm(7")).

The description of the logical relations in the sections below makes use of the following
(non-expansive) constructions on uniform relations:

e Ry X Ry € VRely (11 X 12, 7] X 75), for Ry € VRely(71,71) and Ry € VRely(72,75), is
defined by (R1 x R2)g = {({v1,v2), (v1,03)) | (vi,01) € (R1)g A (v2,v3) € (R2)s}

e Ry — Ry € VRely (11 — 72,7 —75), for Ry € VRely (71,7 ) and Ry € TRely(12,74), is
given by (Ry — Ra)g = {(Az.e, A\x.€/) | Vv < B.V(v,0) € (R1),. (e[v/x], [V /x]) € (R2), }.
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o Vr.F(r) € VRely(VYa.11,Va.1q), for F, .+ : VRely(7,7") — TRelo(11[7/c], m1[7'/at])
family of non-expansive maps, is the uniform relation that is defined by Vr.F(r)s
{(Aa.e,Aa.e’) | V7,7 € Type, R€ VRelo(7,7'). (e[r/a],€[T'/a] € Fr. - (R)4}.

Il o

e in;R € VRely(,7'), for 7 = pami+...+7p and 7 = pa.m{+...+7), and R €
VRely(75[7/al, 7{['/a]), is given by (in;R)s = {(injv,in;v") | (v,7') € Rg}.

4. MAY EQUATIONAL THEORY

In this section, we will define a logical uniform relation that is used to prove that may-CIU
preorder and may-contextual approximation coincide. The key idea of the definition is
the usual one of step-indexing [2], i.e., that the observables can be stratified based on
step-counting in the operational semantics. We write e |, if e — ... — v for some v € Val
in at most n reduction steps, thus e | holds if and only if e |,, for some n.

Logical w-indexed uniform relation for may-approximation. In the case of may-
approximation, it suffices to consider w-indexed uniform relations. Using the constructions
on relations given above, we define a relational interpretation [7] (7) € VRel,(7[7/d], 7[7"/d])
by induction on the type & b= 7, given closed types 71,77,..., 7, 7, € Type and relations
r1 € VRel,(11,7]),...,7% € VRel, (14, 7},):

[ai] (7) = ri [ x 7] (7) = [1] (7) % [m2] (7)
[1] (7) = (d1)n<w [r1 = 7] (7) = [n] () =[] (M)
Vo] (7) = ¥r.[7] (7, )t [pori+.. .+ 7] (7) = fiws.U;in; (> [75] (7, 5))

Here, value relations r € VRel,(7,7’) are lifted to relations 7+ € SRel,(r,7') on evaluation
contexts and to relations r- € TRel,(7,7') on terms by biorthogonality, much as in [§]:

k= {(B,B) | V) < n. ¥, € 15 Bl b = B] 1}
I {(e,e') |Vj<n.V(E,E") € TJJ-‘. Ele] ;= E'[¢]]}

n

The fixed point in the interpretation of recursive types is well-defined by Proposition [7] since
each [7] denotes a family of non-expansive functions, and thus composition with > yields a
contractive function.

The following observation is useful for calculations:

Lemma 8 (Context composition). If (v,v') € [r — 7|7, and (E,E') € [r] 7 then
(B[, B ) € [n] 7

Proof. Let j <n+1, (vi,v]) € [11] 7;. Assume Efvvi] ];. We have v = Az.e and v' = Az.¢’
and (Az.e, A\z.¢’) € [ = 1] 7, for some x, e, e’ and necessarily E[vvi] — Ele[v/x]] |j-1.
By definition, (e[v;/x], €'[v]/z]) € [12] Fj‘_Ll. From (E, E') € [r] 7+ we obtain E'[¢/[v] /«]] |.
Thus, E'[v' v}] {. L]
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The relational interpretation extends pointwise to value substitutions: (v,v') € [I'] 7, if
(v(x),v(2")) € [r] 7, for all z:7 € I'. Based on this interpretation we consider the following
type-indexed relation:

AT e §ioge’:7' where A = &
& V7, 7P €VRel, (7, 7). Yn <w.¥(v,7) € [T]7,. (e[7/dly, ' [7/aly) € [r] 7

The definition of ,Elfg builds in enough closure properties to prove its compatibility.

log

Proposition 9 (Fundamental property). The relation < 1 has the compatibility properties

given in Figure . In particular, it is reflezive: if A;T'Fe: 7 then AT e Siog e:T.
Proof. We consider the inference rules from Figure [4] in turn.
e For the introduction of recursive types, we assume that, for every 1 < j < m,
AT - o glfg v mlpoei + .o+ T /], and then prove that A;T F injv glfg
inj o' paT o T
For notational convenience we only consider the case of closed terms. Let 7
abbreviate the type po.mi +...+7,. Note that [7] 7 = {J; in; e [r5] (7 [r]7) =
U; in; (> [rj[r/a]] (7)) by definition and a substitution lemma, and that the in-
clusion [rj[r/a]] (F) C ©[r[r/a]] (F) holds. Thus, assuming (E,E') € [r]7

. . . L

it follows from Lemma [§| that (E[(Az.in;z)[]], E'[(Az.in; @) []) € [r[7/al] 7,4

Thus, if E[injv] |; for some ¢ < n then E'[(Az.in;z)v']) | follows from (v,v) €

[rilm/a]] Fﬁl‘il. Therefore we can conclude E’'[inj v'] |, and have shown (in; v, in;v') €

[7] 7. Since n was chosen arbitrarily, we have A;T F in; v Siog

e For the elimination of recursive types, we assume that 7 is of the form pa.71 + ... + 7,
A;T,zjimj[r/al b e giog e forall 1 <j <mand A;T' Fo gljg v' : 7. We prove
A;T'F case v of (... |inj xj. €4 ...) Siog case v' of (... |injzj.€f|...) 1 7.

For simplicity we only consider the case of closed terms. By definition and by a
substitution lemma we have [7] 7= J; in; e [m5] (7 1) = U; in;(> [r5[r/]] 7).
Moreover, (Az.case = of(...lin;xzj.¢e;jl...),Av.case x of(... lin;jz;.€;l...)) €
[ — 7] 7, for any n. To see this, assume k < n, let (a,d’) € [7] 7, and (E, E’) €
[7]7: such that E[case a of(...linjz;.e;l...)] lx. By the above observation
we have a = inja; and o' = inja; for some (aj,a}) € [rj[r/a]]7k-1. From
Elcase a of(...linjz;.e;1...)] lx we obtain Elej[a;/x;]] k-1, and thus the as-
sumption on e; and e;- gives E’ [e; [a; /z;]] J. From this we can conclude that
E'[case a’ of(... |in; z;. eg- | ...)] | holds.

To prove the case, assume next that (E, E') € [r'] 7. From Lemma |8 we obtain
(E[(Az.case x of(... linjzj.e;1...)) [], E'[(Ax.case x of (... linjz;.€il...)) []]) €
71 f’i_H. Now, since we know (v,v’) € [7] FrJL‘_LH by assumption, we obtain that
Elcase v of(...|injxj.€j|...)] |n implies E[case v' of(...|injxz;.€}|...)] | as
required.

e For choice, we assume A F I and show A;T F ? ,Siog ? : nat. Suppose (E,FE’') €

[nat] Ff{ and E[?] |; for some j < n. Then E[?] — E[k] and E[k] |j—1 for some
k € N. By induction on k, and using the compatibility for the introduction of
recursive types, we obtain that (k, k) € [nat] Fé‘", and thus E’'[k] |. Hence E'[?7] |.

i gy -
in;v I T.
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ATHovRY 71 AT, z:tFeRe 7 Aoa;TFeRe : 7T
A;T Fe[v/x] RV /) 7' A;T[r/alFeRe :7'[T/a]

AFT

Figure 6: Substitutivity properties of type-indexed relations

The proofs for the remaining rules are similar. and can be found in Appendix OJ
Theorem 10 (Coincidence). A;T e gi"g e 7 if and only if A;T Fe ,Sf“ e:T.

Proof. For the direction from left to right, let 6 € Type®, v € Subst(I'0) and E € Stk(76),
and assume F E&y] 1, i.e., E[edr] | for some n. We must show E[e’dv] |. As a consequence

(7,7) € [I'9],, and (E,E) € [[7'5]];‘. By definition of A;T' F e §iog e : 7 and

a substitution lemma we have (edy, €/dvy) € [[75]]#, and thus E[edy] |, gives E[e/dv] |.
For the direction from right to left, first note that the logical relation is closed under

of Proposition

may-CIU approximation; more precisely, if A;T F e <iog e 7 and AT € Sjm e T

then A;T F e <lfg ¢’ : 7. This observation follows from the definition of (-)™ used

in A;T F e gi"g ¢ : 7 and the definition of CIU approximation. Now assume that
A:TFe Sim e :7. By Proposition@, AT ke Slfg e:7,and thus A;T e ,Siog e:r. O

Proof of CIU Theorem[6(1). We first show that gf“ is contained in ,Sjm By definition,
SJE” is the largest may-adequate precongruence, thus it is sufficient to establish that ,Sjw is a
may-adequate precongruence. From the definition it is immediate that ,<Vf“ is may-adequate,
reflexive and transitive. By Theorem [1 <C“‘ coincides with §i°g which is compatible by
Proposition [0

For the other direction, following Pitts [17], we first consider the special case where
g Tk e <f$ e’ : 7. To prove @;@ ke <™ e’ 7, note that &; & F Ele] sji” Ele'] : 7 holds
for all evaluation contexts F such that - FE : 7—o 7" since < f is reflexive and compatible.
Hence, that Ele] | implies E[e/] | follows since <f* 55 ¥ is may-adequate.

The general case reduces to this special case since may-contextual approximation has the
substitutivity properties given in Figure @ For the first of these, assume A;T" - v Sjm voT

and A;T,x:mFe Sjm €' : 7. From the definition of may-CIU approximation it is easy to see

A;T Felv/x] Sjw (Az.e)v:7 and AT (Az.e)v <Cw el /) 7.

Since we have already shown that ,Sf“ is contained in §jt , and since A; T (Az.e)v Sjm

(Az.¢’) v’ : 7' by compatibility, we can conclude A; T efv/x] < <Ctz "lv'/x] : 7' by transitivity.
The second substitutivity property is proved 51m11arly, using a weakemng property of may-
contextual approximation. L]

5. MUST EQUATIONAL THEORY

To define the logical relation for must-approximation, we need to stratify the observables
again. For terms e and ordinals 8 we define e |} inductively, as the least relation such that
e g if for all ¢’ such that e — ¢’ there exists v < 5 and €’ |,. The essential observation is
that |} 5 indeed captures must-convergent behaviour.
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Proposition 11 (Stratified must-convergence). e | if and only if e |z for some f < w;
(for w1 the least uncountable ordinal).

Proof. The proof from left to right is by induction on e ||. By induction hypothesis there
exists ordinals v(e’) < w; for each term €’ such that e — €. Let 8 = (Jv(€'), then
B+1 < wy (since there are only countably many such ¢’ and each v(e’) is countable) and
e |g+1. The direction from right to left is by induction on §. []

Logical wi-indexed uniform relation for must-approximation. Proposition [I1] indi-
cates that logical relations for must-approximation need to be indexed over wi. The lifting
of value relations r € VRel,, (7,7") to relations r*+ € SRel,, (7,7') on evaluation contexts
and to relations - € TRel,, (7,7") on terms is defined with respect to must termination.

rg ={(E,E') | Vv < B.V(v,0') €. E] 4 = E'W]1}
rg- ={(e,¢)) |V < B.V(E,E') €ry. Ele] I, = E'l] |}

Except for this difference, the relational interpretation [7] () € VRel,, (7[7/d&], 7[7"/d]) is
literally the same as in Section |4 and defined by induction on the type & 7, given closed

types 71,71, ..., Tk, 7, € Type and relations r1 € VRel,, (11,7]),...,7% € VRel,, (Tg, T1):
[ow] (7) = s [ x 7] (7) =[] (7) x [m2] (7)
[1] (7) = (Id1) p<un [r1 = 7] (7) = [n] (7) = [r2] (M)

Va.7] (7) = Vr.[r] (7, 7)™ [noeri+.. .+ 7] (7) = fiws. U;in; (> [7] (7, 5))
Logical must-approximation is defined as follows:

A;Tke §jfge’:7' where A = &
& VR 7NV EVReL, (7,7). VB <wi.V(7,7) € [T]75. (e[F/dly, €'[7/aY) € [] 75

Proposition 12 (Fundamental property). The relation Sifg has the compatibility properties

given in Figure . In particular, it is reflezive: if A;T'Fe: 7 then A;T e ijg e:T.

Proof. The proof is similar to the one for Proposition [} We give only the case for choice,
where we assume A - T' and prove A;T - ? §jfg ? :nat. Suppose (F, E’) € [nat] Fé and
E[?] ||g. Then E[?] — e implies that e is of the form E[k] and E[k] |,, for some k € N and

v, < . Using the compatibility for the introduction form of recursive types, an induction
on k shows that (k, k) € [nat] Fi, and thus E'[k] | for all k£ € N. Hence E’'[?] |. OJ

Theorem 13 (Coincidence). A;T e Sifg e 7 if and only if A;T Fe ,Sff“ e:T.

Proof. The proof is completely analogous to that of Theorem For the direction from left
to right one uses the characterization of || in terms of {5 (Proposition and then appeals

to Proposition The direction from right to left uses the fact that §ifg is closed under
must-CIU approximation. OJ
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AT oo S0 im = m AT oo S0 im = m

AFl—flangv<¢ v T =T AI’I—flangv<“ v T =T

Figure 7: Recursion induction: least fixed point property of fix

Proof of CIU Theorem @(2) The proof is analogous to that of Theorem @(1) From the
definition, Sﬁm is a must-adequate reflexive and transitive relation, by Proposition E and

Theorem E it is also compatible, and thus contained in 5@“ From this containment and the
closure of ,Sff“ under beta conversion it follows that <¢* has the substitutivity properties in
Figure @ Thus it suffices to prove the containment of <m in Sﬁw for closed terms, which is
clear by the compatibility and must-adequacy of <Ctx. ]

6. APPLICATIONS

This section illustrates how the logical relation characterization of contextual approximation
can be used to derive interesting examples and further proof principles. We consider three
such applications: a recursion-induction principle for recursively defined functions, syntactic
minimal invariance of a recursive type, and a “free theorem” about a polymorphic type.

Proving recursion-induction for a similar language (without polymorphic types) has
been an open problem [I0]. Here, the proof is essentially a straightforward induction, using
the indexing of the logical relations.

Recursion-induction. Recall from the introduction that fix : Vo, 8.((ac = ) = (a — 5)) —
(o= B3) is given by the term Ac, B.Af.07(indy) where 05 is an abbreviation for the term
Ay.case y of iny'. f(Az.(Ar.rz)(y'y)). We now prove that £fix is a least fixed point combi-
nator, i.e., we prove the soundness of the recursion-induction rules in Figure [/} We only
include the proof for gffx and for notational simplicity we assume that the contexts A and I
are empty. We assume the premise of the rule, and to show the conclusion we first prove that
(h,v") € [11 — 7] 5 where h is Az.(Ar.rz) (6, (indy)), for all B < w;. The result then follows
from the agreement of the logical relation with contextual approximation and transitivity,
since fix v =y h Sﬁm v Sﬁm v

To prove (h,v') € [11 — 72] 5 we proceed by induction on 8 and assume that (h,v') €
[r1 — 7], for all v < 3; we are then to show that (h,v’) € [11 — 72] 4. From the typing
rules, v’ must be of the form A\z.¢’ for some €’. So let 81 < 8 and (u,u’) € [11]5,, then it
remains to show ((Ar.ru)(d, (indy)), €' [u'/x]) € [[Tg]]é‘lL.

Suppose B2 < By, (E,E') € [[7'2]]32 and E[(Ar.ru)(dy, (indy))] p,; we are to show
E'[¢/[v//z]] §. By (the must-analogue of) Lemma (8| and the fundamental property of the
logical relation applied to v we obtain (E[(Ar.ru) ((Az.wvz)[])], E'[(Ar.rd’) (Azwvz)[])]) €
[ — 7'2]]%}. Then, since &, (in d,) —2 v h and (Az.v ) h — v h, we have E[(Ar.r u)(v h)] 4z,
for B3 < B2 < B3, and hence also E'[(Ar.ru) (vv’)] |} by induction hypothesis.

By the premise and Theorem [13| we have that v v’ CIU-approximates v’, and thus we get
E'[(Ar.ru/)v'] . Finally, since (Ar.r ') o' —* €’[u//x] we obtain the required F'[¢/[u//x]] |



STEP-INDEXED RELATIONAL REASONING FOR COUNTABLE NONDETERMINISM 13

Syntactic minimal invariance. Consider the type 7 = pa.nat + a — «a. Let id = Azx.x
and consider the term

f = Ah,x.case z of injy.in;y | ingg.ins Ay.h(g(hy)) .
We shall show that fix77 f =% id : 7 — 7. This equivalence corresponds to the characteri-
zation of solutions to recursive domain equations as minimal invariants in domain-theoretic
work [I5], from which Pitts derives several (co-) induction principles.

By the soundness of the call-by-value beta- and eta-laws for contextual equivalence
(Figure |5)) and the transitivity of < it is easy to see that fid = id : 7 — 7. The
recursion-induction principle therefore yields fix77 f < id : 7 — 7.

For the reverse approximation we first show id <'% h : 7 —  where h is again the
term Az.(Ar.rx)(df (indys)). We show this by proving (id, h) € [T — 7] 5 for all B <wy by
induction on 3. (The case for may-approximation is similar.) By definition, we need to
show that for all v < 8 and all (v,v) € [7],,, (idv,hv') € [r]". Since [7] = in; (> [nat]) U
iny(> [7 — 7]) there are two cases to consider:

e Case (v,v') € inj(>[nat]),. Then there exist u,u’ € Val(nat) such that v =
inju, v = inj v and (u,v') € [nat], for all v/ < v < 3. Note that in this
case (A\z.(Ar.rz)(0f (indys))) o' = o' : 7. Thus, given (E,E') € [7]5 such that
Elidv] |, it suffices to show E’'[v/] || which easily follows from (v,v’) € [7],,.

e Case (v,v’) € ing(>[r — 7])». Then there exist ¢g,¢’ € Val(r —7) such that
v = ingg, v = inyp ¢’ and (g9,¢') € [r— 7], for all v/ < v < . In this case,
we have the equivalence (Az.(Ar.rz)(df (indy))) v" = ing(Ay.h(¢'(hy))) : 7. Thus,
it suffices to show (g, \y.h(¢'(hy))) € [r — 7], for all v/ < v, or equivalently,
(gu, h(g'(hu'))) € [r]5 for all v/ < v and all (u,u') € [r],,. Let (E,E') € [r]5
and suppose E[gu| {,; we have to show E'[h(¢'(hv'))] §|. From the induction
hypothesis we obtain (E[id [}, E'[h[]]) € [r]5 ., and thus (E, E'[h []]) € [r],. Since
(9.9') € [r— 7], the latter entails (E[g ], E'[h(¢'[]])) € [r]5. Now, applying the
induction hypothesis again this shows (E[g(id [])], E'[h(¢ (R []]))) € [[T]]i_,_H, and thus
the assumptions E[gu] ||, and (u,u’) € [7],, imply E'[h(¢'(hu))] |.

By Theorem E and the CIU theorem, id ,ijg h : 7 — 7 implies id §ﬁm h:7 — 7. Since
id =% fid . 7 — 7 and fh = fix7T7 f : T — T we obtain id Sﬁm fixtrf:7 — 7 by
compatibility and transitivity of must-contextual equivalence.

Parametricity. Let 71,7 € Type be closed types. Then the contextual approximation
@ hVo.axa — a, frry =, e,y b hm (fo, fy) < f(hm (z,y) :m . (6.1)

holds. For the proof of (6.1]), we will consider the case of must-approximation only (may-
approximation is completely analogous) and show

gihVa.ax a = a, frry = 1o, e,y E hr (fz, fy) ,Sifg (h1 (z,y)): T2 .
Fix 8 <wy, h € Val(Va.a x a—«), f € Val(my — 712) and x,y € Val(r). We need to show
(72 (fx, fy), f(hmi{e,y) € [ral5 (6:2)

We have (h,h) € [Va.a x ()4—)@]]%‘L by Proposition and we will instantiate a by (the
opposite of) the graph of f. More precisely, consider the relation r € VRel(T2, 1) given by
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ry, = {(v,V") | (v, fV') € [[Tg]]il}. Note that we have (id, f) € [a— 7] r5. Hence, to prove
it suffices to show (hm (fx, fy), hmi (z,y)) € ré-L.

By definition of the logical relation we have (h7o,h7) € [a x a— a] ré‘L, and by the
compatibility properties it remains to show (f z,x) € 7“# and (fy,y) € rél. We consider
the former: Let (E,E') € rit for v < 8 such that E[f 2] |},; we must prove E'[z] ||. We
have (f,id) € [11 — o] r, from which (E[f []], E'[]) € [[Tl]},f follows. By Proposition [12| we
have (z, ) € [n1]2", and thus E[f z] |}, implies E'[x] |.

Let us now consider the reverse approximation of , which holds under the condition
that f is total and deterministic, i.e., that for all v € Val(m) there exists u € Val(72) such
that fov = q @ 7.

We proceed as above and show only for the case of must-approximation. For 8 < wy,
h € Val(Va.a x a—«a), f € Val(ty = 1) and z,y € Val(m) we will prove

(f(h7i (z,9)), hra (f 2, fy) € [ - (6.3)

We use (h,h) € [Va.a x a— oz]]# where we instantiate « by the relation s € VRel(7i, 72),
given by s, = {(v,v) | (fv,?) € [[Tgﬂi__u__l}. First note that (f,id) € [a — 7] sg, and thus
the proof of reduces to showing (b7 (z,y),hme (fx, fy)) € sé—L.

Since we have (h11,hm) € Jaxa— af sé‘L it suffices to show (z, fx) € sé-L and
(y, fy) € 8#, and we consider the former. Let (E, E') € s for v < /3 such that E[x] {},; we
must prove E’[f z] ||. By the assumption that f is total there exists u € Val(72) such that

fx =y : 79, and so it suffices to prove E'[u] {}. But this follows from (z,u) € s,, and the
latter is immediate from the definition of s.

7. ADEQUACY OF CPS TRANSFORMATION

In this section we consider a standard, call-by-value, cps transformation [18], extended in the
obvious way to our language with countable nondeterminism. In [4] Birkedal and Harper give
a correctness proof of such a cps-transformation by means of a logical relation for a language
with recursive types (but no polymorphism and no nondeterminism), where the logical
relation is constructed using syntactic minimal invariance. Here we show how to define and
use step-indexed logical relations for showing the adequacy of the cps-transformation, both
with respect to may- and must-equivalence. As far as we know, this is the first such result
for a language with countable nondeterminism.

We fix the answer type p of the cps-transformation to p = 1. The cps-transformation of
types, values and expressions is defined in Figure

We will show the following adequacy theorem for the cps-transformation:

Theorem 14 (Adequacy). If A;T'Fep: 7 and A;T = eg i 7, then A;T° = Mk.(eq)) S
Mk.(e9)s o 7 implies AT = eg S eyt 7.

Thus program transformations on the cps-translated programs are sound with respect
to the source level programs.

Proposition 15 (Type preservation).
o I[fA;T'Fw:T then A;T° Fo®: 7°,
o IfA;T'Fe:7 then AT k:7° = pk ()} : p.



STEP-INDEXED RELATIONAL REASONING FOR COUNTABLE NONDETERMINISM 15

e Translation of types:

o = o
1° =
(M xm)°’=1°xn
(7‘1—)7’2)0—7'1 — T2
)° ¢
T)

where 7° = (7° — p) —

e Translation of values:

2’ =z
)=
(v1,v2)" = (v1°, v2°)
(Ax.e)® = \z.\k. ( )
(in;v)° = inv
(Ace)® = AaXk.(e)y

e Translation of computations:

—~

(case v of inyzy.e1l ... lin, zy. €, ase v° of inmy {L‘l.( Dpl oo ling zp. (en)y

e Translation of evaluation contexts:
Dr =k
(1} E); = (E)Z)\z.let y=v°z in y k)

Figure 8: Translation of types, terms and evaluation contexts.

o IfFE:7m —omy then @ik:1° = pk (B)} :11° — p

Proof. The first two parts are proved simultaneously by an induction on the respective
typing derivation. The final part is by an induction on F. L]

The cps translation is substitutive and compositional.

Proposition 16 (Substitution).

o (e[v/a]) = (e)y[v°/a]
o (e[r/a])y = (e)i[r°/a]
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Lemma 17. If - E : 7' —o7 and @;0 + e : 7' then, for any @;0 F v : 7° = p,
k(D (E)S — ()

L
v v

Proposition 18 (Compositionality). IfF E : 7/—o7 and ;2 + e : 7' then ;0
Ak.(Ele])y =ct )\k.(e)zE); LT,

Proof. By an induction on F, using Lemma [17]and the fact that cbv beta-reduction respects
contextual equivalence. L]

Computation steps of source language terms can be simulated. In fact, terms and their
image under the translation have the same termination behaviour.
Proposition 19 (Simulation). Let@; @ Fe; 7 and @; S Feg: 7, andlet ;S k:7°—p

be any value. Then e; — ey implies (e1)y — T (e2)]

Proof. The proof is by an induction on the derivation of e; — e, using the substitution

lemma (Prop. [16)). [
Proposition 20 (Equitermination). If T denotes the continuation &; @ F Ax.() : 7°—p
then the following holds.

(1) el < (e)F 4, and

2) (eF < el.

Proof. The direction from left to right of claim (1) follows from Proposition [19|since e —* v

entails (e)$ —* (v)T —* (). Similarly, for the direction from left to right of claim (2),

any infinite reduction sequence starting at e gives rise to a corresponding infinite reduction
sequence starting at (e)%.

The converse directions of claims (1) and (2) are more involved, and we will establish
them using logical relations arguments below. ]

The proof of Theorem [14] then is straightforward:

Proof. Let A;T'ep : 7 and A;T = ez : 7 be such that A;T° = Ak.(e1)y <MK (e2)] : T
By the ciu theorem it suffices to show A;T Fep < ey 7.

We first consider the case of may-ciu approximation. To this end, let d, v and E be such
that E[e10v] {. We need to prove that Elesd7] |. Proposition (1) yields (Ele167])¥ 4, or
equivalently by Propositions [16] and

(e1)fpys 5°7° 4
From the assumption A;T° F Me.(e1); < Mk.(ea)} : 7° we thus have (eg)EE)-Tcsofyo 1, ie.,
(E[e267])F 4. Proposition 20[1) then yields E[ezd7] |.

Next, we consider the case of must-ciu approximation, which is similar. Let §, v and E be
such that E[e167] {}. We need to prove that E[e20v] . By Proposition [20(2), (E[e167])% U,
or equivalently,

(el)ZE);fSO’YO 4
From the assumption A;T° = Ak.(e1); S M.(e2);, : 7 we obtain (eg)ZE)-Téo'yo I, ie.,
(Ele267])T | Proposition 20[2) now gives E[ezdv] |- ]
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For closed types 7,7’ and for r € VRel,(7°,7') we define r+ € Rel,(Val(° — p) x Stk(7'))
and r- € TRel,(7*,7') by:

b= (kB | Y5 < i Y(,f) € rko Ly = B[] L)

rit ={(e,€) |Vj <i. V(k,E') € er.let r=einzkl; = E']]}

Figure 9: A may-adequate logical relation

7.1. Logical relation for may-adequacy. Analogously to the earlier sections, we consider
soundness for may and must approximation separately. In this subsection, we begin by
proving (€)% | = e |. Figure |§| gives a notion of biorthogonality. Using this notion
of biorthogonality, the logical relation for the may-adequacy proof is defined as in the
earlier sectionsﬂ we obtain a relational interpretation [7] (¥) € VRel,(°[7°/d], 7[7"/d])
by induction on the type & - 7, given closed types 71,7{,..., 7,7, € Type and relations
r € VRel,(T1°,7),...,7x € VRel,(14°,7},)

[ai] (7) = 7 [11 x 2] (7) = [11] (7) x [2] (7)

[1] (7) = (Jd1)n<w [r = 7] (7) = [1] (7) = [r] (7)™

Va.r] (7) = Vr.[r] (7, r) " [nari+ ..+ 7] (7) = fiws. U;ing (> [5] (7, 5))

and we define a relation on (open) values and expressions by
A;THo v i1 where A =@
& V7, 7P €VRel,(7°,7).Yn<w.¥Y(v,7) € [T]7,. (v[7°/ad]y, V' [7'/a)ly) € [7] 7,
and
A;THe 4 € :7 where A=a
& V7, 7NVF €VRel,(7°,7).Yn<w.¥Y(v,7) € [T]7,. (e[7°/aly, €' [7/a)ly) € [7] FjL‘L

In the remainder of this subsection we prove the fundamental theorem for this logical
relation.

Proposition 21 (Fundamental property).
o If AsT' w7 then A;T v < u:T.
o If- E:7—o7' then (\k.(E)}, E) € [7]*
o IfA;TFe:7 then A;TH Mk.(e); € e: 7.

In particular, if @; @ F e : 7 then (Mk.(e)},e) € [7]- and (T,[]) € []+ hold for all n,
and thus (e)$ | implies e |.
The proof of Proposition21]is by induction on the typing derivations.

7.2. Logical relation for must-adequacy. In this subsection, we prove e | = (e)% {.
Figure [10] gives the notion of biorthogonality and using this notion of biorthogonality, the
logical relation for the must-adequacy proof is defined as for may-adequacy. Thus the rela-
tional interpretation [7] (¥) € VRely, (7[7'/d], 7°[7°/d]) is defined by induction on the type

1t is not a may-adequate relation in the technical sense of Definition 3, since it is not type-indexed: the
types of e and €’ are not identical, but related via the cps type translation.
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For r € VRel,, (7,7°) we define r* € Rel,, (Val(StkT x 7° — p)) and r* € TRel,, (1,7°*)
by:

rs = {(E,K) | V8 < a. Y(v,v') € r5. B[] U5 = ko' |}

rib = {(e,) | VB < . Y(E,K) € 14 Ele] Ug = €K I}

Figure 10: A must-adequate logical relation

a b 7, given closed types 71,77, ..., 7Tk, 7, € Type and relations r1 € VRel,, (1, 77), ...,k €
VRel,, (17, 77):

[ai] (7) = [ x 7] (7) =[] (7) x [2] (7)
[ (") = (Id1)5<w1 [r = 7] (7) = [1] (7) = [7] (7)™
Va.7] (7) = Vr.[7] (7, r) [noeri+.. .+ 7] (7) = fiws. U;in; (> [75] (7, 5))
and we define a relation on (open) values and expressions as follows:
A;THoqpo':7 where A =a
& V7, 7.VF €VRel,, (7,7°).VB8 <w1.V(v,7) € [T] g (w[7/a)y, ' [7/aly) € [7] s
and
A;THe ape’:7 where A =a
& V7, 7.VF €VRel,, (7,7°).V8 <w1.V(v,7) € [T] g (e[7/dly, 17 /aly) € [7] 77#

Proposition 22 (Fundamental property).
o If AsT' w7 then AT v <y v°r.
o If- E:7—o1' then (E, \k.(E);) € [+
o IfA;TFe:7 then A;T'He ay Ak.(e)y : T

In particular, if @;@ F e : 7 then (e, \k.(e)}) € [[T]]é‘L and ([],T) € [[T]]é_ hold for all
B <wi, and thus e | implies (e)¥ .

The proof of Proposition [22]is by induction on the typing derivations; the proof case
for choice is similar in structure to the proof case shown for choice for must-equivalence

earlier and thus uses that we index the relations over w; rather than w (see the proof of
Proposition [12]).
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APPENDIX A. DEFINITIONS AND PROOFS

Figure |3| defines the typing judgement A;I' - e : 7, for which the usual operational type
soundness properties hold.

Lemma 23 (Evaluation context typing). @; @ b Ele] : 7 holds if and only if there is some
7' € Type such that - E : 7" —o7 and @; 3+ e : 7 hold.

Definition 24 (Typed values, terms, evaluation contexts and substitutions).
Val(t) ={v | @;@Fv:T}
Tm(r)={e|2;0Fe:7}
Stk(t) ={E | 37" € Type. W E:17—71'}
Subst(I') = {~ : dom(T") — Val | Va:7 € T. v(x) € Val(7)}
(

Lemma 25 (Substitution). If A;T & e : 7 then @;@ b edy : 76 for all § € Type™ and
v € Subst(I6).
(

Lemma 26 (Canonical forms).

If v e Val(1) then v is ().

If v € Val(my X 13) then v is of the form (v1,va) for v; € Val(r;).

If v € Val(my — 1) then v is of the form Ax.t for some x and e.

If v € Val(po.mi + ...+ Ty then v is of the form in; v’ for some 1 < j < m and
v e Val(rjlpa.t + ...+ 1y /al).

o [fv e Val(Va.T) then v is of the form Aa.e for some a and e.

Proposition 27 (Preservation and progress).
o Ifee Tm(r) and e — €' then €' € Tm(1).
o Ifee Tm(r)\ Val(r) then e — €' for some €.

A.1. Contextual equivalence.
Proposition 28 (Existence). The largest (may-, must-) adequate precongruence ezists.

Proof. We can define the relation as S = [J{R | R compatible and (may-, must-) adequate}.
As in [16], we can show that S is an adequate precongruence as follows.
(1) The identity relation Id = {(A,T,e,e,7) | A;T'F e : 7} is an adequate congruence,
hence Id C S, i.e., S is reflexive.
(2) The adequate relations are closed under taking non-empty unions, hence S is
adequate.
(3) The compatible and adequate relations are closed under relation composition, hence
S is transitive.
(4) A non-empty union of compatible relations that is transitive is compatible, hence S
is compatible.
Clearly S is the largest adequate and compatible relation, since it contains any other such
relation. ]
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Proposition 29 (Weakening). If A;T' ke <éigi}) o7 then A, AT T Fe <éigli) P,

Proof. For a type-indexed relation R let R”* be defined by
AN T, T'FeR"™e 7 & A;THeRe i 7

If R is reflexive then so is R“F.

If R is transitive then so is R“F.

If R is (may-, must-) adequate then so is R"*.
If R is compatible then so is R™*.

Thus, (<! T u))wk is contained in < (i b [

A.2. Logical relation for may-approximation.

Lemma 30 (Substitution). If A,at 7 and A& 7' then [t[7'/a]] (F) = [7] (7, [7'] (7).
Lemma 31 (Extensiveness). For all v € VRel(t,7'), r C rt-

Lemma 32 (Monotonicity). For all r,s € VRel(t,7'), if r C s then rt C s1-,

Lemrﬁa 33 (Application). If (e,¢') € [rn] 7 and (v,v') € [11— 2] 7 then (ve,v'€) €
[r] 7,

Proof. For any (E, E') € [r] 7, (E[v[], E'v'[]]) € [n] 7+ by Lemma Thus, if Efve] |;
for j < n then E'[v' €] |. L]

Lemma 34 (Compatibility: var). If AFT and x:7 € T then A;T 2 <log x:T.

Proof. Immediate from the definition and Lemma []
Lemma 35 (Compatibility: unit). If AT then A;T F () Slfg (): 1.
Proof. Immediate from the definition and Lemma L]

Lemma 36 (Compatibility: x-intro). If A;T F vq ,Siog vp 7 oand AT F oy S Ni R

then A;T + (v, v9) Sig (v}, vh) : 1 X To.
Proof. For simplicity we only consider the case of closed terms. Let (E, E') € [11 x 12] 7.
and assume E[(v1,v2)] ; for some j < n. Then E[(Ay.(v1,y))v2)] Lj+1. By Lemma [§]it
suffices to show (Ay.(v1,y), A\y.(v],y)) € [T2 = 71 X T2] T, for then E'[[(Ay.(v],y)) v5)] | and
necessarily also E'[(v], v})] J.

From the definitions it is easy to see that (/\at, y{z,y), \e,y.(x,y)) € [11 — T2 — 71 X 2] T,
and thus whenever (E, E') € [1o — 71 X 1] F then (E[( Az, y.(z, ) []], E'[(Az, y-(z,y)) []]) €

[r] 7 41 so that the result follows from the assumption that (vy,v]) € [71] ri‘il O
Lemma 37 (Compatibility: —-intro). If A;T, 27 F e Sig : Ty then A;T F Ax.e §i°g
Mz.e' T = 7.

Proof. The claim follows from the definition of [r; — 73] and assumption A; T, z:7 e 51"9

¢’ : 73, and Lemma [
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Lemma 38 (Compatibility: p-intro). If A;T F v ,Slfg v oTjlpam 4. 41 /0] and
1<j<n then A;TFinjv ,Siog in o' paT . 4Ty

Proof. For simplicity we only consider the case of closed terms. Let 7 abbreviate the
type po.mi +...+7,. Note that [7]7 = {J; in, e [5] (7 [ 7)) = U; iny (> [rilr /] (7))
by definition and the substitution lemma, and that [7;[7/a]] (¥) C > [7;[7/a]] (). Thus,
assuming (E, E') € [r] 7 it follows from Lemmathat (El(Az.inj z) []], E'[(Az.injx) []]) €
[7(7/c]] Ffl‘ﬂ. Thus, if E[injv] |; for some i < n then E'[(Az.in; z)?']) | follows from
(v,v) € [15[7/a]] Fjl‘:_l. Therefore we can conclude E'[in;v'] |. OJ

Lemma 39 (Compatibility: V-intro). If A, ;T e §i°g ¢ : 7 then A;T F Aace glfg Aa.e’ :
Va.r.

Proof. The claim follows from the definition of [Va.7] and assumption A, ;T F e glf-" e,
and Lemma ]

Lemma 40 (Compatibility: x-elim). If A;T F v < Ni Y0 x T then AT F proj; v S log
proj, v’ 17 fori=1,2.

Proof. For simplicity we only consider the case of closed terms. First observe that we
have (Az.proj; x, Az.proj, x) € [11 X 7o — 73] 7. Thus, given evaluation contexts (E,E') €
[7i] Fi, (E[(Az.proj; x)[|], E'[(Az.proj; x)[]]) € [m1 x 1] 7 Tn+1 by Lemma Soif Elproj,; v] |,
for j < nthen E[(Az.proj,; ) v] |41, hence by (v,v’) € [11 x 9] FnJ‘LJrl also E'[(Az.proj, z) v'] |
and we can conclude E’'[proj,;v'] |. [

Lemma 41 (Compatibility: —-elim). If A;T v <log "= and AT Fe <iog e:m
then A;T Fwve §lfg v'e .

Proof. For simplicity we only consider the case of closed terms. First observe that (e, €’) €
[r1] 7. by assumption, and that this implies (Af.f e, Af.f ¢') € [(m1 —> T9) = To] 7. Thus,
given (E,E') € [r] 7, (E[Mf-fe) [, E'[Af.f)]]) € [m— ] 7 rnH by Lemma |8 So
if Elve] |; for j < n then E[(Af.-fe)v] |41, hence by (v,0') € [r — m] 7 also
E'[(M\f.f€')v'] | and we can conclude E'[v' €] |. [

Lemma 42 (Compatibility: p-elim). If 7 = pa.mi + ...+ 7, AT, 257507/ F e leg e :

7' for alll1 < j <m and A;T o S}fg "7 then A;T F case v of(...|in; z;.€5]...) siog
case v' of(...|injzj.€ff...) : 7',

Proof. For simplicity we only consider the case of closed terms. Note that by definition and the
substitution lemma we have [7] 7= J, in; (> [r] (7 [7] 7)) = U; in;j(® [7j[r/a]] 7). More-

over, (Ar.case x of(... linjzj.e;l...),A\v.case ¥ of(... linjz;. €}l ...)) € [T — 7] 7, for
any n. To see this, assume k < n, let (a,ad') € [7] 7, and (E,E') € [7] Fi such that
Elcase a of(...linjxj.ejl...)] lx. By the above observation we have a = inja; and
a’ = inja} for some (aj, J) € [rjlr/a]] 7x—1. From E[case a of(.. Iinj zj.ejl..)] bk we
obtain Elejla;/x;]] k-1, and thus the assumptlon on ej, €} gives E'[e)[a}/x;]] | from which
we can conclude E'[case a’ of(... linjz;. €}l ...)] |.

To prove the lemma, assume next that (E,E’) € [#]#. From Lemma [§ we ob-
tain (E[(Av.case z of(...linjxj.¢;l...)) ], E'[(Az.case @ of(... linjz;.€il...))[]]) €
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kall Fle. Since (v,v") € [7] Fi‘il by assumption, we obtain that E[case v of(...|injz;.e;]...)] In
implies E[case v' of(...|injz;.€}|...)] | as required.

Lemma 43 (Compatibility: V-elim). If A;T v §iog v Va.r and A - 7' then A;T F

vt ,Slfg o' T[T al.

Proof. We consider the case of closed terms. Let (E,E') € [r[r'/a] F,Ll. Note that
Ar.x 7', Ae.xt’) € [Var — 7[7'/a]],, and thus (E[(Az.2z ) []], E'[(Az.x 7') []]) € [Va.7] Fi‘H

by Lemmal8] If E[v7'] |,, then E[(Az.x7')v] ly41. By assumption, E'[(Az.z 7) '] |, and
hence E'[v' 7] | follows. O

Lemma 44 (Compatibility: choice). If A+ T then A;T 7 gi"g ? :nat.
Proof. Suppose (E, E') € [nat] 7> and E[?] |, for some j < n. Then E[?] —s E[k] and

Elk] ;-1 for some k € N. Using Lemma induction on k shows that (k,k) € [nat] f'#,
and thus E’'[k] |. Hence E'[?7] |. [

A.3. Logical relation for must-approximation.

Lemma 45 (Substitution). If A,a 7 and A & 7' then [7[7'/a]] (F) = [7] (7, [7'] ().
Lemma 46 (Extensiveness). For all r € VRel(t,7'), r C r*t.

Lemma 47 (Monotonicity). For all r,s € VRel(t,7'), if r C s then 't C st

Lemma 48 (Context composition). If (v,v") € [r1 =7 and (E,E') € [r2] 7_'% then
(B[], B[ []) € [1] 7541

Proof. Let v < B+1, (v1,v}) € [11] 7,. Assume E[vvq] {,. We have v = Az.e and v/ = Az.¢’
and (Az.e,Az.¢') € [r1 —= 7] 74 for some =, e, e’ and necessarily E[vvi] — Elefv1/]] 4./
for v/ < v, ie., v < B. By definition, (e[vy/z], € [v}/z]) € [r] 7. From (E, E') € [r] f"é
we obtain E'[¢/[v]/x]] {J. Thus, E'[v' v{] {. O

Lemma 49 (Application). If (e, ') € [n] 7" and (v,v') € [r1 = 1] 7 then (ve,v'€) €
[r] 7,

Proof. For any (E, E') € [2] Fjg‘, (E])]), E'W']]) € [m] Fg‘ by Lemma Thus, if Elve] |,
for v < 8 then E'[v' €] |. [

Lemma 50 (Compatibility: var). If A+ T and z:7 € T then A;T Fx gjf-" T

Proof. Immediate from the definition and Lemma L]
Lemma 51 (Compatibility: unit). If A =T then A;T - () <P ()« 1.
Proof. Immediate from the definition and Lemma L]

Lemma 52 (Compatibility: x-intro). If A;T F vq gjfg v o7 oand A;T F g <log vh 1T

~
then A; T+ (v, v9) ,Sifg (v}, vh) 1 11 X To.

Proof. Analogous to Lemma using Lemma [
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Lemma 53 (Compatibility: —-intro). If A;T,z:m b e Sifg e 11y then A;T + Az.e ,Sifg

Az.e' T =T,
Proof. The claim follows from the definition of [7; — 73] and assumption A; T, z:7p F e glfg
¢ : 19, and Lemma O

Lemma 54 (Compatibility: p-intro). If A;T F o ,ijg v mlpem .o 4T /a] and

1<j<n then A;Fl—injv,ijfg in v poTi . 4Ty

Proof. Analogous to Lemma using the facts that [r]7 = |J; in; > [n] (7 7] 7)) =
U; in; (> [7[r /] (7)) and [r;[7/a]] (¥) C > [7j[r/]] (7), and using Lemma O
Lemma 55 (Compatibility: V-intro). If A, ;T F e 5ifg e .7 then A;T F Aae Sifg Aa.e :
Vou.T.

Proof. The claim follows from the definition of [Va.7] and assumption A, o; T F e ,Slog e,

and Lemma L]
Lemma 56 (Compatibility: x-elim). If A;T F o gjfg v' i1 X 19 then A;T F proj; v gjfg
proj, v’ 17 fori=1,2.

Proof. Analogous to Lemma using Lemma, ]
Lemma 57 (Compatibility: —-elim). If A;T F o ijg vV iT — 1 and AT Fe Sifg e:m
then A;T Fwve gjfg v'e Ty,

Proof. Analogous to Lemma using Lemma L]
Lemma 58 (Compatibility: p-elim). If 7 = pomi 4+ ...+ 7, AT 2jimi(7 /0] e ,Sifg e :
7 forall1 < j<m and A;T Fo gjfg v' 7 then A;T - case v of (... |in; zj.€5]...) gjfg

case v’ of(...|injxj. €j|...) 1 7",

Proof. The proof is analogous to Lemma As before, [r] 7= {J; in; (> [r] (7 [r] 7)) =
U; inj(® [j[r/a]] ) and (Az.case x of(... [injzj.€;l...), A\x.case x of (... linjzj.€jl...)) €
[t — 7'] 7 for any B. To see the latter, assume v < 3, let (a,d’) € [7] 7, and (E,E’) €

!/

J
for some aj,a; such that (aj,a}) € [rj[r/a]] 7, for all v < v. From the assumption

Elcase a of(... lin;jz;.e;1...)] |}, we obtain Elej[a;/x;]] {7 for some v/ < v < 3, and thus
the assumption on ej, €} gives E'[e}[a}/z;]] §. Hence E'[case a’ of(... linjz;. €}l ...)] |.

[Ead 7?# such that E[case a of(... lin;z;.€;l...)] {},. We have a = inja; and o’ = inja

To prove the lemma, assume next that (E, E’) € [7] FE. From Lemma {48 we ob-
tain (E[(Av.case x of(... linjxj.e;l...)) [, E'[(Av.case = of(... linjxj.eil...))[]]) €

kall F,éﬂ' Since (v,v') € [7] F#H by assumption, we obtain that F[case v of(...|in;z;.e;]...)] Ig
implies E[case v' of(...|injz;.€}]...)] | as required. [
Lemma 59 (Compatibility: V-elim). If A;T' F v ijg v i Va.r and A+ 7' then AT

vt ,ijg o' T[T al.

Proof. Analogous to Lemma using Lemma ]
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Lemma 60 (Compatibility: choice). If A+ T then A;T F 7 ,ijg 7 : nat.

Proof. Suppose (E, E') € [nat] Fé and E[?] |3. Then E[?] — e implies that e is of the
form E[k] and E[k] |},, for some k € N and v, < 8. Using Lemma [54] induction on k shows
that (k, k) € [nat] 7", and thus E’[k] | for all k € N. Hence E'[7] |}. O
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