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Abstract

Until the beginning of the 20th century, there was no way to reason formally
about proofs. In particular, the question of proof equivalence had never been
explored. When Hilbert asked in 1920 for an answer to this very question
in his famous program, people started looking for proof formalizations.

Natural deduction and sequent calculi, which were invented by Gentzen
in 1935, quickly became two of the main tools for the study of proofs.
Gentzen’s Hauptsatz on normal forms for his sequent calculi, and later on
Prawitz’ analog theorem for natural deduction, put forth a first notion of
equivalent proofs in intuitionistic and classical logic.

However, natural deduction only works well for intuitionistic logic. This
is why Girard invented proof nets in 1986 as an analog to natural deduction
for (the multiplicative fragment of) linear logic. Their universal structure
made proof nets also interesting for other logics. Proof nets have the great
advantage that they eliminate most of the bureaucracy involved in deductive
systems and so are probably closer to the essence of a proof. There has
recently been an increasing interest in the development of proof nets for
various kinds of logics. In 2005 for example, Lamarche and Straflburger
were able to express sequent proofs in classical logic as proof nets.

In this thesis, I will, starting from proof nets for classical logic, turn the
focus back on intuitionistic logic and propose proof nets that are suited as an
extension of natural deduction. I will examine these nets and characterize
those corresponding to natural deduction proofs. Additionally, I provide a
cut elimination procedure for the new proof nets and prove termination and
confluence for this reduction system, thus effectively a new notion of the
equivalence of intuitionistic proofs.
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Chapter 1

Introduction

What is a proof?

Whenever we study mathematical objects, one of the most important ques-
tions is whether two given objects should be identified. Examples are iso-
morphic groups or vector spaces, or maps that coincide on an interesting
subset of their domain. One type of objects that completely resisted such
an examination until the 20th century were proofs. Before that time, all
proofs were mainly texts in a natural language, which made any arguments
about them very awkward. So in fact, they were not even real mathematical
objects.

The complete absence of any possibility to reason rigorously about proofs
(and hence also about their equality) was the incitement of Hilbert’s Pro-
gram, in which he demanded to strictly formalize all mathematical reason-
ing. Hilbert had even considered including it into his famous lecture in 1900
as a 24th problem [Hil00, TWO01]. So Hilbert may be seen as the founder
of modern proof theory, whose main interests are the following (cf. [Pra7l,
Section IJ):

(1) The basic question of defining the notion of proof, including the ques-
tion of the distinction between different kinds of proofs such as con-
structive proofs and classical proofs.

(2) Investigation of the structures of (different kinds of) proofs, including
e.g. questions concerning the existence of certain normal forms.

(3) The representation of proofs by formal derivations. In the same way
as one asks when two formulas define the same set or two sentences
express the same proposition, one asks when two derivations represent
the same proof; in other words, one asks for identity criteria for proofs
of for a “synonymity” (or equivalence) relation between derivations.
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1. Introduction

(4) Application of insights about the structure of proofs to other logical
questions that are not formulated in terms of the notion of proof.

Evidently the most fundamental question, on which all others build, is
the first one: What is a (formal) proof?

This question has of course to be answered separately for every logical
system. However, most approaches to a definition of proof calculi work for
a wide range of systems.

Hilbert himself favoured axiomatic systems, where a set of axioms is used
to logically derive theorems. Russell and Whitehead tried in their “Principia
Mathematica” [RW10] to infer all mathematical truths in this style.

It took more than 20 years to find alternative approaches. In his “Un-
tersuchungen iiber das logische Schliefen” [Gen35], Gentzen developed two
new formal methods to write down proofs: on the one hand natural deduc-
tion, which uses deduction rules instead of axioms to try and model logical
reasoning as it is used by logicians, and on the other hand sequent calculi,
which use inference rules to derive provability statements (sequents) and
were used by Gentzen primarily as a tool for studying natural deduction.

It turned out that the sequent calculi, which Gentzen introduced for in-
tuitionistic and classical logic, also provide a solution to the second problem:
sorting out a class of normal forms. Gentzen’s Hauptsatz shows that each
proof in one of the calculi can be transformed into a proof that does not
use the so-called cut rule. However, this transformation does not lead to
a unique normal form, and so it does not give a satisfactory answer to the
question of proof equivalence.

This problem could be remedied by Prawitz [Pra65]. He identified the
appropriate normal proofs in natural deduction as those in which no for-
mula occurrence is both the principal premise of an elimination rule and the
conclusion of an introduction rule, and proved an analog to the Hauptsatz
for natural deduction. Because Prawitz’ normal form are unique, natural
deduction even provides a notion of the equivalence of intuitionistic proofs.

Recent Developments — Proof Nets

Although natural deduction seems perfectly apt for intuitionistic logic, it
does not work so well with logics whose sequent systems allow for multiple
consequences. This is the reason why, when Girard [Gir87] introduced linear
logic, he was faced with a lack of adequate possibilities to describe the
identity of proofs. In the presence of an involutive negation in linear logic,
the distinction between input and output in natural deduction no longer
made sense, such that the tree form of natural deduction proofs had to be
given up. His solution was what he called “a linear natural deduction”:
proof nets.

Proof nets, which consist mainly of a set of formulas with links between
atoms, have undergone a long development. At first, they could only handle
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the multiplicative fragment of linear logic and used sequents in disguise
(called boxes) for the additive features. It took more than 15 years until
proof nets for the whole calculus could be found [GLR95].

Although proof nets were primarily designed for linear logic, their struc-
ture is so universal that it was only a matter of time until they were adapted
to other logics. In 2005, Lamarche and Strafiburger [LS05] succeeded to clas-
sify a set of proof nets that correspond to classical sequent proofs.

Contributions

In this thesis, we will concentrate on intuitionistic propositional logic. Fol-
lowing the guideline given by the first three above mentioned goals of proof
theory, we will present a proof system for intuitionistic logic and distinguish
especially simple proofs to which every proof can be reduced. As we will
prove this reduction to be terminating and confluent, we thus provide a new
notion of the equivalence of proofs. This means, that we give an alternative
answer to the basic question: “What is an intuitionistic proof?”

In particular, we will, starting from the proof nets for classical logic
developed by Lamarche and Straflburger, introduce proof nets for intuition-
istic propositional logic and classify the proof nets corresponding to natural
deduction proofs.

Additionally, we provide a cut elimination procedure for the new proof
nets, which is loosely connected to normalization in natural deduction (or,
equivalently, in the typed A-calculus), and prove termination and confluence
for this system.

Related Work

Recently, Guglielmi [Gug02] and Tiu [Tiu05] have been working on new
calculi for intuitionistic logic, that extend Gentzens [Gen35] sequent calculi
by allowing transformations not only at top level.

In parallel, there has been quite some work on prenets for different logics.
Girard [Gir87, GLR95] worked for years on a proof net calculus for full linear
logic. Important for the intuitionistic fragment were e.g. Danos and Regnier
[DR&9], who developed a polarization system for intuitionistic formulas, and
Lamarche [Lam95|, who used their theory to examine proof nets for the
intuitionistic fragment of linear logic.

Proof nets for classical logic were analyzed by Lamarche and Straflburger
[LS05, Str05].

13



1. Introduction

Outline

To get started, we will present some basic ideas of intuitionistic logic in chap-
ter 2. We will especially address natural deduction, the typed A-calculus,
and the connection between both systems, given by the Curry-Howard-
Isomorphism.

The second ingredient, and later on the motivating reference system,
are proof nets for classical logic. While we will also look back at the early
development of proof nets, our main focus in chapter 3 will be on the classical
case. Here we will see the idea behind both the translation of classical
sequent proofs into proof nets and the cut elimination procedure for these
nets.

Chapter 4 is devoted to the introduction of proof nets for intuitionistic
logic. After laying the foundations, which come in the shape of the used
mathematical objects and above all a refined definition of proof nets, we
will see how typed A-terms can be translated into these nets. We will then
study properties of these nets and give an algorithm that, given a proof net,
recovers a term that corresponds to this proof net. Finally, we will define
and examine cut elimination for intuitionistic proof nets. We will prove
termination and confluence of the cut elimination procedure, and we will
show in how far it corresponds to the reduction of A-terms.

A short recapitulation of the results in chapter 5, along with an outlook
towards interesting further research, concludes the thesis.
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Chapter 2
Intuitionistic Logic

Intuitionism emerged at the beginning of the 20th century, mainly as a
development of mathematical fundamental research. It based on a criti-
cism of the classical logical proof methods. Advocates of intuitionism, like
L. Brouwer [Bro07] and later on A. Heyting [Hey25], were mainly worried
about metalogical principles, above all the tertium non datur assumption,
which states that every statement is either true or false. They interpreted
this principle in such a way, that the truth or falsity of every statement
can actually be proved. In his introductory book on intuitionism, Heyting
[Hey56] gives the following example statements:

(1) k is the greatest prime such that k — 1 is also a prime, or k = 1 if such
a number does not exist.

(2) 1 is the greatest prime such that [ — 2 is also a prime, or [ = 1 if such
a number does not exist.

He explains [Hey56, p. 2]: “Classical mathematics neglects altogether the
obvious difference in character between these definitions. k can actually be
calculated (k = 3), whereas we possess no method for calculating , as it is
not known whether the sequence of pairs of twin primes p, p + 2 is finite
or not. Therefore intuitionists reject (2) as a definition of an integer; they
consider an integer to be well defined only if a method for calculating it
is given. Now this line of thought leads to the rejection of the principle
of excluded middle, for if the sequence of twin primes were either finite or
infinite, (2) would define an integer.”

A notable feature of intuitionistic logic is the Brouwer—Heyting—Kol-
mogorow interpretation, where formulas are interpreted by means of their
proofs. It turns out that, apart from Gentzen’s natural deduction systems
[Gen35], one of the approaches best suited to a formal description of intu-
itionism is the A-calculus as introduced by Alonzo Church [Chu33, Chu40)]
(untyped version) and Curry [Cur34] (typed version).
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2. Intuitionistic Logic

It took some time until Curry and Feys [CF58] and later on Howard
[How80] discovered a close correspondence between natural deduction proofs
and the functional programs of the typed A-calculus, nowadays known as
Curry-Howard isomorphism. This isomorphism basically states that intu-
itionistically valid formulas correspond to inhabited types, and natural de-
duction proofs correspond to typed A-terms.

In this chapter, we will have a short look at natural deduction for proposi-
tional intuitionistic logic, the typed A-calculus and the connection between
both systems. For further information on natural deduction, the reader
is referred to the original works of Gentzen [Gen35] and Prawitz [Pra65].
Among others, Barendregt [Bar92] gives an extensive overview of the typed
A-calculus.

2.1 Natural Deduction

A system of natural deduction can be thought of as a set of rules that de-
termines the concept of deduction in a logic. Such a system constitutes
a logical framework that is natural in several ways. First of all, it corre-
sponds closely to the methods found in intuitive, informal reasoning. The
ideas of intuitive proofs can usually be translated into a natural deduction
proof and give it an appearance that allows to retrieve the main structure.
Secondly, Gentzen’s rules allow for the distinction of normal forms, and for
the transformation of every proof into such a normal form. This Hauptsatz,
first formulated for different sequent calculi, was one of Gentzen’s [Gen35]
most important results and later on proved for natural deduction systems
by Prawitz [Pra65].

Gentzen himself gave natural deduction systems for intuitionistic and
classical first order logic. However, we restrict ourselves to the intuitionistic
case, and therein to propositional logic.

The framework of formulas and sequents is the following:

Definition and Notation 2.1.1. Let A = {a,b,...} U{L} be a countable
set, called the set of atoms, containing a special symbol | that denotes
falsity. The set F of formulas is defined by the following abstract syntax:

F=A|F—F|FVF|FAF

We write A, B, ... for formulas and I for multisets of formulas, and we use
the shorthand notations

A:=TU{A} and
A-B—..—-C—-D=A—-B—-(..—»(C—D)...),

i.e. implication is right associative.

16



2.1. Natural Deduction

Axioms and Falsity
_ -1 fal
m ax101m m alsuin
Rules for Implication
n times
——
IrA,...,A+B Nh+A I'oFA—-B
—I, —
I'-A—B ry,Ta+-B
Rules for Conjunction
I'h+-A TL2FB Al
I',I's - AANB
' AAB AEL ' AAB AED
A '-B
Rules for Disjunction
A Il 'kB L2
I'-AvB I'-AvB
I'i+-AvB T9F A—C T3k B—C VE
Fla F27 F3 =C

Table 2.1: Natural Deduction Rules for Propositional Intuitionistic Logic

Table 2.1 summarizes the natural deduction proof rules for intuitionistic
logic. Despite the danger to blur the difference between natural deduction
and sequent calculi, the rules are presented in a sequent style to provide
a more concise representation. As a result, the rule —I usually found in
natural deduction comes in the different forms —Igy, —1I4, ..., depending on
how many hypotheses are discharged by the rule. With the exception of
the rules for axioms and falsity, all rules come in two forms, as introduction
rules and elimination rules, that allow inference to or from a formula with
a given principal connector.

Example 2.1.2. The following are natural deduction proofs of the formula
(a —a) —a—a

axiom
ala
axiom —ly
a—ala—a Fa—a
—I; _)IU
Fa—a)—a—a Fa—a)—a—a
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2. Intuitionistic Logic

axiom ————————— axiom
ata a—ata—a
—E

a—a,ata
— L
a—abka—a

—>Il
Fa—a)—a—a

The introduction rules have the subformula property: The premise of
each rule contains only formulas that appear in the conclusion. However, this
does not hold for the elimination rules, in which a formula simply vanishes
on its way from premise to conclusion. This behavior of the elimination
rules is undesirable in various applications, e.g. in proof search, where it
corresponds to guessing a formula.

However, many instances of elimination rules are not necessary. For
example, a proof containing

FA FB
FAAB
A

A
AE;

could be simplified to just the following subproof:
A

The reduced proof does not contain the superfluous elimination rule any
more. Prawitz [Pra65, Pra71] found a general principle behind these simpli-
fications. He developed a method of converting any natural deduction proof
into a proof with the same conclusion and with a certain shape. Roughly
speaking, the assumptions in such a proof are first broken down into their
parts by elimination rules and then recombined by introduction rules, until
the conclusion is reached.

The concrete nature of the reductions is not important for the follow-
ing chapters, so we will not go into details. It is however important, that
Prawitz found a notion of normal forms of intuitionistic proofs, and a way
to normalize any given proof.

We will come back to this when we describe the analogous theorem in
the typed A-calculus.
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2.2. The Typed A-Calculus and the Curry-Howard-Isomorphism

2.2 The Typed A-Calculus and the Curry-Howard-
Isomorphism

The primary goal of this section is to give a short overview of the typed \-
calculus and its connection to intuitionistic logic. The following remarks are
partially inspired by the works of Barendregt [Bar84, Bar92, Bar97], which
also provide more information on different A-calculi. Other sources providing
further background are the books by Pierce [Pie02], Hindley [Hin97], and
Girard, Taylor and Lafont [GTL89].

We will have a short look at the syntax of the typed A-calculus, as well
as recall the bijection between the sets of possible types of A-terms and
intuitionistically provable formulas.

Definition 2.2.1. The set V = {z,y,...} denotes a countable set of vari-
ables. A type assignment is a function V — F that assigns a formula to
each variable. The value of a variable v under a given type assignment is
called the type of v.

Notation 2.2.2. In what follows, we will stick to one fixed type assignment
7: V — F. We assume that the preimage of every type under 7 is countable,
i.e. there are countably many variables of each type.

For our convenience, we will assume in all examples, that x,y and f are
variables, and that a is an atom, such that 7(z) = 7(y) = a and 7(f) =
(@ — a).

Definition 2.2.3. The set A of A-preterms is defined by the following ab-
stract syntax:

A=V I]|AA| VA
| T A | me A | pairAA
| inlA | inr A | case AAA | null A

The A-preterms of the form e; es are called applications, those of the form
Av.eq are called abstractions, Av is called a variable binder, and 71, o, pair,
inl, inr, case and null are constants.

If e is a A-preterm, and if there is a formula A, such that the statement
e : A can be derived by the typing rules summarized in table 2.2, then we
say that e is of type A. In this case, e is called typed A-term, or just \-term.

We write A~ and A" for the calculi of those typed A-terms whose typing
derivations contain only types consisting of implications, or of implications
and conjunctions, respectively, and only the corresponding derivation rules
and the axiom rule.

Notation 2.2.4. We use brackets to avoid ambiguities in the string repre-
sentation of terms. However, we stick to two conventions that allow us to
minimize the use of brackets:

19



2. Intuitionistic Logic

e:ANB )
v:T(v) var me:A pron
ex: A e : A—B e:ANB )
er1es: B app me: B ProJ2
v:A e:B e1:A ey: B )
lv.e: A—B abs paireies : AN B patt
e: A
inle: AV B left
e: B .
inre: AVEB right
e1:AVB e :A—C e3:B—C
caseej egez : C case
e: L
nulle : A null

Table 2.2: Typing rules for A-terms

e Applications are left-associative, i.e.
eregeg ... en:=(...((e1e2)es) ... en) .
This corresponds to the right-associativity of implication.
e The scope of a variable binder is always maximal, i.e.

Av.ej ez :=\v.(eg e2) .

Example 2.2.5. The three expressions Af.f, A\f.Ax.x, and Af.\x.f z are
typed A-terms of type (¢ — a) — a — a. They have the following typing

derivations, respectively:

var var
T:a xa
var var — var abs
fra—a fra—a fra—a Ar.xia—a
abs abs
M.fi(la—a)—a—a AMAzz:(a—a) —>a—a
var var
T:a fra—a
var app
Ta fr:ia
— var abs
fia—a Ae.fria—a
abs

MMe.fz:(a—a)—a—a
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2.2. The Typed A-Calculus and the Curry-Howard-Isomorphism

When Church presented the (at that time still untyped) A-calculus, he
tried to provide a general theory of functions and logic. This means that the
intuition behind A-terms is to model mathematical functions as we under-
stand them today. For example, he wrote the function that adds 1 to every
natural number as Z.x 4+ 1, which was changed by typesetters to Az.x + 1.
Later on, the constants were introduced to model functions from or to direct
products and sums of sets.

However, the representation of a function as a A-term is by no means
unique. The successor function above might as well be written as Ay.y+1, or
as A\y.((Az.z 4+ 1)y), as both functions increment an input by 1. To identify
all these terms, that mean essentially the same, there are several notions of
term equivalence.

To be able to properly formulate these notions, we need the concepts of
free variables and substitutions.

Definition 2.2.6. The function F'V: A — V assigning to each A-term its
set of free variables is inductively defined as

FV(v)=v ifvey
FV(eiea) = FV(e1) U FV(ea)
FV(\v.e) = FV(e)\ {v}
FV(ce1) = FV(ey) if ¢ is a constant
FV(ceiez) = FV(e1) U FV(ea) if ¢ is a constant
FV(ceirezes) = FV(e1) UFV(e2) UFV (e3) if ¢ is a constant

Each variable that occurs but is not free in a A-term e is bound. A term
without free variables is closed.

The substitution function replacing each free instance of a variable v in
a A-term ¢’ by a term e of the same type (i.e. e : 7(v)) is written €’'[v — €]
and inductively defined as follows:

VU — e

WiV — €

(cer

ifo£weV
v e if ¢ is a constant
(cerex)[v—e if ¢ is a constant
(cerezes)
(ere2)[v—e (61[’0 — e]) (e2[v — e])
(Av.ep)v — e] = (Av.ep)

(Aw.ep)[v — €] = Aw.(e1[v — e]) if v#wand w¢ FV(e)
(Aw.e1)[v — €] = ' .((e1[w — w'])[v — €])

for some w' & FV(e)U FV(e1) ifv#wand w € FV(e)

[ ] =
[ ] =
[ ] =
[ ] =
[v—e] = if ¢ is a constant
[ ] =
[ ] =
[ ]
[ =
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2. Intuitionistic Logic

The most obvious equivalence of A-terms is caused by (bound) variable
renaming:

Definition 2.2.7. An «a-conversion step is the procedure of replacing a
A-term Av.e by Aw.(e[v — w]), where w ¢ FV (e).

Two A-terms are a-equivalent, if they can be transformed into each other
by a series of a-conversions.

Example 2.2.8. If 7(y) = 7(x) = a, then Az.z and \y.y are a-equivalent,
but Az.y, Az.x and A\y.r are pairwise a-inequivalent.

If we regard abstractions as functions and applications as evaluation
of functions, we get a second notion of equivalence: A term of the form
(A\v.eq) eo should be equivalent to the result of its evaluation.

On the other hand, an abstraction Av.e v, where v is not free in e, denotes
the same function as just the term e. This formalizes the concept, that two
functions are equal, if both always yield the same result when applied to the
same argument.

Definition 2.2.9. A A-term of the form (Av.ej)eq is called [-redex (re-
ducible expression). A A-term of the form Av.e v, where v is not free in e is
called n-redez.

A (-reduction (or n-reduction, respectively) step is the procedure of re-
placing a (-redex (Av.ep)ea by ej[v — eg] (or an n-redex Av.ev by e).

A A-term is called B-normal, if it contains no S-redex, and n-normal, if
it contains no n-redex. When both reduction strategies are combined, we
speak of On-reduction and of Bn-normal forms.

Example 2.2.10. The term Af.Az.fx reduces in one n-step to the [n-
normal term Af.f, and (Af.\z.fz) (Az.z) reduces via n to the normal
term Ax.z.

Tait [Tai67] showed that n-reduction is terminating and uniquely nor-
malizing for typed A-terms, i.e. that every typed A-term has exactly one nor-
mal form with respect to Gn-reduction, and every sequence of gn-reduction
steps leads to this normal form.

The reductions we have talked about so far are only concerned with the
purely functional part of the A-calculus. Both (- and n-reduction simplify
terms in the cases where an abstraction and an application, i.e. the creation
and evaluation of a function, come together.

However, we also have an intuitive understanding of the analogous con-
cepts for sums and products of sets. For example, the projection of the
pair (1,2) of natural numbers to its first component equals 1. This interac-
tion between pairing and projection and its analog for sums can easily be
translated into the language of A-terms.
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2.2. The Typed A-Calculus and the Curry-Howard-Isomorphism

Definition 2.2.11. A A-term of the form m;(paire; e) is called product-
redex. A product-reduction step is the procedure of replacing a product-
redex m;(pair e e2) by e;.

A M-term of the form case(inley) eg e3 or case(inr eq) ez e3 is called sum-
redex. A sum-reduction step is the procedure of replacing a sum-redex
case (inlej) eg e3 by eg €1, or a sum-redex case (inr eq) eg eg by es e;.

The Curry-Howard Correspondence

The work of Curry and Feys [CF58], Howard [How80] and others has shown
a way to consider proofs as programs, and vice versa. For example, proofs
of a sequent H A;— ... —>Ar— B may be interpreted as functional programs
mapping n inputs of types A1, ..., A; to an output of type B, i.e. as A-terms
of type A1— ... —Ar—B.

We can formalize this idea by the following inductive translation of typed
A-terms into natural deduction proofs. A term e of type B with free variable
occurrences v1, . . ., U (counted with multiplicities) is translated into a proof
with conclusion 7(v1),...,7(vg) F B as follows:

e If ¢ is a variable, and 7(e) = A, then it is translated to

AF 4 axiom

If e = \v.ey, 7(v) = A, e1:B, I1; is the translation of e;, and v appears
n > 0 times freely in eq, then e is translated as follows:

I
LA AFB
TFA-B ™

An application e = ey es, where e;:A—B, ey:A, and II; is the transla-
tion of e;, corresponds to

mom
ILFA T,FA-B
[, IoF B -

A pairing e = pair ey es, where e;:A; and II; is the translation of e;, is
translated to

o m
I'NkFA; ToF Ay
I'(, Ty F AL A As

Al
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2. Intuitionistic Logic

e A projection e = mey, ¢ € {1,2}, where e;:AjAAy and II; is the
translation of ej, corresponds to
1,
' A1 A Ay
rr4,
o If e = caseejeges, e1:AVB, e:A—C, e3:B—C, and 1I; is the transla-
tion of e;, then e is translated as follows:

e RIE) D10
I'skFkB—-C IyFA—-C ThWHAVB E
.05 l5FC v

e If e =inl ey, e1:Aq, e:A1VAs, and II; is the translation of ey, then e
corresponds to

T,
'+ Ay
' A1V A

VIl

If e = inr eg, e9:Ag, e: A1V Ay, and Ils is the translation of es, then e
is translated to

1,

'k As
' AV A

VI2

e A term e = nulle;, where ej: 1, e:A, and II; is the translation of ey,
is translated to

T
el fal
T 4 falsum
Example 2.2.12. Via this translation, the terms of type (a — a) — a — a

from example 2.2.5 correspond to the natural deduction proofs of the formula
(a — a) — a — a from example 2.1.2.

The important fact about this translation is the following theorem:

Theorem 2.2.13 (Curry-Howard-Correspondence). A formula A is
intuitionistically valid, if and only if there is a closed typed \-term of type
A. Moreover, the above translation gives a bijection between closed A\-terms
of type A and natural deduction proofs of F A, and normalization in both
systems commutes with this translation.
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2.2. The Typed A-Calculus and the Curry-Howard-Isomorphism

In fact, the reductions of A-terms defined in the last section just translate
to reductions of natural deduction proofs as used by Prawitz.

Remember that we want to define proof nets, i.e. a new proof system,
for intuitionistic logic. To make any statements about this system, we need
to relate it to a system we already know. The great benefit of this theorem
in our setting is, that it gives us a second choice for the reference formalism.
Compared to natural deduction proofs, A-terms have the great advantage
that they are more compact and that normalization is more intuitive for the
A-calculus than for natural deduction.
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Chapter 3

Proof Nets

3.1 The Idea and History of Proof Nets

All logical theories admit different kinds of proof systems. Intuitionistic
logic, for example, can be regarded from the perspective of either natural
deduction or sequents. According to Prawitz [Pra65], natural deduction
proofs should be regarded as “the true ones”, while those in sequent calcu-
lus distinguish negligibilities like the permutation of two independent rule
applications. Hence Prawitz considers them no longer as primitive but only
as instructions on how to reconstruct a natural deduction proof.

When Girard [Gir87] developed linear logic, he was faced with the same
task, but even more acute: On the one hand, linear logic is also construc-
tive, so one expects an interpretation of proofs as programs, as well as a
normalization theorem like Prawitz’ theorem for natural deduction. On the
other hand, linear logic has very much parallelism in it, taking it close to
classical logic, and far away from a nice normalization.

The investigation of these topics lead Girard to the invention of proof
nets, a proof system that transmits the absence of bureaucracy and the
strong notion of proof equivalence from natural deduction to linear logic.

Other researchers had an eye on the computational advantages of proof
nets. Lamarche and Retoré [LR96], for example, found out that cut elim-
ination for proof nets in the linguistically important Lambek calculus is
especially easy, and that proof nets provide a way to get complexity results
for this calculus.

Since the time when Girard first introduced proof nets, the basic con-
structive idea has always been to represent formulas as trees, and to use some
links between the leaves to encode a proof of the formula. As sequents were
the proof system of choice, the links in fact always encoded sequent proofs.
In this setting, each link corresponds to a sequent calculus rule application.

However in recent years, proof nets relieved themselves of this strong
influence of the sequent calculus and became more and more self-contained.
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3. Proof Nets

As a proof system of their own right, proof nets should ideally be indepen-
dent of the proof system used to construct them. They are now seen to be
more than a poor copy of sequent calculus systems; today, an alternative
approach is:

A proof net is a formula tree, or a sequent forest, enriched with
an additional graph structure.

This graph structure is supposed to reflect the essential part of a proof,
not its concrete look in a given proof system. Additionally, proof nets are
thought of as graphical representations of proofs that ignore bureaucracy,
meaning that e.g. trivial permutations of deduction steps in a proof are not
reflected in the corresponding proof net.

Probably the first researchers to deliberately adapt this notion of proof
nets were Hughes and van Glabbeek [HvG03] for unit—free multiplicative
additive linear logic, and Lamarche and Strafburger [SL04] for multiplicative
linear logic with units.

Shortly after their work on multiplicative linear logic, Lamarche and
Straburger [LS05] also developed proof nets for classical logic, being the
first to leave the realm of linearity.

3.2 Proof Nets for Classical Propositional Logic

To further introduce the reader to proof nets, we will shortly illustrate the
concepts behind one type of proof nets for classical logic (CL), the so-called
N-proof nets, as presented by Lamarche and StraSburger [LS05] and reca-
pitulated by Stralburger [Str05].

Some of the ideas shown there carry over directly (e.g. the meaning of
links) or along general lines (e.g. the definition cut elimination) to proof
nets for intuitionistic logic as presented in chapter 4. As for now, we will
not give any proofs or technical details in this section, just a first glance at
how N-proof nets work.

Definition 3.2.1. Given a countable set A = {a,b, ...} of atoms, and their
duals A = {@,b,...}, the set F. of Cl-formulas is defined as follows:

Fer=A|A|FeNFe | FoV Fe

(Constants representing truth and falsity may be added, but we will
ignore them here to keep things simple.) Additionally, a formula may be of
the form A ¢ A, where U is recursively defined by the de Morgan rules and
(@ = a). The symbol ¢ is called the cut symbol, and a formula of this shape
is called a cut.
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3.2. Proof Nets for Classical Propositional Logic

Formulas are considered as binary trees, whose leaves are labeled by
atoms, and whose inner nodes are labeled by A and V. A (one-sided) sequent
I" is considered as a forest. We write leaves(I") for its set of leaves.

Given a forest I', a linking is a symmetrical function L: leaves(I') x
leaves(I') — N, that associates to every two leaves a natural number, which
can only be non-zero if the leaves are labeled by dual atoms. In this case,
the leaves are said to be linked.

A sequent I' together with a linking L is called N-prenet, denoted by
LpT.

When we plot prenets, we draw the sequent forest, and if L(I,I') =n > 0,
we connect [ and I’ by n edges.

Example 3.2.2. Given the sequent I' = @,a,a ¢ @, a, the following two
graphics depict N-prenets over I':

m 7@/\7/\
a a a a a a a a a a
N/ N/

o

Lamarche and Straflburger developed their prenets in such a way that
a given (one sided) sequent calculus proof can easily be converted into a
proof net. The idea is simple: The sequent forest is created from the proved
formula and one tree for each use of a cut rule. The atoms of the proved
formula and the atoms introduced by the cuts are pursued on their way
through the proof, and whenever two atoms come together in an axiom
rule, the corresponding leaves of the sequent forest are connected.

Table 3.1 gives an example of three sequent proofs of the sequent @, aA@, a
along with the corresponding prenets. For a formal treatment compare
[LS05].

A much more simplified version of the idea to connect atoms of a formula
to represent a proof can already be found in Andrews’ matings [And76] or
Bibel’s connections [Bib81]. However, both systems pose strong restrictions
on the links. For example, they allow links only if the linked atoms are
in a disjunction. Because these restrictions cannot be maintained during
normalization, their system is too weak for our purpose.

Lamarche and Straflburger also give a geometric criterion to decide
whether a prenet is sequentializable, in the sense that it comes from a se-
quent proof:

Definition 3.2.3. A conjunctive pruning of a prenet L > I' is a sub-prenet
that is obtained by deleting one child subformula for every conjunction or
cut node in I, together with all links starting or ending in a deleted formula.
A prenet is called correct, if all its conjunctive prunings contain at least
one link.
A correct prenet is called (classical) proof net.
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3. Proof Nets

ariom ariom ariom
Fa,a Fa,a Fa,a
— — A — — weak
Fa,aNa,a Fa,aANa,a
! !
Fa,aANa,a Fa,aANa,a
! !
N T~ 7/7\
a a a a a a a
N 7 N 7/
A A
axiom axriom
Fa,a Fa,a
— — A — axiom
a,aNa,a Fa,a
cut
a,aNa,a
]
Fa,aANa, a
]
IR IR IR
a a a a
N 7/ N\ s
A ¢

Table 3.1: Translating sequent proofs into prenets
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3.2. Proof Nets for Classical Propositional Logic

Theorem 3.2.4. Every prenet that comes from a sequent proof is correct.
Conversely, if we restrict the number of links between two nodes to at most
1, every correct prenet is sequentializable.

One of the problems with finding a complete correctness criterion, which
also takes into account the exact number of links between two nodes, is
that sequentializability depends strongly on the underlying formalism. The
prenet

/ \
A A A A

is one example of a proof net that does not come from a sequent calculus
proof. However, it can be formalized in the calculus of structures.

Cut Elimination and Normal Forms

Gentzen’s Hauptsatz allows to transform any sequent proof in classical logic
to a sequent proof without any applications of the cut rule, resulting in
normal forms. Classical proof nets may contain cuts as well, so the question
arises naturally, how those can be eliminated, and whether this elimination
results in normal forms.

Cut elimination in classical proof nets is very similar to cut elimination
in proof nets for multiplicative linear logic. In both systems, the elimination
of a cut between complex formulas is defined by

L>(AANB)O(AVB),T -—L>AQ0ABOB,T

and
L (A\/B)(D(ZAE),FHLDA@Z,B@P,F.

When a cut between an atom and its dual is reduced, the paths “through
the cut” are counted, and each such path becomes a link.

Example 3.2.5. The proof net

a a a a
N/
o
reduces to /\
a a a

A special case arises when links connect the atoms of the cut:
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3. Proof Nets

AN /N

a a a a
N/

There are several possible ways to define a cut elimination for this net.
The simplest solution is to ignore the two links across the cut, such that
the reduced net contains exactly one link. Another possibility is to allow
paths that use the crossing links at most a fixed number of times. If we
allow at most three uses, the number of links in the reduced net will be
1+ 2' +22 4 23 = 15. However, the least problems arise when those links
are ignored.

Unfortunately, whichever solution we decide to use, cut elimination for
classical proof nets is not confluent.

Example 3.2.6. We look at ways to reduce the following net (ignoring
crossing links):

a a a a
/ /
0 0
When we reduce the right cut first, and then the left one, the result is:
7
a a

The other sequence of reductions yields the proof net

AN

a a
which contains one more link.

When we define proof nets for intuitionistic logic and a cut elimination
procedure for them, we will focus our attention to making it confluent.
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Chapter 4

Proof Nets for Intuitionistic
Logic

The main goal of this thesis is the development of proof nets for intuition-
istic logic. The general strategy is to mimic basic aspects of proof nets for
other logics, e.g. classical logic or intuitionistic linear logic, and combine and
generalize them to a proof system.

At the beginning of our exploration stand the definitions of the basic
concepts that we will make use of. Hence we will have a look at trees
that natually correspond to formulas, and at nets that are constructed out
of these trees. As before, there will be special trees corresponding to cut
formulas.

An important contribution of this thesis is the idea to attach labels to
each link of a net. All types of proof nets developed before treated all labels
exactly the same way. This gave rise to some ad hoc decisions that are not
natural. Remember for example again the following classical proof net:

/\a/ﬂ*/\
a
N /

a

We have already remarked that there are several possible ways to reduce this
cut. Loop-killing (i.e. brushing off the links crossing the cut) may result in
the most compact theory, but it is not obvious that this is the most natural
way to deal with the situation.

Link labels allow us to make use of the computational flair of proofs
in intuitionistic logic. When we think of proofs by means of A-terms, an
important aspect of computations is that different occurrences of the same
variable must be clearly separated. When a cut with crossing links is re-
duced, we allow basically all uses of crossing links, as long as they respect
this separation. This provides a natural interpretation of cut elimination,
and it can be achieved by adequate link labels.
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4. Proof Nets for Intuitionistic Logic

However, this liberal treatment of links across cuts may easily result in
an infinite number of paths through a cut, and hence to infinite nets. We will
discuss a translation of A-terms into proof nets that mimics the separation
idea presented above and at the same time guarantees strong properties of
the resulting nets, as for example that they do not become infinite when
cuts are reduced.

Which leads us to the second subject of our investigations: cut elimi-
nation. As proof nets are supposed to constitute a proof formalism, it is
natural to look for normal forms. While the cut elimination procedures
for all calculi considered so far are normalizing and terminating, confluence
does not always hold, as we have seen in the last chapter. We will define
a cut elimination procedure that is not only terminating, but also uniquely
normalizing. Although it might be tempting to reach this goal by a close
connection of cut elimination to the reduction of A-terms, we will show that
there is no way to define cut elimination in such a way that it simulates
these reduction procedures. We will, however, present classes of situations
in which a reduction step of a A-term corresponds exactly, or almost, to a
cut elimination step for the corresponding proof net.

4.1 Basic Concepts

Before we can construct proof nets for intuitionistic logic, we have to lay the
necessary foundations. We start with a formal introduction of trees, making
many of the intuitive notions from chapter 3 explicit. With this basis we
can go on to the definition of prenets for intuitionistic logic, which will be
slightly more complicated than in the classical case, but also much more
expressive.

Notation 4.1.1. We regard a function f: X — Y as the corresponding
subset {(z,y) | f(x) =y} of X xY. A partial function f: X — Y is a subset
of a function in X — Y, such that for two functions f,g: X — Y with
disjoint domains, f U g is again a partial function from X to Y.

The restriction of f to a subset X’ of X is f|x/:= fN(X'xY). We write

dom(f)={z e X|yeY :(zx,y) € f}

and
im(f)={yeY |3z e X:(z,y) € f}

for the domain and the image of a partial function f: X — Y.
When we explicitly write down functions, we use the slightly more intu-
itive notation
f={1—52—3,...}

to indicate that f maps 1 to 5, 2 to 3 and so on.
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4.1. Basic Concepts

4.1.1 Trees

We regard a tree as a function mapping each path in the tree to the label of
the respective node. Before we make this precise, shortly recall the notion
of paths:

Notation 4.1.2. Let X be a set. The set X*:={e} UJ,~; X" is the
set of finite paths over X, where the symbol ¢ € X* denotes the empty
path. If x1,x9,...,x, are elements of X, we write x1x2...x, for the tuple
(x1,29,...,2) € X™.

We use the canonical identification X™ x X" = X™" for m,n € N,
such that the concatenation wp of two paths m € X™ and p € X" is the
element (7, p) € X™ x X™.

If Y is a set of paths over X, then m € Y is called mazimal (wrt. Y), if

Voe X*: mpeY = p=c.

We will use trees to represent the types, i.e. formulas, occurring in terms.
All trees will be binary, with logical connectors at the inner nodes and atoms
at the leaves. Additionally, we again allow special formulas with the main
connector ¢, called cut.

As it will later, when we construct proof nets, be important that all
occurring leaves are unambiguously distinguishable, we add some further
information, stored in the second and third component of each node label.
For the time being, it may help to just ignore this and not to try and see a
deeper meaning behind the concrete information provided in the examples.

Definition 4.1.3. A (binary) tree domain is a finite set D C {1,2}* with
the following properties:

e D is closed under prefixes:

eeD and Vre{l,2}":Vne{l,2}:mmeD = mneD

e D is strictly binary:

Vr € D : 7 is maximal wrt. D or w.1,7.2 € D

Furthermore let A = {a|a € A} be the set of duals of atoms, and let
N = (AUAU {—=,A,V,0}) x N x {1,2}* be a set of node labels, consisting
of a possibly dualized atom or a binary connector, an index and a path. A
(binary) tree t is a partial function ¢: {1,2}* — N such that

e dom(t) is a tree domain,

e a cut symbol may only appear at the root, i.e. t(r) = ({,n, p) implies
™ =¢, and
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4. Proof Nets for Intuitionistic Logic

e the leaves are labeled with (possibly negated) atoms, and the inner
nodes with logical operators: ¢(7) € (AUA) x N x {1,2}* holds if and
only if 7 is maximal wrt. dom(t).

The set of all trees is called 7.

We draw trees with the leaves on top, and whenever a node has two
children, the first one is drawn left of the second one.

Example 4.1.4. The function

t = { g = (<D7575)7
I = (H737€) ’

11— (4,2,¢),

1.2 — (a,1,e),

2 — (—,4,¢),

21 — (a,4,1),
22  (4,4,2) }

is a tree, having the following graphical representation:
(a,2,¢) (a,1,¢) (a,4,1) (a,4,2)
N N 7

(—=:3,¢) (—,4,¢)
(¢,5,¢)

Notation 4.1.5. By abuse of notation, a tree ¢ whose root is labelled by a
cut (¢) will itself be called a cut. The subset

leaves(t) := {(a,n,n) € im(t)|a € AU A} Cim(t)

of nodes labeled by an atom is exactly the set of leaves of t. Given a tree t
and a path 7 € dom(t), the subtree t.7w of t at position 7 is defined as

tm:={(p—10)|(mp—1) €t} .
Example 4.1.6. The tree from example 4.1.4 has the leaves
leaves(t) = {(a,2,¢), (a,1,¢), (a,4,1),(a,4,2)} .

It has exactly six proper subtrees:

tl1 ={ ¢ — (—,3,9), t2 = { e — (—=,49),
1 — (a,2,¢), 1 — (a,4,1),
— (a, 1,6) } = (da 47 2) }

t1l = { ¢ — (a,2,e) } t2l = { ¢ ~ (a,4,1) }
t12 = { ¢ — (a,1,e) } t22 = { ¢ — (a,4,2) }
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4.1. Basic Concepts

When we construct prenets, we will sometimes combine two trees to form
one big tree. This operation is parallel to the combination of formulas, where
e.g. A and B are combined to AV B or AA B. Furthermore, we will use the
“dualization” of trees, which simply exchanges dualized and non-dualized
atoms.

Notation 4.1.7. Let t1,t2 € 7 be two trees and let x € {—,A,V,{}. By
t or 17, we denote the unique tree with #1(7) = (a,n, p), if

e ad AUA and i () = t1(n), and

o t1(m) = (a1,n,p), a1 € AUA and a = ay or aj = a.
The expression t1 x to denotes a tree with

o (t1 xt2)(e) = (%,m,¢e) for some fresh n € N,

o (t1xts).1 =t and

o (t1 *t9).2 = to.
Example 4.1.8. Consider the three trees

t1={ e—1(a,2,e) }
to={ e+~ (a,l,e) }

(
(
ts={ e (—,4¢),
(
(

(a,4,1) (a,4,2)
tl (d>2>5) t2 (a,l,s) t3 /
(—.4,¢)
Then the tree
(@,2,¢)  (a,1,e)  (a,4,1)  (a,4,2)
/ /S
(*)7375) (4)7475)
\ /
(0,5,¢)

is one of the form (t; — t2)"
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4. Proof Nets for Intuitionistic Logic

Now it is almost obvious how to define the tree representing a formula.
The only specialty is how to use the additional information in the nodes,
and when to use elements of A or A for the leaves. For the latter, we may
regard the difference between both possibilities as the difference between
atoms in positive and negative contexts.

Definition 4.1.9. Let A € F be a formula, n € N, 7 € {1,2}* a path. We
define the tree T(A,n, ) as follows:

o If A=a € Ais an atomic formula, then T(a,n,7) = {e—(a,n,7)}.
o If otherwise A = A; V Ag, then T(A,n, ) is the unique tree ¢, such
that
- t({':) = (\/,n,7r) )
— t1=T(A;,n,7.1) , and
- t.2=T(A2,n,7.2) .
e Analogously, if A = A; A Ay, T(A,n,n) is the unique tree ¢, such that
— t(e) = (A,n,7M) ,
- t1=T(A;,n,n.1), and
— t2=T(A2,n,7.2) .
e As the left subformula of an implication is in a negative context,

T(A; — Ag,n,7) is the unique tree t, such that
- t({;‘) = (—>,TL,7T> )
- t.1=(T(A,n,7.1)J, and
- t.2=T(A2,n,7.2) .
We will often use the abbreviation T(A,7):=T(A,i,¢).
Conversely, every tree that is not a cut determines a unique type:

Definition 4.1.10. The type ty(¢) coded in a non-cut tree ¢ is defined as
follows:

o If ¢ consists of only one node, i.e. if t(¢) = (a,n,n), or t(e) = (a,n,m)
for some atom a € A, then ty(t) = a.

e Otherwise t(¢) = (x,n,m) for some connector x € {—,A,V}, and
ty(t) = ty(t.1) x ty(t.2).

With these two functions, we can move back and forth between types
and trees:
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4.1. Basic Concepts

Lemma 4.1.11. The function ty is left inverse for all functions T(-,n, ),
where n € N and m € N*, i.e.

VAe F:ty(T(A,n,m)=A.
Proof. This follows directly by induction on the structure of A. O

Example 4.1.12. Any tree assigned to the type (a — a) — a — a is of the
form
(a,n,1.1) (a,n,1.2) (a,n,2.1) (a,n,2.2)
N 7 N 7
(—,n,1) (—,n,2)
\ /
(=, n,€)

for some n € N, and the type assigned to all these trees is (¢ — a) — a — a.

The additional information in the nodes is important for no other reason
but to make all leaves within a tree, and later on all leaves in the trees
of a prenet, distinguishable. For example, you may think of the second
component as a counter for different trees, and of the third component as a
position in this tree. As the distinction between all nodes is automatically
done when we actually draw trees, we exclude this extra information in all
further graphics.

Definition 4.1.13. Two trees t and t' are equivalent, if both are not cuts,
ty(t) = ty(t'), and all leaves are labeled by the same element of AU A, i.e.

Vr € dom(t) : t(m) € leaves(t) At(r) = (a,n,p) = t'(7) = (a,n',p),

or if both are cuts, and ¢.1 and #'.1 are equivalent, as well as t.2 and t'.2.
They are complementary, if they are not cuts, and if ¢ and ¢ are equiv-
alent.

When we use trees in further examples, we usually give their graph
representation only. Additionally, we present them up to equivalence, i.e.
we leave out the additional information in the leaves.

Example 4.1.14. All trees from example 4.1.12 are equivalent and will
simply be drawn as:

a a a a
\/ N/
— —
\_> /
Every tree that is complementary to those trees is of the following form:
a a a a
N/ \/
— —
\_} /
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4. Proof Nets for Intuitionistic Logic

4.1.2 Prenets

When working with proof nets, it is a tradition to call the general nets that
one wants to consider either “prenets” or “proof structures”, and to call
only those “proof nets” that are considered proofs in the new calculus.

We are now at the point to give a formal definition of prenets for intu-
itionistic logic. As mentioned before, we try to find an intuitionistic analog
to the notion of prenets for classical logic, which we introduced in chapter 3.
This means that our prenets will have a similar shape. They consist mainly
of a sequent forest and some links between the leaves of these trees. Where
the presented classical prenets may already have multiple links between two
leaves, we go one step further and attach a label to each link.

This does not only make the links distinguishable, but will be the key
ingredient in the cut elimination procedure for intuitionistic prenets.

Definition 4.1.15. Let £ = ({+,—} x V x N)* be a set of link labels. A
prenet L > t|C consists of a tree t € 7, a set C C 7 of cuts, and a
partial function L: N x N' — B(L), called linking, such that the following
conditions hold:

(0) The main tree ¢ is not a cut: t(e) # ¢

(1) Each cut connects two complementary subtrees:

(t1 O t2) € C = t; and ty are complementary

(2) The different trees in the prenet do not share any leaves:

£, e Cu{ty = (t' ="V leaves(t') N leaves(t") = 0)

(3) The function L is defined only on the leaves of trees in the prenet:

dom(L) C U leaves(t') | x U leaves(t')
t'e{t}uC t'e{t}uC

(4) Each link connects dual atoms, or two instances of 1
((a,i,7), (b, j,p)) € dom(L) = a=bVa=b=1

We extend the notion of leaves to prenets and write

leaves(L > t|C) = U leaves(t') .
t'e{t}uC
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4.2. Typed A-Terms and Intuitionistic Prenets

Notation 4.1.16. By a slight abuse of notation, we will identify a linking
L: N x N — B(L) of a prenet N with the set

{(1,V,0)|oc e L(L,1)}.
The elements of this set are called the links of the prenet.

Example 4.1.17. The following graphics depicts a simple prenet.

OV

It consists of the main tree, one cut between a and a, six leaves and three
links. The links are labeled by x.2, -f.1 and f.1 instead of (+,x,2), (—f,1)
and (+,f,1) for better readability. If we call the main tree ¢, the cut ¢, and
the leaves l1,...,lg, ordered from left to right, then the picture describes
the prenet L > t|{c} with

L= {<l5,l1, (_7f7 1))7 (127167 ("hfv 1))’ (l37l47 (+7x7 1))} .

When we define cut elimination for prenets in 4.4, we will see that the

cut elimination of this prenet yields the prenet
(x2-£1)  f1

NN/
N

with only two links, that bear the labels ((+,x,2),(—f,1)) and (+,f,1), re-
spectively.

Remark 4.1.18. Following our simplified graphical representation of trees
and prenets, we will never look at the additional information stored in the
second and third component of the nodes. In particular, two prenets will be
considered identical, if they differ only in the additional information.

4.2 Typed A-Terms and Intuitionistic Prenets

Now that we have developed a notion of prenets, we can spend a thought
at the question how to relate A\-terms to these prenets. The idea is to use a
direct translation of terms into prenets. To keep things simple, we will first
restrict ourselves to simply typed A-terms. This way, we can analyze the
main concepts without being overwhelmed by never ending case distinctions.
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4. Proof Nets for Intuitionistic Logic

4.2.1 Translating Simply Typed A-Terms into Prenets

The idea of translating A-terms into intuitionistic prenets is quite straight-
forward: It is natural to associate to each variable a tree corresponding to
its type. It is also natural to associate to each binder a tree corresponding
to the negative type. We use links to represent the binding structure, and
cuts for applications.

Example 4.2.1. The simply typed A-term Afz.f could roughly be trans-
lated into something like

7NN

a a a a a
\/ \/
D haVed S~
Af Az f

and Afx.fx into

\/ WAV,

_ N =~ =

Af Az x f
fz

Both of these are not real prenets, of course, but they show what we are
aiming at.

We will now proceed to do an inductive translation of simply typed A-
terms. Here, we are finally at the point where the additional information at
the nodes of trees come into play. To be able to use it properly, we make
the following convention:

Notation 4.2.2. When we regard a A-term e, we assume without loss of
generality, that no variable is bound more than once in e. This situation
can always be reached by a sequence of a-conversions.

Additionally, we mark all variable and constant occurrences in e with a
unique positive natural number. We write v? for the occurrence of the vari-
able v in e marked by the number i. For example, the term e = Af A\x.f (f z)
might be marked as A\f5. Az, f1(f223). This way, we are able to distinguish
any two variable occurrences in e.

Definition 4.2.3. We define the prenet N(e) associated to a simply typed
A-term e inductively over the structure of e. To build up the prenet, we also
assign to every subterm e’ a function lo;: V — P(L), that memorizes which
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Term Corresponding Prenet
tv.j2
i’l}.jl
e = Mvle :

v

—

€ =e€1€9 N(eg) W

Table 4.1: Translating simply typed lambda terms into prenets

¥ VW

\®/

leaves in the prenet of €’ were created for which free variable of /. However,
this function will not be used beyond this definition.
Table 4.1 illustrates the composition of prenets in the non-variable cases.

e If e = v’ is a variable, and ¢t = T(7(v), ), then we define
N(e):=0>1t|0

and

) leaves(t) ifw=wv
lelw) = {(Z) if w#wv

o If e = M\v'.e; is an abstraction, with N(e;) = Ly > t; |Cy and ty =
T(7(v),1), then the prenet for e is

N(S)Z:L I>7f0—>t1|01

where corresponding leaves in £y and ¢; are linked in such a way, that
each link starts at a dualized atom, i.e.

L=Lu{((a,i,m),(a,j,m),(+,v,7)) € leaves(ty) X le, (v) x L}
u{((a,j,m),(a,i,m),(—,v,7)) € le, (v) x leaves(tg) x L}

l(w) = 0 ifw=v
= ley(w) ifw#wv

and



4. Proof Nets for Intuitionistic Logic

e If e = e1 ey is an application, and

N(el) = Ll >t | Cl
N(eg) = LoD t2|02 s
then
N(e) = LoUIL4 I>t1.2’CgU{t2<[>t1.1}UCl

and le(v) = le, (v) Ule,(v) for all variables v € V.
Some remarks on the shape of the links may be appropriate:

Remark 4.2.4. Until now, the only terms for which links are created are
abstractions. In this situation, the nodes coming from the binder are con-
nected to the nodes coming from the bound variables. Each of these con-
necting links is labeled by the variable name and the occurrence counter,
such that we can later distinguish links of the same binder leading to dif-
ferent bound variable occurrences. This will enable us not to mix up these
occurrences. The direction of the links is done in such a way that links
always lead from dualized to normal atoms. The signs in the labels mark
whether a link leaves (4) or enters (—) the binder’s tree.

Before we closely examine the translation function, we take a short glance
at a few examples.

Example 4.2.5. The prenet of the simply typed A-term f! 22 is

a a a
\ /
\
haVed S~
x f

We see that there is only a small difference to example 4.2.1. From this
prenet, we can build the one of Az3.f! 22, namely

x.2
N R
a a a a
\ /
¢
~—~—

AT —

~—_——

fx
and finally the prenet for A\f* \a3. f1 22:
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N

Now is the time to con81der why the function N really produces prenets,
i.e. why the conditions (1)—(6) of definition 4.1.15 are fulfilled. For this we
need a few lemmas:

Lemma 4.2.6. Let e be a simply typed A-term, and let N(e) = L > t|C.
Then t codes the type of e, i.e. the type of e equals ty(t).

Proof. By easy induction on the structure of e. O

Lemma 4.2.7. Ife = e es is a simply typed A-term, and if the prenets of e1
and ey are N1 and Na, then N1 and Ny are disjoint, meaning leaves(IN1) N
leaves(Na) = ().

Proof. If 1) € leaves(N1), then either Iy € leaves(T(7(v),41)) for some vari-
able occurrence vt in ey, or l; € leaves(T(7(v),i1)) for some variable binder
vl in e;. Either way, [; is of the form Iy = (ay,i1,71). Analogously, any

leaf Iy € leaves(N2) is of the form lo = (ag,ia,m2), coming from a vari-
able occurrence or binder in es. As e; and ey contain no common variable
occurrence, we know that i1 # io, i.e. 1 # la. O

Proposition 4.2.8. Let e be a simply typed A-term. Then N(e) is a prenet.

Proof. We have to verify the conditions in the definition 4.1.15 of prenets
for N(e) = L > t|C.

First of all, it is inductively clear, that ¢ is a tree, and that the elements
of C are cuts.

(1) holds by lemma 4.2.6, because the symbol ¢ cannot appear in a
formula. For the other properties, we use induction on the structure of e.

e If e is a variable occurrence, then (2)—(5) hold trivially, because C' and
dom(L) are empty.

e Now let e = \v.€’ be an abstraction, and N(ey) = Ly > t1 | C}.

— (2) and (3) hold by induction hypothesis, because C = C1, and
because o contains only leaves that do not occur in leaves(N(ey1)).

— For (4) and (5) remark, that leaves(N(e)) D leaves(N(e;)), and
dom(L) O dom(Ly), so by induction hypothesis we only have
to worry about the new links. But these are created between
complementary leaves of N(e), so (4) and (5) hold.
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4. Proof Nets for Intuitionistic Logic

e Let e = ej e be an application, and N(e;) = L; > t; | C; for i € {1, 2}.

— As (2)—(3) hold for C; and Cs, we only have to look at the new
cut to O t1.1 € C\ (01 U 02)
As e is well-typed, we know by lemma 4.2.6, that ty(¢;) = Tov T,
and ty(t1.1) = Ty for some types T} and Ty, i.e. ty(t1.1) = Ty =
ty(t2). So tg and ;.1 are complementary, which verifies (2).

By lemma 4.2.7 and the property (3) of C; and Cy, the elements
of C1UCyU{t1,t2} do not share any leaves. Obviously, the same
holds for the elements of Cy U Cy U {ta ¢ t1.1,¢1.2} = C U {t}.

— (4) and (5) hold by induction hypothesis, because L = Ly U L;
(which already implies (5)), and so

dom(L) = dom(L1) Udom(Ls)
C (leaves(N7) U leaves(N2)) x (leaves(IN7) U leaves(N2))
C leaves(N) x leaves(N) .

Thus the proof is complete, and we know that N(e) is a prenet. ]

4.2.2 Translating Typed A-Terms into Prenets

Now that we have a first impression on how prenets work, we can extend
the translation function N to all A-terms.

Definition 4.2.9. We define the prenet N(e) associated to a A-term e in-
ductively over the structure of e. As a basis, we use the translation from
definition 4.2.3, and extend it by the following cases, which are illustrated
in table 4.2:

e Ife = pair’ e; es is a pairing, where e; : A; and es : As, then e is treated
as an application e = (¢’ e1) ea, where N(e') = L' > ' |} is a prenet,
such that ¢ = T(A; — (A2 — (A1 A Ag)), i), and corresponding leaves
in the subtrees coming from the two instances of Aj, as well as those
in the subtrees coming from the two instances of Ay, are linked:

L' ={((a,i, 1), (a,i,2217),¢e) € leaves(t') x leaves(t') x L}
((a,i,2217), (a,i,17), ) € leaves(t') x leaves(t') x L}
((a,i,217), (a,1,2227), ) € leaves(t') x leaves(t') x L}
((a

,1,2227), (a,1,21m),¢) € leaves(t') x leaves(t') x L}

~— —

Finally, l./(v) = 0 for all v € V.

o Ife= 7r’1' e1 is a projection, where e : Ay A Ao, then e is treated as an
application e = ¢’ ey, where N(¢/) = L' > t'| 0 is a prenet, such that
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Constant Corresponding Prenet

@ -0 @
e = pair: \/ \/
A1 A2 A1 \ / AQ
\ .
_)/
_)/

€ = T Or To: \/
AN

/A
\
/A
\

.
<
AN
w
.
/
/Q
!
oy}
/
/\
V
Q

N/
<

AN
=
A
\/
\
&

e = null:

N4

Table 4.2: Translating A-Terms into Prenets
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T((A1 NAz) — Aj),i), and the leaves in the subtrees coming from
the two instances of A; are linked:

L' ={((a,i,117), (a,i,2m),e) € leaves(t') x leaves(t') x L}
u{((a,i,2n), (a,i,117),e) € leaves(t') x leaves(t') x L}

Finally, l./(v) = 0 for all v € V.

e The case e = 7} e; works analogously, except that ¢ = T((A; A Ag) —
Ag),1), and the leaves in the subtrees coming from the two instances
of As are linked:

L' = {((a,i,127), (a,i,27),e) € leaves(t') x leaves(t') x L}
U {((a,i,2m), (a,i,127),e) € leaves(t') x leaves(t') x L}

e If ¢ = inl'e;, where e : A; V Ay, then e is treated as an application
e = ¢’ ey, where N(¢/) = L' > ¢/ | () is a prenet, such that ' = T(4; —
(A1 V Ag),i), and corresponding leaves in the subtrees coming from
the two instances of Ay are linked:

L' = {((a,i,17), (a,i,217),¢) € leaves(t') x leaves(t') x L}
u{((a,i,21n), (a,i,17),e) € leaves(t') x leaves(t') x L}

Finally, l.(v) = 0 for all v € V.

e The case e = inr’e; works analog, except that ¢’ = T(Ay — (A1 V
As),1), and the leaves in the subtrees coming from the two instances
of As are linked:

L' ={((a,i,1m), (a,i,22m),e) € leaves(t') x leaves(t') x L}
u{((a,i,22m), (a,i,1m),e) € leaves(t') x leaves(t') x L}

o Ife = case’ej ese3, where eq : AVB, ey : A — C and ey : B — C, then
e is treated as an application e = ((¢’ e1) e2) e3, where N(e') = L' >
t'| 0 is a prenet, such that # = T((AVB) - (A—C)— (B—C) —
C,1i), and the corresponding leaves in the subtrees coming from the
two instances of A, as well as those in the subtrees coming from the
two instances of B, are linked, and those in the subtrees coming from
the left two instances of C are linked to those of the subtree coming
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from the rightmost instance of C:

L' ={((a,i,11m), (a,i,2117), ) € leaves(t') x leaves(t') x L}
u{ ) t') t') x L}
U { x L}
U { x L}
U { x L}
U { x L}
U { ) x L}
U { ) x L}

Finally, I/

a,1,2117), (a,i,117), €) € leaves(
a,i,12m), (a,i,22117), e
,1,22117), (a, i, 127)

)

)

x leaves(

/ /

€ leaves(t') x leaves(

)
€ leaves(t') x leaves(t’

j=N

,E
a,i,2127), (a,i,2227), '
a,i,222m), (a,i,2127), ) € leaves(t') x leaves(
a,1,22127), (a,i,222m),e) € leaves

a,1,222m), (a,i,2212m), ) € leaves
v) =0 for all v € V.

t t
t t
€ leaves(t') x leaves(t
t t

~— — ~— —
~— — — —

/

") x leaves

o~ o~ o~ o~ o~~~
~ N N N /N N/

(t (
(t (

") x leaves

—

e If e = null’ 1, where e : A, then e is treated as an application e = €’ ey,
where N(¢/) = L' > t'| () is a prenet, such that ¢ = T(L — A,i), and
there is one link connecting the 1-labeled node to itself:

L'={((1,i,1),(1,i,1),0)}
Finally, lo(v) = 0 for all v € V.
The images of closed terms under N are called sequentializable.

Remark 4.2.10. The way we treated constants looks a lot like a mixture
of variables and abstractions. In fact, we will often take this point of view.

e Let e1, es and e be typed A-terms of types Aj, Ao and AjAAs, re-
spectively. Additionally, let vy, , vr, and vpair be variables, such that
’U7|—11(A1/\A2)—>A1, Uﬂ22(A1/\A2)—>A2, and UpairZA1—>(A2—>(A1/\A2)).
Then the prenets N(pair e e2) and N(vpair €1 €2) differ only in so far
as the second prenet lacks some links between leaves created for vpair.

Additionally, the prenets N(m; e) and N(vx, e) differ only in so far as
the second prenet lacks some links between leaves created for v,,. The
analogous statement is true for N(my e) and N(vg, €).

This means, that we can and often will simply consider an instance of
one of the constants pair, 71 and 7o as a kind of variable, and a term
of the form paire; eg, 71 € or 7o e as an application.

The same holds for the constants case, inl, inr and null, so we also
consider these as variables, whenever appropriate.

e The links in the prenets of constants do not carry other labels than e.
We could treat the constants like a combination of binders and vari-
ables, and label links going “from left to right” by e.g. (4, 71,5), and
the others by e.g. (—,71,5). The following considerations, however,
work equally well in both situations, so we may well choose the simpler
labels.

49



4. Proof Nets for Intuitionistic Logic

As before, we get:
Proposition 4.2.11. Let e be a A-term. Then N(e) is a prenet.

Proof. The proofs of the lemmas 4.2.6 and 4.2.5 transfer word by word to
the extended case.

For the proposition itself, remark that we again have to verify the con-
ditions in the definition 4.1.15.

The cases of variables, abstractions and applications are handled by
proposition 4.2.8.

Following our approach to treat constants like normal terms, the re-
maining case is that e = ¢ is a constant. In this situation, (2) and (3) hold
trivially, because C' is empty, and (4) and (5) hold because all links are cre-
ated between complementary leaves of N(e), if e # null, and from a L-leaf
in t to itself, if e = null. ]

Another well-definedness issue is caused by a-equivalence. We already
mentioned that A-terms are often regarded only up to a-equivalence. Terms
are even often given in a variable-free de Bruijn notation [dB72]. Note that
two different but a-equivalent \-terms may correspond to different prenets.
However, these prenets differ only by a consistent renaming of link labels.
We will see, that the behavior of the prenets during cut elimination does
not depend on this difference.

4.3 Properties of Sequentializable Prenets

Whenever one designs prenets for a new logic, it is one of the most interesting
questions, which prenets correspond to a proof in a given reference proof
system for the logic. While this distinction might sometimes be possible by
means of a brute force search, the desired result is a intrinsic property of
the prenets, i.e. a criterion for sequenzialization that can be checked without
looking at the reference calculus.

The first such criterion for multiplicatice linear logic was already given by
Girard [Gir87], and later on many simplified criteria for this calculus were
found, e.g. by Danos and Regnier [DR89]. Lamarche [Lam95] examined
prenets for intuitionistic linear logic and gave a criterion using a system
of polarities, and Lamarche and StraBburger [LS05] found a criterion that
applies to a equivalence classes of prenets for classical propositional logic
(called B-prenets), but not the full calculus.

Unfortunately, by now there is also no such correctness criterion for
intuitionistic prenets. To see the problems with an intrinsic characterization
of prenets that are suited as proofs, consider the following prenet:
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x.3.-f.2 f1
.6
/H f2,—f1)

a a a a a a
v\ NS
\@ /
We will show later, that this prenet can be constructed by a series of cut
eliminations from the prenet of the term (Af.A\x.f (f z))(Ay.y). As cut elim-
ination will play the part of a proof normalization procedure, we expect
our calculus to be closed under cut elimination. However, the above prenet
is not the prenet of any A-term, so it does not correspond to a traditional
intuitionistic proof. And even if we only expect the existence of a A-term
whose net contains the same number of links between two given leaves, we
will not be able to find such a term.
Instead of giving a complete correctness criterion, we will in this section
present several properties of sequentializable prenets, which have a good
chance to play an important role in such a criterion. Finally, we will explain

why we called the images of terms under N “sequentializable”. We do so by
presenting an algorithm that computes a right-inverse of IN.

4.3.1 Polarization

The first property that distinguishes prenets coming from a A-term from
many other prenets is whether the main tree of a prenet corresponds to an
intuitionistic formula. Lamarche [Lam95], and later on also Retoré [LRI6]
used a system of polarities to characterize these prenets. They extended the
idea of writing a sequent A, B - C as the one-sided sequent + A®, B*, C°,
where the additional markers show which side a formula came from. Al-
though both authors worked on linear logic, the analogous generalization
also applies to our system.

Definition 4.3.1. A prenet L > t|C is called polarizable, if its nodes can
be decorated with a polarity (we use the symbols o and e), such that the
following rules hold:

(1) Each link connects a e node to a o node, or it connects L-labeled
e nodes.

(2) The left child of each —-labelled o node is a e node, the right child is
a o node.

The left child of each —-labelled e node is a o node, the right child is
a e node.

(3) Both children of each V-labelled node have the same polarity as the
node itself.
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4. Proof Nets for Intuitionistic Logic

(4) Both children of each A-labelled node have the same polarity as the
node itself.

(5) Each ¢-labelled root c(¢) is a e node, its left child is a o node, and its
right child is a e node.

The root of ¢ is a o node.
(@] [ ] (@] O
L NS N \/
° le -0 Vo

./—\o .\ (¢] .\v{. \ { \ /
( (4

W @) 3) ) Y

Each decoration of a prenet satisfying the above conditions is called a po-
larization.

A tree t is called polarizable, if the prenet () > ¢ | () is polarizable, ignoring
rule (5).

Example 4.3.2. The prenet from example 4.1.17 can be uniquely polarized
as follows:

X.2 f.1 f.1
. TN
ao ae ae ao ae ao
N\ \ /
—e Qe
\ 7
— O
The prenet T
a a

however does not have a polarization because of a conflict betwee rules (1)
and (3).

It is obvious from the shape of the polarization rules that the polarities
of two siblings are determined by the polarity of their parent node. So we
can directly conclude:

Proposition 4.3.3. Let N be a prenet. If N is polarizable, then this polar-
1zation s unique.

Example 4.3.2 shows that it is not the case, that every prenet admits a
polarization. However we will now show that sequentializable prenets are
also polarizable.
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Lemma 4.3.4. Let A be a type. Thent = T (A, 1) is polarizable by the rules
of 4.3.1, such that its root is a o node.

Dually, t' = T(A,i)" is polarizeable by the rules of 4.53.1, such that its
root is a e-node.

These polarizations can be done in such a way, that each leaf is a o node,
if and only if it is labeled by a (positive) atom.

Proof. 1t is obvious from the polarization rules, that any polarization of the
root of a tree can be promoted to its leaves. So the only thing we have to
show is, that we can produce the required polarization of the leaves.

We prove this by induction on the structure of A.

e If A =q is an atom, there is nothing to show.

o Let A=Ay — Ag,ie. t =1.1 — £.2. As the root of ¢ is a o node, the
root of t; is a e-node, and the root of ¢ is a o node by rule (2).

As t.1 is equivalent to T(A;)", and as t.2 is equivalent to T(A3), the
induction hypothesis for ¢.1 and ¢.2 ensures, that we get the desired
polarization of the leaves.

Dually, we can promote a e node at the root of £ to a o node at the
root of t1, and a e node at the root of to, again receiving the result by
induction hypothesis.

e Let A= Ay AN Ay, ie. t =t.1At.2. As the root of ¢ is a o node, the
roots of ¢; and ¢z are also o nodes by rule (2).

As t.1 is equivalent to T(A;), and as ¢.2 is equivalent to T(Az), the
induction hypothesis for ¢.1 and t.2 ensures that we get the desired
polarization of the leaves.

Dually, we can promote a e node at the root of ¢t to e nodes at the
roots of t; and to, again receiving the result by induction hypothesis.

e The case A = Ay V A, is completely analogous to A = A A As. O

The duality in the above construction of the polarization of comple-
mentary trees, together with the uniqueness of polarizations, allows us to
conclude:

Corollary 4.3.5. Let A be a formula, and let i,j any two integers. Then
the unique polarization of T(A, i) marks a node as a o node, if and only if the
unique polarization of T(A,j)” marks the corresponding node as a e-node.

Proposition 4.3.6. Let e be a term. Then N(e) is polarizable.

Furthermore, the polarization can be done in such a way, that nodes
coming from a variable are polarized dually to the respective nodes coming
from this variable’s binder.
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Proof. We know that there is a unique polarization by rules (1)-(5). We
have to show that the links respect rule (1).
We proceed by induction on the structure of e. Let N(e) = L > t|C.

e Let e = v be a variable, and A = 7(v). Since there are no links, there
is nothing to show.

o Let e = A\v.e; and let N(e1) = Ly > ;1 | Cq. Because of rules (5) and
(2), the root of t; = t.1 is a o node in both N(e;) and N(e). Hence
we can apply the induction hypothesis, and the proposition holds for
all links in e;.

Let ty be the tree coming from the binder Av in N(e). By rules (5)
and (2) the root of ¢y is a e node. By lemma 4.3.5, the leaves of ¢
are marked dually to the leaves in e; coming from an instance of v.
So rule (1) is also respected by all links that are introduced by the
abstraction.

e Let e = e eg, and let N(e;) = L; > t; | C; for i € {1,2}.

Because of rule (5), the root of ¢t = c.1 is a o node in both N(e;) and
N(e), and the root of 1.1 = ¢.2 is a e node in both N(e;) and N(e).
Hence we can apply the induction hypothesis, and the proposition
holds for e; and es.

As N(e) does not contain links that were not already present in N(eq)
or N(eg), rule (1) is fulfilled.

e Let e = null. Then N(e) can be polarized as follows:
le
N 4

— O

e If e is one of the other constants, the situation is completely analogous
to the abstraction case, because any polarization that marks the root
as o marks the roots of connected subtrees differently, i.e. the duality of
the polarization rules allows once again a polarization as required. [J

4.3.2 Classical Correctness

Lamarche and Strafiburger [LS05] gave a geometric criterion to decide,
whether a given classical prenet can be constructed from a classical sequent
proof (cf. theorem 3.2.4). As every intuitionistic proof of a formula can also
be seen as a classical proof, it is not surprising that intuitionistic prenets
fulfill the same criterion.
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Definition 4.3.7. A conjunctive pruning of a polarized prenet L > ¢ |C' is
a triple (¢',C', L"), where t' and C" are obtained from ¢ and C by replacing
each subtree of type t1 A° to, t1 —°® to, t1 V® t9 or t1 { to by either ¢1 or o,
and where
L'= L’leaves({t’}UC’)Xleaves({t’}UC”) .

When (¢, 0,0) is a conjunctive pruning of () > ¢ | (), we call ¢ the conjunctive
pruning of t.

A prenet N is classically correct, if every conjunctive pruning of N con-
tains at least one link.

Note that a conjunctive pruning is almost again a prenet. The only
tender spot is that the elements of C” are not cuts. In [LS05], this distinction
is not made, because a prenet may contain more than one non-cut tree.

Example 4.3.8. The following graphs visualize the conjunctive prunings
of the prenet from example 4.1.17:

m X.2
7 G 7 a G Ama a
a a a a a
\—> / \_> /
/ /
— —
/_\—f.l X.2
a a a a a &ma a
\—> / \_> /
Each of these prunings contains a link, so the original prenet is classically
correct.

Proposition 4.3.9. Let e be a closed term. Then N(e) is classically correct.

Proof. We show the classical correctness of N(e) by induction on the number
of cuts in N(e). Again, we follow remark 4.2.10 to deal with constants. Table
4.3 illustrates the main cases.

e Let e be application-free, but not a constant. Then e is of the form
V1. ... dvg.v; with 1 < ¢ < n, and its prenet contains exactly the same
links as the prenet of ¢/ = Av;.v;. Additionally, every pruning of e can
be restricted to a pruning of €/, and so it suffices to examine this term.
Let N(¢/) = L > t|0, and let A = 7(v;). By construction, ¢ is of the
form t = T(A, j) —° T(A, k) for some occurrence markers j and k.

To prove that every conjunctive pruning of N(e) contains a link, it
suffices to show that every conjunctive pruning of ¢ contains a pair of
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e is application-free +v;.j
and not a constant:

e is a constant (examples):

e is a pairing: e is a projection (e.g. m1):

7SN\ 7NN

VA MY NV,
/

2 Ay \
/ \
_)/

e contains applications:

Table 4.3: The Structure of a Closed Term
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corresponding leaves in T (A4, j)” and T(A, k), i.e. two leaves (a,j, 7)
and (a, k,m) (note that the path labels are equal).

We prove this by induction on the structure of A.

— If Ais an atom, then t = ¢(1) —° ¢(2) does not contain prunable
nodes, so there is only one conjunctive pruning: t itself. The
nodes t(1) and ¢(2) provide the demanded pair.

— If A= Ay — Ay, then t is of the form ¢t = (¢£.11 —* t.12) —°
(t.21 —° ¢.22), and every conjunctive pruning of ¢ is of the form
t' =t —° (thy —° thy), where th, and t}, are conjunctive prun-
ings of ¢.21 and ¢.22, respectively, and ¢} is either a conjunctive
pruning of ¢.11 or ¢.12. Let us assume that ¢} is a conjunctive
pruning of ¢.11 (the other case works analogously). As | —° t5,
is a conjunctive pruning of .11V ¢.21, we can apply the induction
hypothesis to conclude that ¢} V t}; contains the wanted pair of
leaves, thus so does t'.

— The case of a disjunction type A = A; V As is completely analog
to the case of an implication, and in the case of a conjunction
type A = A1 A Ao, the only difference is that prunings are of the
form ¢ = (¢ A° t},) —° th, but the rest of the argumentation
does not change.

e Let e = pair, and e : Ay — Ay — (A1 A A2). Then any conjunctive
pruning of N(e) is a conjunctive pruning of

MV
Y

-

YR Y

V\ \

These prenets are obviously classically correct, if the identically shaped
prenets of Axy.Axo.21 and Axy.Axo.29, for variables of type x1 : A1 and
9 : Ao, are classically correct. We have already shown this in the first
part of this proof.

o Let e=my;, i € {1,2}, and e : (A1 A A2) — A;. Then any conjunctive
pruning of N(e) can be restricted to a conjunctive pruning of the
prenet
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NV

This prenet is obviously classically correct, if the identically shaped
prenet of Ax;.x;, for a variable of type x; : A;, is classically correct.
We have already shown this in the first part of this proof.

e The argumentation for e = inl and e = inr is analog to the cases e = m;
and e = .

e et e =caseande: (AVB) - (A—-C)— (B—C)— C. Any
conjunctive pruning of e deletes either the leftmost tree coming from
A or from B. Without loss of generality, assume that the tree coming
from B is deleted. Any such pruning is contained in a conjunctive

AVV\CVVC AVV\AVV

These prenets are obviously classically correct, if the prenets of A\zy.zq
and Axg.x9, for variables of type x1 : A and zo : C, are classically
correct. We have already shown this in the first part of this proof.

e Let ¢ = null and e : 1L — A. Then any conjunctive pruning of e
contains the link connecting L to itself.

e Let e be a formula containing at least one application. Then e is of
the form Avj....Avy.e1 e, with n > 0. The terms e} = Avj. ... \vy.€;
are closed and contain strictly less applications than e. So the prenets
N(e}) are classically correct by induction hypothesis.

Let N(e) = L > t|C, let ¢ € C be the cut introduced by the applica-
tion e ez, and let P be any conjunctive pruning of N(e). Then there
are conjunctive prunings P, and P, of N(e) and N(e}), respectively,
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such that the construction of each P; agrees with the construction of
P on all nodes that N(e;) and N(e) have in common. So the only
choice made for P that is not visible in P; or P, is the choice at c.

Now, if ¢.1 is deleted in P, P; is unaffected by this, and all links of P;
appear in P. Analogously, if ¢.2 is deleted, the links of P, appear in
P.

As the prenets N(e}) are classically correct, each P; contains at least
one link. So in any case, P too contains at least one link. O

4.3.3 Paths and Finiteness

In chapter 3, when we discussed proof nets for classical logic, we saw that an
atomic cut was eliminated by following all paths through the cut. We follow
this idea of paths through a cut and expand it to non-atomic cuts. Although
the notion seems to be very close to the one in the context of classical proof
nets, there is one big difference: While Lamarche and Straflburger strictly
forbade the use of links that cross a cut, and only gave the idea to impose
any finite bound on the number of uses of such links, we explicitly encourage
following any link any number of times.

Definition 4.3.10. Let N = L > ¢| C be a prenet, and let ¢’ = {cy, ..., cx}
C C. A triple (lp, 1}, 0) € leaves(IN) xleaves(N) x L is called a path candidate
in N through C', if there is a series I, 11,1}, ..., ln—1,1,_1, 1, € leaves(C") of
leaves such that:

(1) A path candidate does not begin or end in one of the distinguished
cuts: lo, 1), & leaves(C")

(2) It is composed of a series of links: VO < i <n: (I;,1}) € dom(L)

(3) These links are connected by cuts, such that if one link ends in a cut,
the next starts on the opposite side of the cut:
V0<i<n: JeeC': Ir € dom(cl):
(Ul =c(lm) Nlig1 = c(2m)) V (I = c(27) AN lig1 = (1))

(4) And finally, the label of the path candidate is the concatenation of the
labels of all the used links: o € L(lo, 1) X ... x L(ly, 1)

An explosion of the number of resulting paths is prohibited by a con-
straint on the labels of the links that paths accumulate:

Definition 4.3.11. Let 0 = o1(—,v,i)o2(+,v,7)o3 be a link label, where
v € V is a variable, ¢ € N is an occurrence marker, and oy does not contain
(£,v,7) for any j € N. A label reduction step is the procedure of replacing
such o by g10903.
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Now let o be any link label. If the normal form of ¢ under the above
reduction relation is not of the form o1 (—,v,7)o2(+, v, j)os with i # j, then
o is called well-formed.

A path candidate with well-formed label in a prenet N = L > t|C is
called path in N. We write path(NN,C") for the set of paths in N through
C' C C, and abbreviate path(N) = (Jecepath(N,C’) for the set of all
paths in N (through any set of cuts). -

The general idea of the restriction to well-formed labels is to keep differ-
ent occurrences of a variable apart. We will discuss this in again when we
define a cut elimination procedure for our prenets.

Example 4.3.12.
(1) path(NV, ) consists exactly of the links of N.

(2) There are two paths through the cut of the prenet

OV

for Afx.fx, which we have already seen in example 4.2.5. They bear
the labels (f.1) and (x.2, —f.1), respectively.

(3) Let us have a glance at how the well-formedness condition influences
the paths in a prenet. Consider the prenet of Af> Az, f1(f2? 23), where
again upper indices mark the variable occurrences:

f.2 f.1
a Ama a a a a
\ / \ /
\/ \ /
\H/H

There are two paths in this prenet that are not links: one labeled by
(x.3,—f.2), and one labeled by (f.2, —f.1). The first label means, that
the variable occurrence 22 is used as an input to f2, and the second
means, that the output of f? is used as an input to fI.

If we apply the above term to A\y”.y%, the resulting prenet is
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It contains only one well-formed path candidate through all three cuts,
marked by the label (2.3, —f.2,y.6, f.2, —f.1,4.6, f.1). Pay attention
to how the path represents the flow of the variable 23 through the term:
23 is the input to f2, hence the component (2.3, —f.2). The variable
f? is (after a B-reduction) instantiated by Ay”.y%, which is responsible
for the first instance of y.6. The output of f? is used as input of f1,
which is where the part (f.2,—f.1) comes from. The instantiation of
f! is again responsible for the component 3.6. Finally the output of
f! is the output of the whole term, hence the label f.1.

The well-definedness condition says here, that when we enter the tree
coming from Af by a link labeled — f.i, we have to leave it again by a
link with the label + f.i. If we had allowed any combinations of links to
form a path, we would also have received the path (2.3, —f.2,4.6, f.1).
This path corresponds to z3 being used as input to f? (nothing new
so far), but then miraculously jumping to and leaving f!. For sure,
this is not what we expect 23 to do, and we exclude this possibility in
our paths.

Paths have the nice property that the labels of two paths separated by
a cut can always be combined to a well-formed label:

Lemma 4.3.13. Let e = A\vy....\vy.e1 e with n > 0 be a closed term. Let
c € C be the cut introduced by the application ey ez, and Let py = (11,1}, 01)
and pa = (l2, 1, 02) be two path candidates that do not use c.

If I} € leaves(c.1) and ly € leaves(c.2), or vice versa, then the combined
label o109 is well-formed, if and only if o1 and o9 are well-formed.

Proof. We consider only the case that I} € leaves(c.1) and ls € leaves(c.2).
The case [} € leaves(c.2) and Iz € leaves(c.1) is analogous.

Let € = Avj....Av,.e;. For a visualization of the situation look again
at table 4.3. Since p; and ps do not use ¢, p; is a path candidate in €],
and po is a path candidate in e5. The only variables that both €] share are
v1,...,V,. This means, that reasons for a non-well-formedness of o109 can
lie in a non-well-formedness of one of the o;, or in components of the form
(£,vj, k) that occur in the o;.

Let t1,...,t, be the trees coming from Avi,...,Av,. If no t; contains
both I} and Iy then o1 and o9 contain no components involving the same
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variables. So the well-formedness of o1 and o9 carries over to o109 and vice
versa.

Otherwise o1 = (+, v, k1)o} and o9 = 04(—, v;, k2), where o} and of do
not involve any common variable nor v;. Again o0 is well-formed, if and
only if o1 and oo are well-formed. O

Although the notion of paths looks quite innocent, even small changes
in the labels of a prenet may result in enormous changes in the number of
paths.

Example 4.3.14. Consider the following prenet template:

x.3,-f.2) f.1
y.6 ( )
>

NSO N
N/ N/ N/
o

If the label at “?” is (f.2, — f.1) (which means, as we will see, that the prenet
emerged from the one in example 4.3.12 by elimination of the two cuts on the
right), then the path candidate through the cut that does not use the “?”-
link is labeled (x.3,—f.2,9.6, f.1). It violates the second well-formedness
condition. The only path through the cut uses the “7?”-link once and passes
the cut three times. It bears the label (2.3, —f.2,v.6, f.2,—f.1,y.6, f.1).

However, if the label at “?” is just —f.1, then there is one path for each
number of uses of the “?”-link. These paths bear the following labels:

(2.3, — £.2,4.6, —f.1,.6, f.1)
(2.3,—f.2,y.6,—f.1,4.6,—f.1,4.6, f.1)
(

(

a

x.3,—f.2,y.6,—f1,9.6,—f.1,y.6,—f.1,94.6, f.1)
x.3,—f2,y.6,—f1,y.6,—f.1,y.6,—f.1,4.6,—f.1,4.6, f.1)

The existence of infinitely many paths is a situation we will want to
avoid. Especially when we turn to cut elimination, infinitely many paths
will mean that cut elimination turns a prenet with a finite set of links into
one with infinitely many links. As we have just seen in the above example,
our restriction on the allowed path labels cannot circumvent this problem
in all settings. However, we can show that the restriction is sufficient when
we work with prenets of A-terms.

To prove this, we need the concept of loops. When we construct prenets
out of terms, a small prenet is often used as one constituent of a larger
prenet. A loop is a path that, when seen in the context of a larger prenet,
may give rise to infinitely many paths in this prenet.
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Definition 4.3.15. Let N = L > ¢|C be a polarized prenet. A path
(I1,12,0) in N is a loop, if the following conditions hold:

e The path connects two dually polarized leaves.

e The combined link label oo (and hence also ooo, oooo and so forth)
is well-formed.

e There is a subtree t' of ¢ with a e root (or a cut ¢ € C), such that ¢’
(or ¢.2, respectively) contains both leaves I; and ls.

We speak of a loop over t or a loop over c.
Example 4.3.16.
e The prenet

(x.3-1.2) f1
£1 '
a a a a
NN/
N

has only one polarization, and it contains one loop labeled — f.1. Nev-
ertheless, there are only finitely many (namely 3) paths through this
prenet. The last prenet in example 4.3.12 also has exactly one polar-
ization, and it contains the same loop, but now this loop is a loop over
a cut and produces an infinite number of paths.

e The typed A-calculus can be extended to a proof system for full classi-
cal logic by including a way to eliminate double negations by deducing
A from A, i.e. a construct

A:=... | dnegA
with the typing rule
e:(A—-1)—1
dnege : A

dneg

Translating the constant dneg into the language of prenets yields for
example the following uniquely polarizable prenet:

arey

ae lo T ao
N\
A

/

N

/o

!

@)
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It is classically correct, but it contains a loop: the link from the 1-
labeled node to itself.

All the other prenets presented so far are loop free. In fact, this is not a
coincidence but common to all prenets associated to A-terms.

Lemma 4.3.17. Let vq,...,v, € V be variables, and 1 < i < n. Then the
prenet N(Avy. ... \v,.v;) does not contain a loop. The same holds for the
prenets of the constants.

Proof. Let N(Avy.... \v,.v;) = L > t|0, and let t' be an arbitrary subtree
of t with a e root. Then ¢’ is a (not necessarily strict) subtree of one of
the trees coming from a binder Avj, or of the tree coming from v;. In both
cases there are no links (and, as the prenet is cut-free, no paths) between
two leaves of ¢’. Hence there is no loop over t.

This argument is simiar for all constants except null. But for N(null),
the situation is even simpler: There is only one link, and this link is obviously
not a loop. ]

Proposition 4.3.18. Let e be a typed \-term. Then N(e) does not contain
a loop.

Proof. We apply the same proof technique as in the correctness proof 4.3.9,
showing the proposition by induction on the number of cuts in N(e).
Let N(e) = L>t|C.

e If ¢ is a constant, then the proposition follows from lemma 4.3.17.

e Let N(e) be cut-free but not a constant. Then e is of the form
Avi.. oA v, If v = v with 1 < 4 < n, then the proposition fol-
lows again from lemma 4.3.17.

If v # v; for all 1 < < n, then N(e) does not contain any links at all,
so the proposition is trivially true.
e Let N(e) be a formula containing at least one cut.

Then e is of the form Avy....Av,.e1 eo, with n > 0. Let ¢ € C be the

cut introduced by the application e; e. The terms e = Avy.... Avy.€;
contain strictly less applications than e. So the N(e}) do not contain
loops.

Assume that there is a loop in N(e). By induction hypothesis this
loop has to contain parts of both subnets, N(e;) and N(e2). Thus it
has to use the cut c, i.e. without loss of generality, it is a loop over c.

This loop’s label must then be of the form

IS S O
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with {7, .. ., 1" being labels of paths in ey, with I{¥, ... 1{?) being
labels of paths in ey, and with I and I\ polarized dually.

Because of the independence of paths on both sides of ¢, that we know
from lemma 4.3.13, the label lgl)lél) e 17(11) is also well-formed, and thus
comes from a loop in e;. But this is a contradiction to the assumption
that e; does not contain loops.

Hence there are no loops in N(e). O
With this information, we can directly conclude:

Corollary 4.3.19. Let e be a typed lambda term. Then the number of paths
in N(e) is finite.

So we know that the prenets in examples 4.3.16 are not the prenets of
any A-term.

4.3.4 Ramification

An outstanding difference between sequent systems for classical and intu-
itionistic logic is the handling of contractions. In a classical sequent proof,
contraction may be used on any formula of a sequent. As intuitionistic
sequents have only one conclusion (i.e. they are of the form I' - A), contrac-
tion on the right hand side of a sequent is not possible. As a polarization
provides a means to represent the difference between left and right, we can
also translate the intuitionistic restriction of contractions into the language
of prenets.

Definition 4.3.20. Let N be a polarized prenet. A leaf [ of N is called an
output leaf, if [ and all ancestors of [ are o nodes.

A leaf k of N is called an input leaf, if k ia a e node, and if there are
natural numbers m,n > 0 such that the first m ancestors of k are e nodes,
while the remaining n ancestors of k£ are o nodes.

A polarized prenet N = L > t|C is unramified, if there is at most one
path in path(V,C) to every output leaf in N.

Example 4.3.21. The prenet from example 4.1.17 has only the polarization
seen in example 4.3.2, and exactly one output leaf (marked by a circle):

X2 -f.1 f.1
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Obviously, there is exactly one path ending in this node. All e leaves of this
prenet are input leaves.

The following prenet is polarizable and classically correct, however its
unique output leaf (the rightmost node) has two incoming paths:

ae bo ae o
N N

\.%

AN

!

(@]

The underlying sequent is Pierce’s law  ((a — b) — a) — a, which has no
intuitionistic proof.

Proposition 4.3.22. Let A be a type. If t = T(A,1) polarized by the rules
of 4.3.1, such that its root is a o node, then there is at least one output leaf.

If A contains no conjunctions and disjunctions, then the output leaf is
unique.

Proof. This follows directly from the polarization rules 4.3.1. 0

Lemma 4.3.23. Let e be a term. If 1 is an output leaf of N(e), and if
(k,l,0) € path(IN(e)) is a path ending in 1, then k is an input leaf.

Proof. We again proceed by induction on the number of applications in e.

Let N(e) = L > t|C, and let [ be an output leaf of N(e). All leaves
in N(e) were introduced either by a variable or constant occurrence or by
a variable binder. As lemma 4.3.4 and the unique propagation of polarities
(cf. proposition 4.3.3) ensure that the roots of the trees coming from binders
are always e nodes, [ must come from a variable or a constant.

Assume that [ comes from a variable v. The argumentation for the
constants is analog, if we interpret them as abstractions as motivated in
4.2.10. If there is any link to [, then it comes from the corresponding node
k in the tree ¢’ of Av. As all ancestors of [ are o nodes, the by 4.3.5 dually
markable ancestors of k in ¢’ are all e nodes.

We distinguish two cases:

e If e does not contain a subterm of the form (Av.eq) ey, the tree t is
not part of a cut of N(e), instead, ¢ is of the following shape:
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o

l
v t(2¢ ;V\_)m)
v@l) L

—0

All nodes between t(g) and ¢(2) are o nodes, and all nodes between
t(2'1) = t'(¢) and k are e nodes. So k is an input leaf, and k is the
only node where a path to [ starts.

—_

e If e contains a subterm of the form (Av.ey)ea, there is a cut ¢ € C
such that ¢.2 =1t'. As ¢(g) is a ® node, and as ' is polarized dually to
the tree coming from v, all predecessors of k are e nodes. This means,
that k is an input leaf.

If there is no longer path leading to [, we are done. Otherwise the path
enters ¢ in the node opposite to k: If k = ¢.2m, it enters in I’ = c.17.

! k

N
Qe
Consider the term e = Av;. ... Av,.e2, where ey is extended by all the
binders of e that bind free variables of es. As c.1 is polarized dually
to ¢.2, all nodes of the path from ¢(1) to I" are o nodes. Hence, I’ is an
output leaf of ). By induction hypothesis, the paths in N(¢)) ending
in I’ begin in input leaves (which cannot be leaves of c.1, because ¢(1)
is a o node but ¢(¢) is not). Expanding these paths by the link from &
to [ yields the paths to [, so all their start points are input leaves. [

Lemma 4.3.24. Let e be a term that does not contain the constant case.
Let 1 be an output leaf of N(e) = L > t|C and let (k,l,0) € path(N(e), C)
be a path ending in [.

If k and a o leaf I' have a common ancestor that is a e node, then there
is at most one path (k',1’,0") € path(N(e),C) such that o'o is well-formed.

Proof. We show the proposition by induction on the number of applications
in e.

e Let e be application-free. If e is of the form Avq....Av,.v; with 1 <

i < n, then every leaf is the starting point of at most one path. Thus

the statement is true. The same holds for all constants except case. If

e is of the form Avj....Av,.v with v # v; for all 1 < i < n, then N(e)
does not contain any leaves at all, so the statement is also true.
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e Let e be a formula containing at least one application. Then e is of the
form Avi....Av,.eq e, with n > 0. Let ¢ € C be the cut introduced

by the application e; e2. The terms €, = Av;. ... \v,.e; contain strictly
less applications than e, so we may use the induction hypothesis for
both terms.

Let (k,l,0) € path(N(e), C). If the path lies completely in N(¢}), the
lemma holds by induction hypothesis for e].

Otherwise, the path uses the cut c. Then we can split it into two parts
(k,l',01) and (K',1,09), such that (k,l’,o1) does not use c.

ke N ow/ TN

vw

By lemma 4.3.23, k' is an input node, and since c.1 and ¢.2 are dually
polarized, I’ is an output leaf of N(é}).

The induction hypothesis for (k,!’,01) and €/, proves the claim. O
Proposition 4.3.25. Let e be a \™"-term. Then N(e) is unramified.

Proof. To simplify the notation in this proof, we will say that a path p is a
full path in a prenet N | if it is a path through all cuts of N.

Let N(e) = L > t|C be equipped with a polarization. We proceed by
induction on the number of applications in e.

e Let e be application-free. Then e is a constant, or e is of the form
Av1. ... Avp.v with n > 0 (and not necessarily v = v; for any 7). There
is at most one link ending in any leaf N(e), and as the prenet does not
contain cuts, all paths are links.

e Let e be a formula containing at least one application. Then e is of the
form Avi....Av,.e1 e, with n > 0. Let ¢ € C be the cut introduced
by the application e ea. The terms €], = Avj. ... Av,.e; contain strictly
less applications than e. So N(e}) and N(e)) are unramified.

Let [ be any output leaf of N(e). We will now incrementally construct
the possible ending of a path to [. To do this, we divide each such
possible ending into its parts inside €] and €, respectively. This is not
hard, but it means that we have to jump to and fro in N(e).

As an output leaf of N(e), [ is also an output leaf of N(e}). By
induction hypothesis for e/, there is at most one full path (k,l,0) in
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N(e)). If such a path does not exist, there can also be no full path to
[ in N(e). If such a path exists and k is not a leaf of ¢, then (k,[, o) is
also the only full path to [ in N(e).

So assume that k = ¢(2) is a leaf of (the right subtree of) c. Because
k is an input leaf by lemma 4.3.23 for €}, and because c.1 and ¢.2 are
dually polarized, I’ :=¢(17) is an output leaf of N(e}). By induction
hypothesis for €}, there is at most one full path (k,1',0") in N(e}). As
before, the only interesting case is k' = ¢(1p).

Lemma 4.3.24 for €} ensures that there is at most one full path in
¢} that can be prefixed to (k,l,0). Because paths in €| and €, are
independent by lemma 4.3.13, the same holds also for the combined
path (k',l,0'0). Again, the only interesting case is that the prefix
starts in a leaf of c.

If this is the case, the same argument as before yields the existence
of at most one prefix in €. Iteration of this process for ¢} and €} in
turn always yields at most one new prefix. The iteration terminates,
because leaves(c) is finite and N(e) contains no loops by proposition
4.3.18. O

4.3.5 Sequentialization

We will now justify the terminology “sequentializeble”: If we have a sequen-
tializable prenet, there is a way to retrieve a term, i.e. a natural deduction
or sequent proof, that is translated into this prenet:

Theorem 4.3.26. It is decidable, whether a prenet is the image under N
of a closed A-term.

Let N = L > t|C be the prenet of a closed A-term e, and let Ny pqes be
the number of nodes in N. If e contains at most one instance of the constant
null, then a term e’ with N = N(e’) can be computed in time O(Nyoges)-

Proof. Decidability is obvious, because we can enumerate all A-terms whose
corresponding prenets contain ny.qes nodes, i.e. all A-terms whose variable
occurrences have types containing all in all n,,qes Symbols. The really in-
teresting statement is that the reconstruction of ¢ can be done in linear
time.

We first describe an algorithm computing €’ from N in the case of a
simply typed term e. This allows us to concentrate on the essential ideas.
Then this algorithm is extended to the full calculus, and we finally analyze
the complexity.

Analyzing prenets of closed A~ -terms: In a preprocessing step, we index
all links by their label, and we mark all trees coming from a binder.

Step 1: Find the output leaf [ of £. This leaf exists and is unique because
of proposition 4.3.22. As e is closed, and [ comes from a variable,
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there is exactly one link touching [. This link is unique, because N is
unramified. Let it be (I',1, (+,v,1)).

Let vy, ..., v be the different variables occurring in other links that use
leaves of ¢ (sorted, starting from the leftmost leaf). These correspond
to the binders whose trees are subtrees of ¢.

Step 2: We know that I’ comes from the binder Avg. Follow, starting with
the leftmost sibling of ', all other links labeled (+,v,1).

Step 3: If such a link leads to the right side of a cut, this cut must come
from an application of v* to another term.

So let c1,...,¢, be these cuts, i.e. ¢1.2,...,¢,.2 are reached by the
links. Restart the algorithm with c;.1,..., ¢y 1 instead of ¢, which
produces terms eq, ..., €.

Step 4: Collecting all the information we have so far, the net associated to
the term e:=Avy.... A\vg.vger ... e, is contained in N. Additionally,
it contains all nodes visited so far in any instance of step 1, but not
necessarily all from an instance of step 2.

If all binders encountered so far have been used for a term, return e.
If otherwise all possible instances of a variable v’ are contained in e,
look at the tree coming from the binder A\v’. As this is not a subtree
of t (those have been handled in step 1), it must be the right direct
subtree of a cut ¢/. Restart the algorithm with ¢’ instead of ¢, resulting
in a term €’. Replace e by (\v'.e) ¢/, and repeat this step.

It is obvious that every leaf of N is contained in N(e), that the appli-
cation structure is done in such a way that the cuts of N(e) correspond to
those of IV, and that the linkings of both prenets are identical.

Extension to A"\ -terms: If e may contain conjunctions, then ¢t may have
multiple output leaves. We can proceed with the algorithm by following the
link to an arbitrary output node. Here again, we use the fact that the
constants pair, m; and me can be regarded as abstractions. The difference
between these constants can easily be read off from the shape of the tree
that is linked to I. The rest of the algorithm does not change at all, except
that v may not only be a variable, but also one of the conjunctive constants.

Including the other A-terms: Including the constants case, inl and inr
is completely analogous to the inclusion of pair, m; and 7o, except that the
concrete constant can directly be read off the shape of ¢, and for case have
to follow two links. A special case occurs, if the constant null comes into
play. Then all output leaves are not part of the linking of N. However, if
there is only one occurrence of null in e, then there is a unique 1-labeled
leaf in N, which is linked to itself. Then we can continue the algorithm as
if [ had been linked to this node.
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Runtime: We analyze only the elementary algorithm. The extensions do
not change the complexity. Let n,,40s be the number of nodes in NV, and let
TMinks be the number of links.

The preprocessing can obviously be done in time O (jinks+"links)-

It is easy to model the necessary data structures in such a way, that
finding the links needed in steps 2 and 3 (and the 1-leaf) takes constant
time per link. Each link of N is visited at most twice, always directly
between the visits to the nodes it connects, and all links coming from the
same variable occurrence are visited at the same time. So all instances of
link operations together take O(njnks). Walking up the trees in all runs of
step 1 takes O(Npodes), and walking down to the root in step 3 can be done
in constant time per walk, i.e. O(jnks) altogether. If we count the number
of unprocessed occurrences of the variables incrementally in step 1, which
can be done in constant time per update, each instance of step 4 also takes
constant time.

All in all, the algorithm for A~ has a runtime of O (jinks+7inks)- As each
link touches at least on leaf that is touched by no other link, jinks < Miinks,
i.e. the runtime is O(nyinks)- O

Remark 4.3.27.

e The problem with the constant null comes from its fragmentation of
the prenet. To get an idea, consider, for a variable n of type L, the
prenet of the term An.null (nulln) of type a:

) n.l1 O
1 a

7~ N\ R

1 1 1 1
N\ 7/ N\ 7/
O o

—

After finding the (unique) output node, we know that we have to
continue at one of the 1-nodes with a link to itself. However, we can
only nondeterministically guess which one to take. This means, that
an extension of the reconstruction algorithm to arbitrary terms has
the complexity O(n - npun!), where npyy is the number of occurrences
of the constant null in e.

e The term found by the algorithm is in general not the only term that
is translated to the given prenet N. E.g. the two terms

ALt fH(f2 7)) (')
and

A (2 2®) T y))
both translate to the prenet
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from example 4.3.12. Applying the algorithm to this prenet yields the
first term.

4.4 Cut Elimination

Whenever a new proof system is introduced, one is interested in some major
properties. And when a system contains a cut rule, probably the most
important question is whether this rule is admissible, i.e. whether there is
a way to transform a given proof into one that does not contain any cuts.
This idea was introduced by Gentzen [Gen35]. When he discovered natural
deduction and the sequent calculus for intuitionistic and classical logic, the
highlight was his Hauptsatz, that proved admissibility of the cut rule in his
sequent calculi. The potential complexity of this question can be seen in the
fact that it took about 30 years until Prawitz [Pra65] succeeded in proving
the same theorem for natural deduction.

In the realm of proof nets, cut elimination is usually much easier to cope
with. Whether we look at proof nets for multiplicative linear logic, or for
extensions, or at classical proof nets — in every case, cut admissibility was
proved along with the introduction of the system.

We will continue this tradition by giving a cut elimination procedure
for intuitionistic prenets. This cut elimination procedure takes the general
idea of chasing links through cuts from cut elimination in the context of
classical proof nets. However, we use the label attached to each link to
choose “good” link combinations. Proceeding this way, in which the good
link combinations bear a meaning, we get a somehow canonical definition
of cut elimination and avoid ad hoc decisions. At the same time, this cut
elimination has many desirable properties. Above all, we will show that it
is terminating and confluent.

Knowing this, we can also finally distinguish real intuitionistic proof nets,
i.e. a sufficiently large class of prenets that can be regarded as intuitionistic
proofs.

As it will (on the long run) be interesting to see how proof nets of different
calculi can be seen as parts of one general theory, we also show how to define
another cut elimination that produces the same normal forms but is even
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closer to classical cut elimination, because it first simplifies cuts between
complex trees and then only has to care about cuts between atoms.

Our final goal is to compare cut elimination and reduction procedures
for A-terms. Although it would be nice to have as close as possible a corre-
spondence between both, we will show that anything near a bisimulation is
impossible. However, we will characterize many cases, in which term reduc-
tion does not or only slightly change the normal form of the corresponding
prenet.

4.4.1 Intuitionistic Cut Elimination

As intuitionistic logic is naturally a fragment of classical logic, and as in-
tuitionistic prenets look almost like their classical counterparts, a first ap-
proach could be to regard intuitionistic prenets as classical prenets and copy
the classical cut elimination into our framework. However, this method has
a huge drawback: cut elimination for classical prenets is not confluent, and
it is yet unknown, whether a restriction to intuitionistic prenets solves this
problem.

However, we will maintain a basic idea of cut elimination in classical
prenets: Eliminiating a cut means following the paths through this cut.

Definition 4.4.1. Let N = L > t|C be a prenet and ¢ € C. The result of
the cut elimination of ¢ in N is the prenet

CE(N,c¢) :=path(N,{c}) > t|C\ {c} .

At first glance, this is exactly the way cut elimination was defined for
classical propositional logic. Note however, that our notion of the paths
through a cut imposes a restriction on the labels of the links that form these
paths, thus eliminating some potential paths we would allow when doing
cut elimination in classical logic. On the other hand, we relax the somehow
unnatural condition to rule out all links crossing a cut, which means that
we may allow more paths.

Example 4.4.2.

e Let us have a look at the prenet of (Afz.f(fz))(Ay.y):
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Reduction of the two rightmost cuts yields the following prenet, which
we already know from example 4.3.14:

x.3,-£.2 fi
/\ L_\l \ )
NSNS N/
N,

When we do cut elimination as if this were a classical prenet, we get a
net with one link that would be labeled (2.3, —f.2,4.6, f.1) (and thus
not be well-formed). With the new cut reduction procedure, we get
a link with a different label, namely (x.3, —f.2,9.6, f.2, —f.1,y.6, f.1).
This means, that we took a different path through the cut. Remark
again how this path reflects the input/output flow in the term: z is
the input to one instance of f, which is instantiated by the identity,
produces an output that is used as the input to the other instance of
f, which is again instantiated by the identity function and produces
the output of the term.

e In general, classical cut elimination for these prenets does not follow
this flow, but it merges disjoint parts of terms. Consider for example
the term Az.(AfAh.Ag.g (h(fz))(h(fz)))id, where h : a — a and
g:a— a—b. This is (up to link labels) the corresponding intuition-
istically reduced prenet:

—, A—\ /‘\b

If we look at the classically reduced prenet of the term, we see that it
contains two extra links:

@ A—\ mb
\/
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These come from the fact, that the two instances of f are not kept
apart by the classical reduction, and so both instances of x are linked
to both instances of h.

Above all, this example shows, that intuitionistic cut elimination is
not just a different way to model classical cut reduction restricted to
intuitionistic prenets.

Let us now throw a glance at some important properties that we want
cut elimination to enjoy. First of all, a normal form should be reached after
finitely many steps.

Proposition 4.4.3. Cut elimination for intuitionistic prenets is terminat-
mng.

Proof. As every step of cut elimination reduces the number of cuts by one,
the cut elimination of a prenet L > ¢ | C terminates after exatly |C| steps. [

When we define cut elimination as above, we even get confluence for free:
Proposition 4.4.4. Cut elimination for intuitionistic prenets is confluent.

Proof. Let N be a prenet containing two cuts ¢1, c2, and let N; = L; > t| C;
be the result of eliminating the cut ¢;. Then

CE(N1, Cg) = path(Nl, {CQ}) >t | & \ {CQ}
= path(N,{c1,c2}) > t|C\ {c1, 2}

= path(Na,{c1}) > t|C2\ {c1}
= CE(NQ, 01)

This proves that cut elimination is locally confluent. As we already know
that it is also terminating, local confluence implies global confluence. O

Notation 4.4.5. If N = L > t|C is a prenet, and C' = {¢1,...,¢,} C Cis
a set of cuts, then we write CE(N, C") for the successive cut elimination of
the elements of C’ (in any order), and we write CE(N) = CE(N, C) for the
prenet that results from the elimination of all cuts in V.

Putting these results together yields:

Theorem 4.4.6. Each prenet has exactly one normal form with respect to
cut elimination.

Proof. This follows directly from the propositions 4.4.3 and 4.4.4. O

We can even easily describe the unique normal form of a prenet without
doing every single reduction step:
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Corollary 4.4.7. Let N = L > t|C be a prenet. The unique normal form
of N is the prenet
CE(N) = path(N,C) >t |0 .

Remember that one idea behind prenets is that proofs can be represented
in a compact way, and that cut elimination is supposed to further simplify
this representation. So above all, cut elimination should not transform a
finite prenet into an infinite one. The last example in 4.3.12 shows, that
with one step of cut elimination, a finite prenet may indeed become infinite.
But we already know that this does not happen when we restrict ourselves
to the normalization of nets coming from A\-terms:

Proposition 4.4.8. Let e be a typed lambda term. If any number of cuts
in N(e) is eliminated, the resulting net contains only finitely many links.

Proof. Let N(e) = L > t|C, and let N' = L’ > t|C"’ be the result of any
series of cut eliminations in N(e).

We know from proposition 4.3.19, that the number |path(/V)| of paths
in N(e) is finite. As the set of links of N’, which equals path(N’,0), is a
subset, it must be finite as well:

Ipath(N’,0)| = |path(N(e), C'\ C")| < |path(N(e))| < oo O

We can say even more about properties of prenets that are preserved by
cut elimination:

Theorem 4.4.9. Cut elimination preserves polarizability, finiteness and
non-ramification.

Proof. Let e be a prenet, N(e) = L > t|C, ¢ € C and N' = CE(N,¢) =
L'>t|C\{c}.

If N(e) is polarizable, then all trees of {¢t} U C are polarizable. In par-
ticular, all trees of {t} U C'\ {c} are polarizable. Have have to show, that
the new links obey rule (1). Since every link of N(e) starts in a e node, so
does every path of N(e). If a path of N(e) ends in a e node, then its last
link ends in a 1-labeled node, so the same holds for the whole path.

If N(e) is finite, then the set path(N’) C path(IV) is also finite (cf. propo-
sition 4.4.8). The same argument shows, that N’ is unramified, whenever
N is unramified. O

Remark 4.4.10. In general, a prenet may well reduce to a prenet that is
not classically correct. For example, the prenet

-x.1 X.2
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reduces to the following, not classically correct prenet:
a a
N/
—

4.4.2 Prenet Equivalence and Proof Nets

The link labels are mainly an additional algorithmic information that is
supposed to control the behavior of a prenet under cut elimination. Hence
two nets are equivalent, if they have the same shape, and if the prenets
“behave the same way” with respect to cut elimination:

Definition 4.4.11. Given two intuitionistic prenets N = L > ¢|C and
N' =L > t'|C', we say that N is stronger than N’, if there is a bijection
f{t} UC — {t'} UC’ and a partial, surjective function g: path(N) —
path(N"), such that:

(1) The bijection f maps each tree to an equivalent tree:

VYt € {t} ucC: f(tl) =1

(2) g identifies only paths between corresponding leaves: If the canonical
extension of f to the leaves in N and N’ is denoted by

f: leaves(N) — leaves(N') |
then

Y(l1,12,0) € dom(g) : 30’ € L : g(ly,la,0) = (f(lh), f(l2), o) .

(3) The labels of two paths p1,ps € dom(g) can be combined to a well-
formed label, if and only if the same holds for the labels of g(p;) and

g(p2)-

If N is stronger than N’, and N’ is stronger than N, then N and N’ are
called strongly equivalent.

Remark 4.4.12.

e The intuition behind this comparison is, that the stronger a prenet is,
the more information is contained in it, and that strongly equivalent
prenets contain exactly the same information.

e The relation stronger than is a preorder on the set of prenets, i.e. it is
reflexive and transitive.

e Because of the first condition, only prenets of the same type can be
compared. The second condition guarantees, that there are at least as
many path candidates in N as in N’, and the third condition extends
this guaranty to paths.
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e Strong equivalence of nets trivially defines an equivalence relation, i.e.
it is reflexive, symmetric and transitive.

Example 4.4.13.

e If two terms e and ¢’ are a-equivalent, and both terms bind no vari-
able more than once (which is a precondition for their translation into
prenets, cf. 4.2.2), then their proof nets N(e) and N(e’) are strongly
equivalent.

e The two prenets

(X'27'f'1) f]_
a a a a

and

-f.1 f.1

a/@?ﬂ;\a
Norn= N/ N/
.

are strongly equivalent, and both are neither weaker nor stronger than

(_f.1,f.2)£%.2)<._1\

CE(N(\fAz.f(fx)))= a\_/a a\_)/“
\H s

The last example is just one instance of the general situation that, if
a certain variable occurs only once in a term, i.e. if a label featuring this
variable must have a fixed occurrence marker, then we can delete the label
components containing the variable:

Lemma 4.4.14. Let N be a prenet, let v € V be a variable and iy a fized
integer. If each component of a link label of N involving v is of the form
(£, v,10), then replacing all these components by € yields a prenet N' which
1s strongly equivalent to N .
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Proof. Let d: L — L be the function that deletes all label components con-
taining v:

d(e):=e¢
d((£,v,1)):=¢ for all i € N
d((£,w,1)) := (£, w,1) for all w € V\ {v},i e N
d(ca’):=d(o)d(c") for all 0 # ¢ # o’

Let g: path(IN) — path(NN’) be the function deleting all occurrences of v:

g(,l' o) :=(1,1',d(0))

Then g is by construction a bijection between the paths in N and N’, iden-
tifying only paths between corresponding leaves. As label components in-
volving v do not occur in the form (£, v,i) and (&, v,j) for i # j, these
components do not affect the well-formedness of any combination of path
labels in N.

Hence g meets the demands of definition 4.4.14, and N and N’ are
strongly equivalent. O

We can further use the recursive definition of well-formedness to simplify
the labels in a prenet:

Lemma 4.4.15. Let N be a prenet, let v be a variable, and let (I,I',o10903)
be a link in N, such that oo does not contain components of the form (£, v, 1)
for any integer 1.

Then replacing (1,1',o10903) by (I,I',01(—,v,i)02(+,v,4)03) produces a
strongly equivalent prenet.

Proof. Let N =L > t|C, and let N' = L' > ¢t|C be the prenet produced
by the replacement.

If f:{t}uC — {t} UC and g: path(IN) — path(N’) are both chosen
to be the respective identity functions, then we only have to show that the
labels of two paths in N can be combined to a well-formed label, if and only
if the same holds for the corresponding paths in N’.

This is trivial, if none of the involved label components is the one we
changed.

So assume, that the combination of the labels of two paths p; and po
in N, one of which uses the link (I,!',010903), is well-formed. We write
this combined label as ¢’c109030". By definition 4.3.11, o’oy09030" is well-
formed, if and only if 0’01 (—,v,4)o2(+, v,i)o30”, i.e. the combination of the
corresponding path labels in N’, is well-formed. O

Although we now have some notion of equivalence of equally shaped
prenets, what we are really interested in is a description of those nets that
reduce to the same normal form.
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Definition 4.4.16. Two prenets N and N’ are equivalent, if their normal
forms CE(N) and CE(N’) are strongly equivalent.

We can now distinguish a class of prenets that correspond — under this
notion of equivalence — to an intuitionistic proof in natural deduction:

Definition 4.4.17. A prenet is called an (intuitionistic) proof net, if it is
equivalent to IN(e) for some A-term e.

Example 4.4.18. All intuitionistic prenets that we have seen so far are
proof nets, except the prenets of Pierce’s law and double negation, and
the loop-containing prenet from example 4.3.16. Even the prenets of the
constants are proof nets. The proof net of An.nulln, for example, reduces
to a prenet that is strongly equivalent to N(null).

We directly see, that proof nets are closed under cut elimination:
Theorem 4.4.19. Cut elimination transforms proof nets into proof nets.

The following shows, that this notion of equivalence interacts well with
strong equivalence.

Proposition 4.4.20. Let N = L > t|C be stronger than N' = L' > t'|C’,
and let the cut ¢ € C corresponds to ¢ € C'. Then CE(N,c) is stronger
than CE(N', ).

Proof. Without loss of generality, we assume ¢t = t' and C' = C’. Then

CE(N,c) = path(N,c) > t|C\ {c} and
CE(N',¢) = path(N',c) > t|C \ {c} .

We have to show that there is a partial surjection of path(N,c) onto
path(N’, ¢) that is subject to the requirements in definition 4.4.11.

Let g: path(N) — path(N’) be the corresponding surjection for N and
N'. Let p’ € path(N’, ¢) be any path in CE(N’, ¢). Since g is surjective, there
is a preimage p € path(N), such that g(p) = p/. Furthermore, condition (2)
ensures p € path(NV, c¢).

Hence the restriction

g’gfl(path(N’,c)): g_l(path(N/7 C)) - path(N/, C)
is the searched-for function. O

Corollary 4.4.21. Let N =L > t|C and N' =L > t'|C’ be two strongly
equivalent prenets, and let the cut ¢ € C correspond to ¢ € C'. Then
CE(N,c) and CE(N', ') are strongly equivalent.

Example 4.4.22. The two prenets from example 4.4.2 are equivalent to
their common normal form
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(x.3,-1.2,y.6,£.2,-f.1,y.6,{.1)
N

N/

and to the following normal prenet:

xX.3
N

N/

4.4.3 Atomic Cut Elimination

In all former proof net calculi, e.g. in the case of classical proof nets, cut
elimination is done in two structurally different steps: Cuts between the trees
of complex formulas are first split into cuts between subformulas, and only
when a cut between atoms is reduced, real work is done. The presented cut
elimination procedure for intuitionistic prenets works differently: No matter
how large a cut is, it is eliminated in one step.

However, we can also express this cut elimination as the combination of
cut simplifications and the reduction of cuts between atoms.

Definition 4.4.23. Let N = L > t|C be a prenet and ¢ = (t1 ¢ t3) € C.

The result of the atomic cut elimination of ¢ in N is the prenet

CEL(N.c) 1= path(N, {c}) > t|C\ {c} if dom('tl) ={e}
Lt|C\{c}U{t1.1Qt2.1,£1.2 P t2.2}  otherwise.

Proposition 4.4.24. Given a prenet N, the two notions of cut elimination
reduce N to the same normal form.

Proof. Tt suffices to show, that cut elimination via CE, terminates, and that
this reduction relation has the same effect on the paths as CE.

e We first prove the termination of CE,. Given a prenet N = L > ¢|C,
let n(N') be the overall number of nodes belonging to a cut of N:

n(N):= Z |dom(c)]
cdeC
Obviously n(N) > 0, and we show that n(N) decreases by at least 1
during each step of atomic cut elimination.

Let ¢ = (t1 ¢ t2) € C be a cut of N. If ¢ is a cut between two atoms,
then

n(CE.(N,c)) = Y [dom(c)|

deC\{c}

= (Z |d0m(c’)|) — |dom(c)| =n(N) -3 .

cdeC
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Otherwise let ¢ :=1¢1.1 Q0 t2.1 and ¢ :=11.2 ¢ t2.2. Then

n(CEy(N,¢))= > |dom(c)]

ceC\{c}U{c1,c2}

= (Z \dom(C')\> — |dom(c)| 4 [dom(cy )| + |dom(cz))|
cdeC
=n(N)-1.

e Let N = L > t|C be a prenet, ¢ € C and CE,(N,c) = L' > t'|C’.
We show, that the paths in N through C are exactly the paths in
CE. (N, ¢) through C".

If ¢ is a cut between two atoms, then CE, (N, ¢) = CE(N,¢), so there
is nothing to show.

Otherwise let ¢1 :=¢1.1 0 t2.1 and c9:=11.2 ¢ ¢5.2.

Let p € path(N,C), and let [, 11,1},...,lh—1,0,_1,1n € leaves(C) be
the series of links lying on the path, i.e. the series such that the re-
quirements of the definition 4.3.10 are fulfilled.

Then the same series of links also fulfills the requirements of a path
candidate in CE,(N, ¢) through C’: (1), (2) and (4) are automatically
fulfilled, because leaves(C’) = leaves(C) and L = L', and (3) is ful-
filled, because we can replace each occurrence of (¢, 7) in (3) by (c1, p),
if 7 = 1.p, and by (c2, p), if 7 = 2.p.

Since the well-formedness of the label of a path candiate does not de-
pend on the surrouding prenet, p is also a path in path(CE, (N, c), C").

This transfer is reversible, just by replacing each occurrence of (¢;, )
by (c.im). So path(N,C) = path(CE,(N,¢),C"). O

Corollary 4.4.25. When computing the normal form of a prenet with re-
spect to CE, we may freely use both reductions with CE and CE,.

4.4.4 Cut Elimination and Other Normalization Procedures

Cut elimination for multiplicative linear logic has an analog in the calculus
of structures [Gug02], where cuts can be eliminated via a technique called
splitting.

Lamarche and Strafburger [SL04] quickly found out, that their cut elim-
ination procedure does not work parallel to cut elimination in the sequent
calculus, and conjectured it also to be modeled by splitting in an adjusted
version of the calculus of structures.

Of course, a strong connection to a different proof system has the ad-
vantage that many properties of the new system come for free. In general,
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4.4. Cut Elimination

there seem to be at least two ways to describe the relation between two
normalization strategies. The strongest is (bi-)simulation. In our setting,
this is the question, whether a step of #n-reduction corresponds exactly to
one step of cut elimination:

e N(e)
ﬁ’?l l cut elimination
e N(e)

If this is not possible, there is also the request that normal forms in both
formalisms correspond. However, when we compare (n-reduction and cut
elimination, we have to realize that both goals are not satisfiable:

Example 4.4.26. Let f"x be an abbreviation for f(f" 'z), if n > 1, and
for z, if n = 0,.

The terms e, = Af.Az.f"x are Sn-normal, but their proof nets contain
n cuts and hence are not normal for n > 1. So the second goal is not
achievable, no matter what cut elimination procedure we choose.

The same holds for the first goal: Cut elimination in all theories of
prenets developed so far (including ours) reduces not more than one cut per
step, so this seems to be a reasonable assumption. This assumption also
means, that the number of steps to a normal form is independent of the
reduction strategy. However, this does in general not hold in the A-calculus.
The term (Af.z)(e,(Az.x)) for example takes any number of steps between
1 and n + 2 to reach a normal form.

Another question is, whether proof nets and their cut elimination are

monotone, in the sense that if e.g. e 2 e’, then the number of links in the
normal form CE(IN(e)) is always larger, or always smaller than the number
of links in CE(N(¢)). However, this monotonicity does not hold:

Example 4.4.27. We ignore link labels in this example.
The normal form of the proof net of A\f.Az.(A\y.z) (f ) contains one link
more than the proof net of its S-normal form A\f.Az.x:

CE(N(AfAz. (\y.z) (fz))) : CE(N(AfAz.2)) :
am/—\a ~

VARV NS
% %

For g : a — a — a, the term Az.Af Ag.(Ay.gyy) (f z) and its S-normal form
AxAf A g y.g (fx) (f z), the situation is the other way round:
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4. Proof Nets for Intuitionistic Logic

CE(N(Az.AfA g \y.gyy) (fz))): CENOAzAfAgNy.g(fz)(fx))):
Y AA;\& Y —~ A~ N\~

a
\_>/ \_>/\—/ \_>/ \ /\_>
\ \_}
L,
A

This means, that we can only hope for some basic parallels between cut
elimination and the reduction of A-terms. But in fact, there are some. An
almost trivial one is, that if N(e) is a normal proof net, then e is also normal:

Proposition 4.4.28. Let e be a A-term, such that N(e) is normal with
respect to cut elimination. The e is Bn-normal and does not contain a sum-
or product-redex.

Proof. As N(e) does not contain any cuts, it is of the form Avi....Av,.v
with n > 0. ]

Considering now each of the different reduction procedures by itself, we
see several parallels to cut elimination. In particular, n-reduction can be
simulated by cut elimination:

Proposition 4.4.29. Let e and €' be any A-terms, such that e reduces in
one n-step to e'. Then the proof nets N(e) and N(e') are equivalent.

Proof. For simplicity, we assume that the reduction happens at top level,
ie. e = Av.eyv with v € F'V(e1). The case of a reduction deep within e is
completely analogous.
Then N(e) = L > t|C has the following shape:
+v.1

7N e

VARYAAARY,
from from

AUQ@ ~

—

That v is not free in e; ensures that no link connects N(e;) and the tree
coming from Av.

Let N(e1) = L1 > t1 |Cy. If ¢ € C is the cut introduced by the applica-
tion ey v, and if L, contains the links introduced by the abstraction Av.eq v.
Then

N(61 ’U) =Li>t.2 | cCiu {C}
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4.4. Cut Elimination

and
N()\v.el 1)) =LiUMN D>ty — 1.2 | Ch U {C}

where t( is equivalent to ¢;.1. Hence
CE(N(\v.ejv),c) =L >ty — t1.2|Cy ,
where

L' ={(to.m, 1, (+,v,i)0) | (c.27,l,0) € L1}
uU{(l,to.m,0(—,v,7)) | (l,c.2m,0) € L1}
U{(l,',0) € L1|1,I' € leaves(c.2)} .

Using lemma 4.4.14 and the equivalence of t5 and o V t1.2, we can directly
conclude that the two prenets CE(N(Av.ejv),c) and N(e;) are strongly
equivalent. ]

The other situation that we can describe completely is (-reduction in
the linear fragment of the calculus, i.e. the fragment where a variable binder
Av binds exact one occurrence of v:

Proposition 4.4.30. Let e = (\v.e1) e2 be a A-term, where v occurs ezxactly
once freely in e;.
Then the proof nets N(e) and N(ej[v — e3]) are equivalent.

Proof. The situation is as follows:

tv.i
N(ez) N(e1)
N{(e) : 2 O 1
VY | Vo
/
2
N(e1)
N(er[v — eg]) : N(e2) '

vV

Let N(e) = L > t|C, let N(e;) = L; > t;| C;, and let ¢ be the cut in N(e)
introduced by the application. If L, contains the links introduced by the
abstraction Av.ej, and if ¢ € C is the cut introduced by the application
(Av.e1) e2, then N(ej[v — eg]) is of the form

N(el[’ui—>€2]) =L1ULy Dt1’01UCQ .
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On the other hand, we have
N(Mv.ey) = L1 ULy, >ty — t1|Ch
(for some tree tg) and
N((Av.ep)es) = L1 UL, ULy >t |CrUCU{c} .
This means, that CE(N(e), ¢) is of the form
CE(N(e),c) = LiUL >t |CLUCy ,
where

L' ={(,to.m,0(+,v,i)) | (I,c1m, 0) € Ly Al & leaves(c.1)}
U{(to.m, I, (—,v z) )| (c1m,l,0) € Ly ANl & leaves(c.1)}
U{(to.m to.w', (=, v,4)o(+,v,1)) | (c.1m,c.1n’,0) € Lo}
u{(,l,o ELQHZ ¢ leaves(c.1)} .

Thus, deletion of the label components of the form (+,v,1) yields exactly
the proof net N(ej[v +— e2]). By lemma 4.4.14, both nets are strongly
equivalent. ]

The second situation where -reduction corresponds exactly to cut elim-
inations is the one in which the argument term is closed:

Proposition 4.4.31. Let e = (\v.ep) ea be a \-term, where ez is a closed
term.
Then the proof nets N(e) and N(ej[v — es]) are equivalent.

Proof. Let ¢ be the cut in N(e) introduced by the application. We show
that the elimination of ¢ and all cuts introduced by an occurrence of es in
N(e) and N(ej[v — eg]) yields strongly equivalent proof nets. Table 4.4
shows the nets we will consider during this proof.

Let N(e) = L > t|C, let N(e;) = L; > t;| C; be the subnet of N(e)
introduced by e;, and let L, contain the links introduced by the abstraction
Av.ei. Then L = L1 UL, U Lo.

Let CE(N(ep)) = Ly > to| 0. If v,... 0™ are the free occurrences of v
in ey, then reducing N(ez2) in N(e) yields

CE(N(e),Cq) = (L\ L) UL, > t|C'\ Cy
=L1UL, ULy >t|{c}UuCy .

So
CE(N(e), {c}UCy) =L uLMu...uL™ >¢|Cy

86



4.4. Cut Elimination

CE(N(e), {c} UCy) :

CE(N(e1[v — eg])),CLLU...UCH") :

L1 ()
N(e1)
from from
vl "™
L' "

V

]
vV

Table 4.4: Proof nets occurring in the proof of 4.4.31
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where

L(Z) = {(lal,a (-,U,i)O'(-I-,U,ZJ) | (l,C.27T, (_7U’i)) € Lv’
(clm,cln’ o) € L,
(c.2n’ U, (+,v,1)) € Ly }

(labels of the form (—,v,i)o(+,v,j) for i # j are not well-formed).

On the other hand, let N(e1[v — eg]) = Lg > t | Cs. This proof net con-
tains n copies Ny, j € {1,...n} of N(e2) (i.e. each N3 is strongly equivalent
to N(e2)).

But then the normal forms N}/ = Ly’ > t)7 | C}7 of the N7 are strongly
equivalent to CE(IN(e2)), so reducing these nets in N(ej[v — eg]) yields

CE(N(e1fv — e3]),Chl U...UCY" )Y =L UL U...ULY > t|Cy .

The links in L) and L’Qi correspond, and deletion of the label components
of the form (+,v,4) in the former yields exactly the the latter sets.
By lemma 4.4.15, the two proof nets are strongly equivalent. O

Remark 4.4.32. The last two propositions also hold, if the g-reduction
occurs anywhere inside a term. The proofs are analog, if N(e1) is replaced

by “the whole of N, except N(e2) and the part coming from the abstraction
A7,

When weakening comes into play, i.e. when a binder does not bind any
variable occurrence, we may lose information during (-reduction, that we
keep with cut elimination. We have already seen an example in 4.4.27, but
this is also a general result.

Proposition 4.4.33. Let e be a A-term containing the B-redex (Av.ey) ez,
where v does not occur freely in ey. If € is obtained from e by B-reduction
of this subterm, then the reduced net CE(N(e)) is stronger than the reduced
net CE(N(¢e")).

Proof. Let ¢ be the cut in N(e) introduced by the application (A\v.ep) es.
We show that the elimination of ¢ and all cuts introduced by ey in N(e)
produces a proof net that is stronger than N(e’). Table 4.5 shows the nets
we will consider during this proof.

Let N(e) = L > t|C, and let N(ea) = L2 > to|Cy be the subnet of
N(e) introduced by es.

We can write the result of the reduction of C5 in N(e) in the form

CE(N(e),Cy) =L UL UL UL®™ > t|C\ Cs .
Here

88
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N(e //_\D‘ N(ey)
A T
2
L]
L® ;
CE(N(e), () : v v N(e1)
2
. z N(el)
CE(N(e),{c} UCy) : v v
N(e) v v N(e1)

Table 4.5: Proof nets occurring in the proof of 4.4.33
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e [/ C L are those links in N(e) that do not touch es and hence are not
affected by the cut elimination,

e L! contains all links that begin and end in t» (i means internal),

e [° contains all the new links that do not begin or end in t3 (e means
external), and

e L™ contains all links that begin or end in ¢2 but not both (m means
mixed).

Since v does not occur freely in e, the abstraction Av.e; does not intro-
duce any links. This means, that the elimination of ¢ deletes all links that
begin or end in ta:

CE(N(e), {c} UCs) = L'UL > | O\ ({c} U Cy)

On the other hand, ¢’ results from e by replacing the subterm (\v.e1) eo
by e1, so
NE)=L'rt|C\ ({ctuly).

This means, that CE(N(e), {c} U Cy) is stronger than N(¢’), and by
proposition 4.4.21 the same holds for CE(N(e)) and CE(N(¢e')). O

The final two reduction methods on A-terms are product- and sum-
reduction. Both are somehow similar to weakening, in so far as they also
throw away information that is kept during cut elimination of the corre-
sponding prenet.

Proposition 4.4.34. Let e be a A-term containing one of the product-redices
m1(pairey ea) and wo(pairey es). If €' is obtained from e by product-reduction
of this subterm, then the reduced net CE(IN(e)) is stronger than the reduced
net CE(N(¢e)).

Proof. We only consider the reduction of the product-redex 7 (pair e; e2) to
e1. The case mo(pair ej e3) ~ ey is completely analogous. Table 4.6 shows
the nets we will talk about during this proof.

Let ¢1, c2 be the cuts in N(e) introduced by the pairing of e; and eg, and
let ¢ be the cut introduced by the projection. We show that the elimination
of ¢1,c2,c and all cuts introduced by ez in N(e) yields a stronger prenet
than N(¢e).

Let N(e) = L > t|C, let N(m(paire; e2)) = L, > t, | C; be the subnet
of N(e) introduced by the redex, and let N(e;) = L; > t;| C;, i € {1,2} be
the subnet introduced by e;.

We can write the result of the reduction of C5 in N(e) in the form

CE(N(e),Cy) =L UL'UL*UL®™ > t|C\ Cs .

Here again
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<Z

AR

<D/ A /\/
C1
07 Sor”
—_ N
N(7(paire; e2)) pair Ul

A G N RN, SN

,CoU{ct,c}) : N(e) :

CE(N(e)

L]

<

V

Vi VIV

Table 4.6: Proof nets occurring in the proof of 4.4.34
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e [/ C L are those links in N(e) that do not touch es and hence are not
affected by the cut elimination,

e L' contains all links that begin and end in t5,
e L° contains all the new links that do not begin or end in to, and
e L™ contains all links that begin or end in 5 but not both.

Further elimination of ¢1, ¢z and ¢ deletes all links in L' and L™ and extends
all other links touching t1 or to by the e-labeled links in Lpai and Lr. So
we can write the result of this second step of cut eliminations as

CE(N(e),CoU{c1,e2}) =L UL > t|C\ (CoU{ey,e})

where t, takes over the role of t1, i.e.
L'={
u{

U{
u{

The obvious identification of the links in L’ with those of the proof
net N(¢’), which does not contain links corresponding to L¢, shows that
CE(N(e),Cy U{c1,c2}) is stronger than N(e').

According to lemma 4.4.20, this relation is preserved by cut elimination,
so CE(N(e)) is stronger than CE(N(¢')). O

Litym,o)|(l,t1.m,0) € L' ANl & leaves(t.1) }
trm, o) | (tim,l,o0) e L' ANl ¢ leaves(t.l)}
tem, tp’ o) | (1., 0.7 o) € L'}

L,U,o) € L'|1,I" ¢ leaves({c1,ca,c}) } .

~~

Proposition 4.4.35. Let e be a A-term containing one of the sum-redices
case (inley) eg es and case(inrey) eges. If € is obtained from e by sum-re-
duction of this subterm, then the reduced net CE(N(e)) is stronger than the
reduced net CE(N(e')).

Proof. We only consider the reduction of the sum-redex case(inle;) ez e3 to
eg e1. The case case(inre;) es e3 ~ e3 e is completely analogous.

Let ¢ be the cut introduced by the application inlej, let ci, co, c3 be the
cuts in N(e) introduced by the successive application of (inlej), es and eg
to the constant case, and let N(eg) = L3 1> t3| Cs.

We can apply atomic cut elimination to reduce c¢; to two cuts c;; and
c12. From here on, the most interesting aspect of the proof is the order in
which cuts are reduced. Apart from that, the proof contains no ideas that
were not present in the proof of proposition 4.4.34, so we do not show the
explicit computation of the cut eliminations in N(e), but give the shape of
the nets that are reached by successive elimination of {c, c2}, {c12}UCs and
c3, as well as the proof net N(¢') in table 4.7.
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(e2) / N(es)\\\

v IV

Ger P Oes

Z
Z

CE(N(e), {c,c12,c2} UC3) = \'L/—m‘_

] [Na| [N/
t

VIV

<7

¢ en O es

CE(N(e), {c,c12, 2,3} UC3)

VIV

H
(o]
Z
)
Z

~F

(e2

<7

O e
N(e) -
N(e) N(e2)
NIV VY
O co

Table 4.7: Proof nets occurring in the proof of 4.4.35
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The obvious identification of the links in CE(N(e), {c, c12,c2,c3} U Cy),
excluding L¢, L' and L™, with the links in N(€’), as well as the identification
of c12 with ¢’ shows that the former net is stronger than the latter.

According to lemma 4.4.20, this relation is preserved by cut elimination,
so CE(N(e)) is stronger than CE(N(¢')). O
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Chapter 5

Conclusions

In this thesis, I presented a new way to write down intuitionistic proofs.
Starting from classical proof nets, I developed a class of intuitionistic proof
nets and a way to interpret A-terms as proof nets and vice versa, together
with linear time algorithms for this interpretation. I analyzed different ge-
ometrical properties of intuitionistic proof nets, e.g. their polarizations and
the interaction of their links.

Moreover, I presented a cut elimination for these proof nets and com-
pared this procedure to the well-known normalization procedures of A-terms.
As cut elimination of intuitionistic proof nets is a terminating and confluent
normalization procedure, I effectively created a new notion of the equiva-
lence of intuitionistic proofs or, equivalently, of functional programs in the
A-calculus.

The translation of simply typed A-terms into proof nets and the cut
elimination procedure were implemented in Java. The sources can be found
online at http://www.ps.uni-sb.de/ horbach/thesis/.

Future work

There are a lot of questions that naturally arise during the work with proof
nets but still remain to be answered. The following are some of the most
important ones:

e By now, little is known about complexity issues. Computations on
proof nets are often more space- and time-efficient than the corres-
ponding computations on A-terms. The B-normal form of the term
Az Az.(Ay.zyy)" Tl o, for example, has a size exponential in n and
is reached after up to exponentially many reductions, depending on
the order in which redices are evaluated. However, the corresponding
normal proof net
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n times

a a a d/—\a
\/
Y
/

has only linearly many links with labels of constant length, and it
can be computed in linear time. This effect seems to originate in the
immense sharing that is present in prenets.

e Are there sensible extensions of intuitionistic proof nets that work
for larger logics? First candidates are classical logic and intuitionistic
predicate logic. Is it, for example, possible to equip a classical proof net
with links in such a way, that the paths followed during intuitionistic
cut elimination are the same ones that are followed during classical
cut elimination?

e Intuitionistic logic can be regarded as a fragment of both classical and
linear logic. It would be interesting to further compare cut elimination
for classical or linear proof nets to the images of intuitionistic cut
elimination under these embeddings.

e The calculus of structures allows for much more proofs than the \-
calculus. Is there a decent translation of these proofs into proof nets?

e We still do not have a complete classification of those intuitionistic
prenets whose underlying formula is intuitionistically valid.

96



Bibliography

[And76]

[Bar84]

[Bar92]

[Bar97]

[Bib81]

[Bro07]

[CF58)

[Chu40]

[Chu33]

[Cur34]

[dB72]

Peter B. Andrews. Refutations by matings. IEEE Transactions
on Computers, C-25:801-807, 1976.

Henk Barendregt. The Lambda Calculus: Its Syntax and Seman-
tics. Number 103 in Studies in Logic and the Foundations of Math-
ematics. North—Holland, Amsterdam, revised edition, 1984.

Henk Barendregt. Lambda calculi with types. In Abramsky, Gab-
bay, and Maibaum, editors, Handbook of Logic in Computer Sci-
ence, Volumes 1 (Background: Mathematical Structures) and 2
(Background: Computational Structures), volume 2. Clarendon,
1992.

Henk Barendregt. The impact of the lambda calculus on logic and
computer science. Bulletin of Symbolic Logic, 3(3):181-215, 1997.

Wolfgang Bibel. On matrices with connections. Journal of the
ACM, 28:633-645, 1981.

Luitzen Egbertus Jan Brouwer. Ower de Grondslagen der Wis-
kunde. PhD thesis, University of Amsterdam, 1907.

Haskell Brooks Curry and Robert Feys. Combinatory Logic. North-
Holland, 1958.

Alonzo Church. A formulation of the simple theory of types. Jour-
nal of Symbolic Logic, 5:56—68, 1940.

Alonzo Church. A set of postulates for the foundation of logic.
Annals of Mathematics, 33(2):346-366 and 34, 839-864, 1932/33.

Haskell Brooks Curry. Functionality in combinatory logic. In Pro-
ceedings of Natural Academy of Sciences U.S.A., volume 20, pages
584-590, 1934.

Nicolas de Bruijn. Lambda-calculus notation with nameless dum-
mies, a tool for automatic formula manipulation, with applica-
tion to the church-rosser theorem. Indagaciones Mathematische,
34(5):381-392, 1972.

97



[DRSY)

[Gen35]

[Gir87]

[GLR95]

[GTLS9)

[Gug02]

[Hey25]

[Hey56]

[Hil00]

[Hin97]

[How80]

[HvGO03]

[Lam95]

[LR9G6]

Vincent Danos and Laurant Regnier. The structure of multiplica-
tives. Archives of Mathematical Logic, 28:181-203, 1989.

Gerhard Gentzen. Untersuchungen iiber das logische Schlieflen.
Mathematische Zeitschrift, 39:176-210,405-431, 1935.

Jean Yves Girard. Linear logic. Theoretical Computer Science,
50(1):1-101, 1987.

Jean-Yves Girard, Yves Lafont, and Laurent Regnier, editors.
Geometry of Interaction III: Accommodating the Additives. Cam-
bridge University Press, 1995.

Jean-Yves Girard, Paul Taylor, and Yves Lafont. Proofs and
Types. Cambridge University Press, 1989.

Alessio Guglielmi. A system of interaction and structure. Techni-
cal Report WV-02-10, Technische Universitat Dresden, 2002. Ac-
cepted by ACM Transactions on Computational Logic.

Arend Heyting. Intuitionistische Axiomatiek der projektieve Meet-
kunde. PhD thesis, University of Amsterdam, 1925.

Arend Heyting. Intuitionism: An Introduction. North-Holland,
1956.

David Hilbert. Mathematische Probleme.  Nachrichten von
der Koniglichen Gesellschaft der Wissenschaften zu Gottingen,
mathematisch-physikalische Klasse, 3(1):253-297, 1900.

Roger Hindley. Basic Simple Type Theory. Cambridge University
Press, 1997.

William Alvin Howard. The formulae-as-types notion of construc-
tion. In J. P. Seldin and J. R. Hindley, editors, To H. B. Curry:
Essays on Combinatory Logic, Lambda Calculus and Formalism,
pages 479-490. Academic Press, 1980.

Dominic Hughes and Rob van Glabbeek. Proof nets for unit-free
multiplicative-additive linear logic. In 18th IEEE Symposium on
Logic in Computer Science (LICS 2003), pages 1-10, 2003.

Francois Lamarche. Proof nets for intuitionistic linear logic I: Es-
sential nets. Technical report, Imperial College, London, 1995.

Frangois Lamarche and Christian Retoré. Proof nets for the Lam-
bek calculus — an overview. In Michele Abrusci and Claudia Casa-
dio, editors, Proofs and Linguistic Categories, volume 46, pages



[LS05]

[Pie02]

[Pra65)

[Pra71]

[RW10]

[SL04]

[Str05]

[Tai67]

[Tiu05]

[TWO1]

241-262. Cooperativa Libraria Universitaria Editrice Bologna,
1996.

Frangois Lamarche and Lutz Strafburger. Naming proofs in clas-
sical propositional logic. In Pawet Urzyczyn, editor, Typed Lambda
Calculi and Applications, TLCA 2005, volume 3461 of Lecture
Notes in Computer Science, pages 246—261. Springer-Verlag, 2005.

Benjamin C. Pierce. Types and Programming Languages. The MIT
Press, Cambridge, 2002.

Dag Prawitz. Natural Deduction. A Proof-Theoretic Study. PhD
thesis, Stockholm University, 1965.

Dag Prawitz. Ideas and results in proof theory. In J. E. Fenstad,
editor, Proceedings of the Second Scandinavian Logic Symposium,
pages 235-307, Amsterdam, 1971. North-Holland.

Bertrand Arthur William Russell and Anthony Whitehead. Prin-
cipia Mathematica. Cambridge University Press, 1910.

Lutz Strafiburger and Francois Lamarche. On proof nets for mul-
tiplicative linear logic with units. In Jerzy Marcinkowski and An-
drzej Tarlecki, editors, Computer Science Logic, CSL 2004, vol-
ume 3210 of Lecture Notes in Computer Science, pages 145-159.
Springer-Verlag, 2004.

Lutz Stralburger. From deep inference to proof nets. In Paola Br-
uscoli Frangois Lamarche and Charles Stewart, editors, Structures
and Deduction, pages 2-18. Satellite Workshop of ICALPO05, 2005.

William Tait. Intensional interpretations of functionals of finite
type L. Journal of Symbolic Logic, 32(2):198-212, 1967.

Alwen Tiu. A local system for intuitionistic logic: Preliminary
results. Draft, March 2005.

Ruediger Thiele and Larry Wos. Hilbert’s twenty-fourth problem,
2001.






Nomenclature

AT TS

-

\—
A=A
FV(e)
¢'[v o €]
XY
flx
dom(f)
im(f)

X+

the set of atoms

falsity

the set of formulas

the set of variables

a fixed type assignment

the set of all A-preterms

e is of type A (wrt. 7)

simply typed A\-terms

A-terms restricted to — and A

the free variables of the term e
variable substitution

a partial function f from X to Y

the restriction of the domain of f to X
the domain of f

the image of f

the set of finite paths over X

the empty path

the concatenation of the paths 7 and p
the cut connector

the set of duals of atoms

the set of nodes of trees
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T
leaves(t)
t.mw

t1 O to ete.

T(A,n,r)

T(A,n)
ty(t)

L
L>t|C

leaves(N)

path(N, C)
path(N)
CE(N, ¢)
CE(N)
CEa(N,c)

the set of (binary) trees

the set of leaves of the tree ¢

the subtree of ¢ at position 7

a tree with root ¢ and direct subtrees t; and t9

the tree corresponding to the formula A, with additional
information n and 7

equals T(A,n,¢)

the type coded in the tree ¢

the set of link labels

a prenet with main tree ¢, cut set C' and linking L
the set of leaves of all trees in IV

the occurrence of v marked by i

the prenet assigned to the term e
polarizations of nodes

the paths in N through C'

the paths in NV through any set of cuts
elimination of the cut ¢ in N
elimination of all cuts in N

atomic elimination of the cut ¢ in NV
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