
Wrapping up
CP course, lecture 11



Constraint programming
is a problem-solving technique
for combinatorial problems
that works by incorporating constraints
into a programming environment.

(after Apt 2003)
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CSPs

• Variables

• Valuations and assignments

• Constraint: set of valuations

• CSP: Variables + Constraints



Solving CSPs

If the final test succeeds for at least one set of domain choices, we have found a
solution for the original problem; otherwise, the original problem was inconsistent.

The outlined algorithm is called generate-and-test. It is dumb because it might
do a lot of unnecessary guessing: inconsistencies in the problem are found only
after all variables are reduced. Of course, in the worst case (where the CSP under
consideration is NP-complete), we cannot even hope to do any better than this. But
it would be good if we could adapt our algorithm to detect inconsistencies as early
as possible—to do better when we actually can do better. This requires two changes:
First, we need to eliminate inconsistent values before finding an assignment—this is
what we will call a propagation rule. Second, we need to use a control strategy that
ensures that guessing is done only as a last resort. In the remainder of this section,
we will present a system of inference rules for the revised algorithm.

Failure detection The first rule that we will use detects obvious inconsistencies: a
problem is obviously inconsistent if one of the involved domains has been reduced
to the empty set. In this case, we cannot build any assignment, save one that satis-
fies all the constraints.

!X " {x : #} ; C$
fail

(1)

Branching The second rule captures the ‘generate’ aspect of the generate-and-test
algorithm: To reduce a CSP P that is not yet determined, we can take any variable
x : D from P , partition its domain into disjoint sets D1, . . . ,Dk, guess an 1 % i % k,
and continue the reduction with the problem obtained from P by replacing D by Di.
This rule is known as branching:

!X " {x : D} ; C$ |D| > 1 D = D1 & · · ·&Dk
!X " {x : D1} ; C$ | · · · | !X " {x : Dk} ; C$

(2)

Constraint propagation Finally, we need a rule to eliminate inconsistent values
for the variables. From an extensional perspective, what we could do to test the con-
sistency of a candidate assignment is to check whether it appears in the intersection
of all the constraints in the problem. From an intensional perspective, this is not
generally possible anymore, since (a) the CSP under consideration may still allow an
exponential number of possible assignments and (b) it may be very hard to compute
the ‘intersection’ of a set of intensional constraints. We make the compromise that
we only consider one constraint at a time, and test the local consistency of potential
values of the problem variables: For each constraint C , problem variable x : D and
potential value d ' D for that variable, we check whether there are any assignments
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that satisfy C (rather than all the constraints in the problem) and map x to d. If that
test fails, we can eliminate d as a potential value for x. A rule of this type is called
a constraint propagation rule:

!X " {x : D} ; C" {C}# d $ D sat(C)% {! $ ass(X) | !x = d } =&
!X " {x : D ' {d}} ; C" {C}#

(3)

Notice that, if we would apply this rule only to assignments, it would—together with
the rule for failure—have the same e!ect as the ‘testing’ part of the generate-and-
test algorithm: if fail cannot be derived, the current problem defines a solution.

Of course, in order to perform the test in the third premise of the rule in its
completeness, we might still be required to generate an exponential number of as-
signments, so that any implementation of the rule might need exponential running
time. This is something that we do not want to do. It is important to point out
though, that we do not need to be too pedantic about the test as long as the prob-
lem is not yet determined: if we can eliminate any value at all, we will still be better
o! than with generate-and-test. Therefore, it is no problem to only approximate
the test, and exclude only those values that we can exclude without spending too
much time. (The implementations of the propagation rules in a constraint system
like GeCoDE typically have polynomial running time.) What we should be e"cient at
is performing the test in the case where all of the problem variables are determined,
and the set ass(X) is a singleton.

Control strategy The complete algorithm now works as follows: In a first step, it
exhaustively applies the propagation rule. When no further propagation is possible,
we have one of three cases:

• At least one of the domains of the problem variables has been reduced to the
empty set. In this case, the algorithm terminates and reports ‘failure’.

• All of the domains of the problem variables are singletons. In this case, no fur-
ther rule can be applied, and the algorithm terminates; the current constraint
problem induces an assignment that is a solutionto the original problem.

• At least one of the domains of the problem variables contains more than one
value. In this case, the branching rule is applied, and the algorithm recurses
on one of the reduced problems.

This (abstract) algorithm is a complete solver for constraint satisfaction problems.
In the course of the next lectures, we will instantiate its various components to see
how it can be implemented e"ciently.
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Propagators

• Functions S→S (mapping stores to stores)

• Properties:

• contracting (p(s) ≤ s)

• correct (maintain solutions)

• checking (decisive for assignments)

Domain 
Reduction

Test
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That’s not enough!
• Assume a propagator

p(s) = if s(x) = {1,2,3} then {x:{1}}

          else s

and

s1={x:{1,2,3}}   s2={x:{1,2}}

• Then s2 ≤ s1 but p(s1) ≤ p(s2)

• Propagators must be monotonic:

s1 ≤ s1 ⇒ p(s1) ≤ p(s2)



How much can we 
propagate?

• Idea: Propagate as much as possible, only 
then resort to branching

• This means:

Compute the largest simultaneous fixpoint 
of all propagators!

(exists + is unique)



Linear equations

• Propagator for 

∑aixi=c

• How can bounds information be 
propagated efficiently?

• Example:

ax + by = c



All-distinct

• Naive:

• check that no two determined variables 
have the same value

• remove values of determined variables 
from domains of undetermined variables

• Advantage: simple implementation, avoid   
O(n2) propagators

• Disadvantage: not very strong



Variable-value Graph
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Matching

• Compute union of all 
maximal matchings

• Delete unmatched 
edges
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• How to branch?

• branching strategy (naive, first-fail, …)

• determines the shape of the search tree

• How to make the choice operation deterministic?

• search strategy (depth-first, b & b, …)

• determines the order in which 
the nodes of the search tree are visited

Two questions



Backtracking strategies

• copying:
backup the state of the system
before making a choice

• trailing:
remember an undo action for the choice

• recomputation:
recompute the state of the system
before the choice was made



Recomputation

fun recompute s nil = clone s
  | recompute s (i::ir) =

  let
   val s’ = recompute s ir
in

commit(s’, i)
s’

end

1

2

2

2



Recomputation

• fundamental idea:

trade space for time

• full recomputation:

pro: no backup copies, constant space

con: time overhead

• can we do better?



Finite-set variables

• let Δ be a finite interval of integers

• finite domain variables take values in Δ

• finite set variables take values in P(Δ)

• domain: fixed subset of Δ



• express non-basic constraints in terms of 
basic constraints, using sets of inference rules

• monotonicity: more specific premises yield 
more specific conclusions

• express inferences in terms of the currently 
entailed lower and upper bounds

Non-basic constraints

bSc D [f D j D ! S g

dSe D \f D j S ! D g

just as with FD



Union and intersection

S1 [ S2 D S3 ! S3 " dS1e [ dS2e ^ bS1c [ bS2c " S3

S1 \ S2 D S3 ! bS1c \ bS2c " S3 ^ S3 " dS1e \ dS2e



Binary Relations

• define the notion of the ‘relational image’

• understand binary relations as total functions
from the carrier to subsets of the carrier

• represent these functions as vectors 
on finite set variables

Rx D f y 2 C j Rxy g

fR D f x 7! Rx j x 2 C g



Selection constraints

• generalisation of binary set operations

• participating elements are variable, too

• example: union with selection

• propagation in all directions

S D

[

i2S 0

Si



Composition

R1 B R2 D f .x; z/ 2 C
2 j 9y 2 C W R1xy ^ R2yz g

R1 B R2 D R3 ! R3 D h[R2ŒR1Œ1!!; : : : ; [R2ŒR1Œn!!i



Rooted tree constraint

H) succ D pred!1

H) succ" D Id [ succC

H) succC D succ B succ"

H) jRj D 1

H) V D R ] succ.v1/ ] : : : succ.vn/

v 2 V H) v 2 R () pred.x/ D ;

rootedTree.v1; : : : ; vn; R/



Dominance constraints



Scheduling

• Tasks a (aka activities)

• duration dur(a)

• resource res(a)

• Precedence constraints

• determine order among two tasks

• Resource constraints

• e.g. at most one task per resource



Building a Bridge

11.3. Strong Propagators for Capacity Constraints 89

Figure 11.16 The Gantt-chart for the bridge problem.

If the condition

lct(S)! est(S) > dur(S)

holds, no schedule of the tasks in S can exist. A strong propagator for capacity con-

straints fails in this case.

Now we introduce some domain reductions by considering a task T and a set of tasks

S where T does not occur in S. Assume that we can show that T cannot be scheduled

after all tasks in S and that T canot be scheduled between two tasks in S (if S contains

at least two tasks). In this case we can conclude that T must be scheduled before all

tasks in S.

More formally, if

lct(S)! est(S) < dur(S)+dur(T )

holds, T cannot be scheduled between lct(S) and est(S) (it cannot be scheduled be-
tween two tasks of S if S contains at least two tasks). If

lct(T )! est(S) < dur(S)+dur(T )

holds, T cannot be scheduled after all tasks in S. Hence, if both conditions hold, T

must be scheduled before all tasks of S and corresponding propagators can be imposed,

narrowing the domains of variables.

Analogously, if

lct(S)! est(S) < dur(S)+dur(T )

and

lct(S)! est(T ) < dur(S)+dur(T )

holds, T must be last.

82 Chapter 11. Scheduling

11.2 Constructing a Bridge

The following problem is taken from [4] and is used as a benchmark in the constraint

programming community. The problem is to schedule the construction of the bridge

shown in Figure 11.10.

Figure 11.10 The Bridge Problem.

Problem Specification

The problem is specified as shown in Figure 11.11. From this table we derive prece-

dence and capacity constraints as in the sections before. We also assume that a resource

cannot handle more than one activity at a time. Such a kind of resource is also known

as a unary resource.

unary resources Due to some peculiarities of the problem, we have the following

additional constraints.

1. The time between the completion of the formwork and the completion of the

corresponding concrete foundation is at most 4 days.

2. Between the end of a particular foundation and the beginning of the correspond-

ing formwork can at most 3 days elapse.

3. The erection of the temporary housing must begin at least six days before each

formwork.



Model in CP

• Variable for start-time of task a

• Precedence constraints: 

a before b

• Resource constraints:

a before b  ∨  b before a

similar to temporal relations



Think global

• Model employs local view:

• constraints on pairs of tasks

• O(n2) propagators for n tasks

• Global view:

• order all tasks on one resource

• employ smart global propagator



Ordering Tasks: 
Serialization

• Consider all tasks on one resource

• Deduce their order as much as possible

• Propagators:

• Timetabling: look at free/used time slots

• Edge-finding: which task first/last?

• Not-first / not-last



Potential Projects

• Are you interested in a Fopra, Bachelor’s, 
Master’s, or Diploma thesis?

• Projects:

Gecode (C++), Gecode/Alice, Alice, CoLi



Grading



Grading scheme

• 4 graded assignments = 120 points

• Exam = 180 points

• Total: 300 points

• You will pass the course with 150 points



Exam



When, where, how...

• Thursday, July 14

• 14:00 (that’s 2pm, sine tempore!)

• here! (lecture room III)

• 90 min, 180 points

• just bring a pen and your student id



and... what?

I already told you...



Thank you!


