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Cartesian Abstraction

Let Dy, ..., D, be n sets and let D = 2P1%*Pr he ordered by set inclusion C. For all 4,
let II; : D — D; be the i-th projection defined by I1;(S) = {z; | (x1,... , 24 ... ,z,) € S}
Let app : D — D be defined by app(S) = II;(S) x ... x IL,(5).

Exercise 8.1 (6) Prove that there is no function f : Dy x ... x D,, — Dy x ... X D,, such
that app is the canonical extension of f to sets in the sense that app(S) = {f(s) | s € S}.

Let D# = 2P1 x ... x 2P~ ordered by C which is componentwise set inclusion, i.e
(My, ..., M,y T (Mj,... ,M)iff M; C M/ foralli. Let o : D — D# be defined by «(S)
(I1;(S), ..., IL,,(S)), and let v : D# — D be defined as y({M1, ... ,M,)) = My x ... x M,.
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Exercise 8.2 (6) Prove that

1. app =7voaq,

2. forall S € D, a(S) = p(M, ... ,M,) € D¥ : y((My,... ,M,)) 2 S, and

3. for all (My,... ,M,) € D¥ ~((My,... ,M,))=vS € D:a(S)C (M,...,M,).
Exercise 8.3 (6) Prove that

1. a and ~ are monotone,

2. yoa Didp and aoy C idp#, and

3. for all S € D and all (My,...,M,) € D¥#,
S Cy((My,... , M) < a(S) T (M, ..., M,).

Exercise 8.4 (6) Find an abstract domain D#*' and corresponding abstraction and con-
cretization mappings o’ and 7' such that o’ oy’ = idus. Of course, all other properties of
exercises 8.2 and 8.3 should continue to hold.



