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Let D= (D, 1, T,\, ) be a complete lattice.

We say that the join completely distributes over meets in D if forallz € D and Y C D,
rAVY =V{zAy|lyeY}.

Let L be a set. We call a function ¢ : L — D a partition of D if it satisfies T = \/,., d({)
(cover property) and Vk,l € L : k # 1= 0(k) A d(l) = L (disjointness property).

Exercise 11.1 (5) Let D = (D, <,\/, \) be a complete lattice where the join completely
distributes over meets. Let 0 be a partition of D indexed by some set L. We define
the ordered set D# = (D# C) as componentwise ordered dependent product, i.e., D# =
[T {fendl) |zeDy={y:L—D|VieL:y(l)e{zAdl)|zec D}} and for all
v,y € D¥ y Ty ifft vie L:y(l) <y'(l).

Prove that D % D7 is a Galois connection, where a and ~ are defined such that for
allz € D and [ € L, a(z)(l) = 2 Ad(1) and for all y € D#, y(y) = V., y(0).

Exercise 11.1 abstractly shows how to obtain an abstract domain as a partition of a concrete
domain. Now, we are going to apply this exercise to develop a Galois connection between
two familiar concrete domains.

We introduce stores for typed variables. Let Var be a set of variables, let Type be a
set of sets of values and let type : Var — Type be a type assignment. We define the typed
store Store = [[,cvar tyre(z) as dependent product, i.e., Store = {s : Var — J Type |
Vo € Var: s(x) € type(x)}. We assume that Var contains a distinguished variable pe, the
program counter, with type(pc) = PP, the set of program points.

Exercise 11.2 (5) Prove that D = (25% C [ J,() is a complete lattice where the join
completely distributes over meets. Find the natural partition § : PP — 25 and prove
that it is a partition.

N
Exercise 11.3 (5) Prove that there is an ordered set D# = (D# C) such that D < D#

is a Galois connection, where o and +y are defined in such a way that for all S C Storoé and
p € PP, a(S)(p) = {s € S| s(pc) = p} and for all d € D#, y(d) = U, cpp d(p)-
Hint: Apply exercise 11.1.



Exercise 11.4 (5) Let Var' = Var \ {pc} and Store’ = [], .y, type(z). Find an order
C’ on (25" )PP such that the ordered sets (D#, C) and ((2%% )PP ') are isomorphic.
Explicitly specify the isomorphism ¢ and prove that it is one.

Exercise 11.5 (5) Using exercises 11.3 and 11.4, construct a Galois connection (2% C)
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((28tore"YPP 1) Prove that o/ and 4/ are order isomorphisms and v = o/ ~".



