Semantics of Programming Languages: Solution of Assignment 1 Thorsten Brunklaus and Jan Schwinghammer

Exercise 1.1: (5)

x ∧ y^{(def )}= if x then y else x x ∨ y^{(def )}= if x then x else y

Exercise 1.2: (5) λ f . λn. (λx. x + x) ( f n) Exercise 1.3: (5)

[(y + 3)/x] ((λ f . λy. f (x + y)) (λx. x + y)) = ((λ f . λz. f ((y + 3) + z)) (λx. x + y))

Exercise 1.4: (5+5) (a) p^{(sp)}= ⟨Proj_1 p, Proj_2 p⟩

(ass)= ⟨Proj

1 q, Proj_2 q⟩

(sp) = q (b) M^{(η)}= λx. M x

(Ass)= λx. N x (η) = N Exercise 1.5: (40)

Curr y^{(de f )}= λ f . λx. λy. f ⟨x, y⟩ U ncurr y^{(de f )}= λg. λx. g (Proj_1 x) (Proj_2 x)

(a) Uncurr y (Curr y g)^{(de f )}= Uncurr y ((λf . λx. λy. f ⟨x, y⟩) g) (β) = Uncurr y (λx. λy. g ⟨x, y⟩)

(de f )

= (λg. λx. g (Proj_1 x) (Proj_2 x)) (λx. λy. g ⟨x, y⟩) (β) = λp. (λx. λy. g ⟨x, y⟩) (Proj_1 p) (Proj_2 p) (β) = λp. (λy. g ⟨Proj_1 p, y⟩) (Proj_2 p) (β) = λp. g ⟨Proj_1 p, Proj_2 p⟩

(sp)

= λp. g p (η) = g (b) Curr y (Uncurr y f )^{(def )}= Curr y ((λg. λx. g (Proj_1 x) (Proj_2 x)) f ) (β) = Curr y (λx. f (Proj_1 x) (Proj_2 x))

(def )

= (λ f . λx. λy. f ⟨x, y⟩) (λx. f (Proj_1 x) (Proj_2 x)) (β) = λx. λy. (λz. f (Proj_1 z) (Proj_2 z)) ⟨x, y⟩ (β) = λx. λy. f (Proj_1 ⟨x, y⟩) (Proj_2 ⟨x, y⟩)

(def )

= λx. λy. ( f x) y (η) = λx. f x (η) = f Exercise 1.6: (5)

let x = M in N^{(de f )}= (λx. N) M

(β) = [N/x] M

Exercise 1.7: (10) (a) λ⟨x, y⟩. M^{(def )}= λz. (λx. λy. M) (Proj_1 z) (Proj_2 z) (b)

let f⟨x, y⟩ = M in N^{(def )}= let f = λz. (λx. λy. M) (Proj_1 z) (Proj_2 z) in N

(let)= (λ f . N ) (λz. (λx. λy. M) (Proj

1 z) (Proj_2 z)) (β) = [(λz. (λx. λy. M) (Proj_1 z) (Proj_2 z))/ f ] N

Exercise 1.8: (15)

R^{de f}= if Eq? x 0

then 1
else if Eq? x 1
     then 1
     else fib (x − 1) + fib (x − 2)

F^{de f}= λ f ib. λx. R

letrec fib(x) = R in fib 4 →^∗ let fib = fix F in fib 4

→^∗ (λ f ib. f ib 4) (fix F) →^∗ (fix F) 4 →^∗ (F (fix F)) 4 →^∗ (λx. [(fix F)/fib] R) 4 →^∗ if Eq? 4 0

then 1
else if Eq? 4 1
     then 1
     else (fix F) (4 − 1) + (fix F) (4 − 2)

→^∗ 5

Exercise 1.9: (5) (a) M^{(cond)}= if true then M else N

(Ass)= if false then M else N

(cond)= N

(b) M^{(cond)}= if true then M else N (=)= if (n = n) then M else N

(Ass)= if (n = m) then M else N

(=)= if false then M else N

(cond)= N