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Exercise 4.1: (20) We have to show that
A trivial & Vsort sof ¥ : A =0V 3a: A® = {a}
Proof.

“=" Suppose A is trivial, s is a sort of X, and a,b € A®. It suffices to show that a = b.
Choose two distinct variables x, y and environment 7 for 3, such that n x = a and n y = b.
Since A is trivial, it satisfies © = y[x : s,y : s]. Since 7 satisfies {z : s,y : s}, we have

a=nz=[zln=[yln=ny=0

“<” Suppose V sort s of X : A* = vVIA® = {a}. Let M = N|[I'| be a ¥-Equation. Suppose 7
is an environment for A that satisfies I'. It suffices to show that [ M [n =[N [n.

Let s be the sort of M and N with respect to ¥. By Lemma 3.3.7 we know [ M |n € A?®
and [ N |n € A°. Hence [ M |n = [ N ]n by the assumption.

Exercise 4.2: (10)

(a)

P=fzxy
M=z
N=xzx

yields

[M,N/z,y| fry=fzx
[M/z] (INJyl fzy)=[z=

(b) Consider
Ml,... ,Mk/xl,... ,ka

and let V be an infinite set of variables. Choosing distinct variables z1,...2p € V' =
V\{Vars(M,),. .., Vars(M}), Vars(P)} yields

P =z /zp] ... [21/71] P

Since no variables of P’ occur in M1, ... , M}, we can freely arrange any of the substitions
M;/z;, thereby having

Ml,... ,Mk/xl,... , L P = [Mk/zk][Ml/zl][zk/xk][zl/ml] P



Exercise 4.3: (10) We have to show that
Th(A) F M = N[[] = M = N[I'] € Th(A)

Suppose that Th(A) E M = N[I']. Since AF Th(A) == AF M = N[I'l. Thus, M = N[I] €
Th(A).

Exercise 4.4: (10)

€ semantically consistent < IM = N[I']: E¥ M = N[I|
SJAAEENAE M = N[
& Anontrivial and A F €.

Exercise 4.5: (15)

M = N[,z : s]
M =N[,y:s,x:s]ynotinT y=y[l,y:s]
ly/z] M = [y/z] N[I'y : s] P =Q[r]
/I3 = /] NEUT oy -] P=QIUT]

[P/ylly/=] M = [Q/ylly/=] NT UT"]

[P/a] M =[Q/x] NI'UT"]

Exercise 4.6: (15) Let I' ={xy :sy,... , 2 : sx} and S = [My,... , My /x1,... ,x;]. Using

the results from exercise 3.4.9 we have that there exist distinct variables 2z ,... ,zj, none of
them occuring in any M, ... , Mg, such that
S = [Mk/zk]v SRR [Ml/zl]v [zk/xk]v s [2’1/.%'1]

This yields

N:M[xl:sl,...,xk:sk] 2’1221[2’1:81]
[21/.%'1] N = [2’1/1'1] M[Zl $ 81,2 1 89,... , T Sk]
[E/E]N:[E/E] M.[zlzsl,... ,zk:sk] S(a:l) S(a:l)[l“’]

[S(x1)/21)[2/7] M = [S(21)/21][2/7] Niz2 : 52, 20 : 55, 1]

SM=SN[



Exercise 4.7: (20)
(a)

count 3 (insert 5 (insert 3 empty)) = if Eq? 35
then (count 3 (insert 3 empty)) + 1
else count 3 (insert 3 empty)

= count 3 (insert 3 empty)

= if Eq? 3 3 then (count 3 empty) + 1 else (count 3 empty)
= (count 3 empty) + 1

=0+1

=1

(b) This is a simple proof done by case analysis. Use the algebraic specification to verify each
case.

(c) A= (listy, N, B, trued, false®,04,... ,+4, empty4, insert?, count4, ... ).

emptyA = nil
insert”(z,1) = cons z |
count” (n,1) = cnt, where
ent(n, 1) = {countj(n,tl( ) +1 ?fn = hd(l)
count(n, t1( 1)) if n # hd(l)

yields

insert z (insert y m) = (z, (y, m)) # (y, (x, m)) = insert y (insert x m)



