Semantics of Programming Languages:
Solution of Assignment 6

Thorsten Brunklaus and Jan Schwinghammer

Exercise 6.1: (10)

(a)

r:obT:o (var)
doXr:ox:0—0 (— intro)
y:obANx 00— 0 (add var) y:oby:o (var)

y:o>(Ar:ox)y:o (— elim)

r:o>T:o (var)
Yy:o,r:0>T 0 (add var)
y:o>(Ar:ox):o—0 (— Intro) y:odby:o (var)
y:o>(Ar:ox)y:o (— elim)

Exercise 6.2: (5) The X-Signature
sorts bool
fetns
a,b : bool
f : bool x bool — bool
becomes the ¥_, Signature
type cns bool
term cns
a,b : bool
f : bool — bool — bool

With appropriate I', we have that f a b € TermsP°(X,T) and f a b € Terms(X_,). Further,
fa : bool — bool well-formed in ¥, and fa ¢ Terms°!(X, T).

Exercise 6.3: (10)

Ar:ax:a—a
Aia—bly:cx:(a—b) —>c—a—b
AMi:ia—=bAfa:b—chr:a.fo(fix):(a—b)— (b—c)— (a—c)



Exercise 6.4: (40)

(*
fn
fn

(*
fn

(a) ((a -> null) + (b -> null)) -> (a x b -> null) *)
x : (a -> null, ’b -> null) plus =>
y => Case x (fn £ => f (P1 y)) (fn £ => £ (P2 y));

(b) (a -> null) x (b -> null) -> (a + b -> null) *)
x : (a -> null) * (b -> null) => fn y =>

Case y (fny => (P1 x) y) (fn y => (P2 x) y);

(*
fn

(*
fn

(*
fn
fn

(*
fn

(c) ((a->¢c) + (d->¢)) ->axb->c %)
x=>fny: ’ax*’=>Case x (fn £ => f (P1 y)) (fn £ => £ (P2 y));

(@ ((axb)+ (axc)) ->(ax (b+c)) *
x => Case x (fn ab => (P1 ab, L (P2 ab))) (fn ac => (P1 ac, R (P2 ac)));

(e) ((a ->b) x (a ->b ->null)) -> a -> null *)
x : (Pa -> ) *x (’a -> ’b -> null) =>
a=>(fn b => (P2 x) a b) ((P1 x) a);

(f) ((a -> null) + b) -> a -> b *)
x => dneg (fn f => Case x

(fn g => f (fn x => zero (g x))) (fn b => f (fn a => b)));

(*
fn

(*

(g) (((@ x (b ->null)) ->c) x (c -> null)) x a -> b *)
x => dneg (fn f => (P2 (P1 x)) ((fn a => (P1 (P1 x)) (a, 1)) (P2 x)));

(h) (a + (a -> null)) x*)

dneg (fn x =>x (R (fn y => x (L y))));

(*

(i) ((a + b) -> null) -> (a -> null) x (b -> null) *)

(fn £ : (P’a, ’b) S.plus -> null => (fny =>f (Ly), fny =>f (R y)));



Exercise 6.5: (15)
type cns i,t
term cns

b:1
fii—1
g:t—1—1
p:i—t
q:1—1—t
false : t
not:t—1t
and:t —t—t

exists; : (i —t) =t

and (not false) (exists; \z.exists; Ay.(and (p (f z))(q a (g y x))))

Exercise 6.6: (20)

(a)
I'sM:o

xio>xT:o (var) Fz:o>pM:o (add var)

'z:o>M: 1 I'sM:0—->71,T>N:0o
I's(Az:o.M):0—T (— Intro) 'sMN:7 (— Elim)

I'sM:0,'>N:7T
I's>(M,N):0xT (x Intro)
I'sM:oxT '>M:oxT
I'>Proj] "M :o (x Elim); I'>Projo "M :7  (x Elim)s
I'sM:o I'eM:T

> Inleft®™ M :0+ 1 (+ Intro); I'>Inright®™ M : 0+ 71

I'eM:0+7,I>N:og—p,T'DP:7T—p
I'>Case”™ M N P:p  (+ Elim)

* @ unit (unit Intro)

Zero? :null — o (null Elim)



I'sM=N:o

Fz:o>bM=N:0 (add var) '>sM=M:o (ref)
I'sM=N:o I'sM=N:0g,bN=P:0o
' N=M:o (sym) I'bM=P:o (trans)
z:obM=N:71 I'My=My:0 -7, >N =Ny:0o
F'bAXx:oM=Xe:0N:o—T &) I'>M; Ny =My Ny : 7 (v)

F>Ax:0o.M=M\y:o0.]y/xz] M:0 — 1, provided y ¢ FV (M) (o)

I's>(Ae:0.M)N=[N/z| M : 7 (B)

> Az:o0.(Mx)=M:0— 7, provided x ¢ FV (M) (n)

I'>Proj,(M,N)=M : 0 (proji) I'>Proj,(M,N)=N:o (projs)

I'> (Proj,M,Proj,M) =M : o (sp)

I'> Case” ™" (Inleft”” M) NP=N M :p (caseq)

I'> Case” ™ (Inright®” M) N P=P M : p (cases)

I'> Case”™” M (N o Inleft””) (N o Inright””) = NM : 6 + 7 (cases)

I'M = % : unit

I'> M = Zero’ :null — o (null)



