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Abstract. This paper deals with constraint systems with tree domains. The two
domains that we primarily consider are finite constructor trees and rational
trees. We also give the general idea of feature trees - a generalization of the or-
dinary trees, corresponding to first order terms. We describe the types of con-
straints that are used in these three domains. The paper gives an overview of the
algorithms for deciding solvability of systems of equations between terms and
computing a finite representation of the set of all solutions of a solvable system.
It also presents an algorithm for deciding solvability of systems containing both
equations and disequations.

1 Introduction

Unification tries to identify two symbolic expressions by replacing certain subexpres-
sions (variables) by other expressions. One considers terms that are built from func-
tion symbols and variable symbols. The whole process can be seen as solving systems
of equations between terms. This is in fact a constraint satisfaction problem, where
the variables are the variables occurring in the terms and the domains of all variables
are the same - the set of all finite trees or the set of all infinite trees. The constraints in
this case are described as equations between terms.

Unification was first introduced by J.A. Robinson in 1965 as a basic operation of
his resolution principle, used in automated theorem provers. The development of
Prolog and other logic programming languages has led to new research in this field. In
Prolog II Colmerauer has extended the domain to infinite trees and has included dise-
quations.

First, we provide some preliminary definitions. Let V and X be disjoint sets of
variables and function symbols respectively, which do not contain the symbol “=" and
let the set V be infinite. Each function symbol has an associated arity. Function sym-
bols with arity 0 are called constant symbols.

1.1 Finite Constructor Trees

Consider the set of all finite trees with nodes labeled with function symbols. They are
called finite constructor trees. The formal definition is the following:

o A single node labeled with a constant symbol is a finite constructor tree.



e A node labeled with a function symbol with arity n with a list of n finite construc-
tor trees is a finite constructor tree.
In Figure 1 there is an example of a finite constructor tree. f, g and h are function
symbol with arity 3, 2 and 1 respectively. a and b are constant symbols.
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Fig. 1. Example of finite constructor tree.

1.2 Terms

If we allow leaf nodes of finite trees to be labeled with variables, we obtain terms.
The variables replace subtrees, i.e. they play the role of placeholders. The result of re-
placing all variables in a term by finite trees is a finite tree and if we allow replace-
ment by infinite trees then the result is an infinite tree. This is the formal definition:

e Every variable is a term.
e Every constant symbol is a term.
o Ifty,....t, are terms and f is a function symbol of arity n then f(t,,...,t,) is a term.

An example term is f(g(a,x),h(y).f(a,z,b)), where the variables are x, y and z.

The size of the term is defined to be the number of occurrences of variables and
function symbols in it. The size of the above term is 10.

Terms that do not contain any variables are called ground terms. They are actually
finite trees. The term f(g(a,g(a,a)),h(b),f(a,b,b)) is ground.

1.3 Term Equations

The atomic constraints are equations between terms i.e. ordered pairs (s,t) where s and
t are terms, written in the form s = t. The goal is to make the two terms syntactically
identical by assigning trees to the variables occurring in the terms s and t.

By systems of equations we mean finite sets of equations.

A tree-assignment o is a finite set of ordered pairs of the form:

0 = {X|:=T|, Xp!=Ty...., Xp:=Ip}

where 1;’s are (possibly infinite) trees and x;’s are distinct variables.
If a given term t contains no other variables than the x;’s in o then to denotes the
tree defined by:

o ift=x;thentoc=r;
o ift=f(t),...,ty) then to is the tree with root labeled with the function symbol f and
subtrees t;0,...,t,0.
A tree-assignment o is a tree-solution of an equation s = t iff so = to. The only so-
lution of the equation



f(g(a,x),h(y).f(a,2,b)) = f(g(a,g(a,a)).h(b).f(a,b.,b))

is the tree-assignment in Figure 2.

Fig. 2. Tree-assignment.

A tree-assignment is a tree-solution of a system of equations E if it is a tree-
solution of every equation in E. Two systems of equations are called equivalent if
they have the same set of tree-solutions.

First, we consider the problem of deciding solvability of a system of equations over
the set of finite constructor trees. For a system that is solvable in finite trees, i.e. one
that has a tree-solution of finite trees, we want to find a finite representation of the set
of solutions. The equation x = f(x) has no tree-solution in finite trees. If we assume
that there is such a tree-solution ¢ and the height of xc is n then the height of f(x)o
should be n+1 and thus the two trees cannot be equal.

1.4 Rational Trees

An infinite tree is a tree with infinite set of nodes. It suffices to consider a special
class of infinite trees called rational trees. A rational tree is a possibly infinite tree
that has finitely many distinct subtrees and all nodes are finitely branching.
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Fig. 3.Solution of x = f(x) .

A rational tree may be transformed into a finite possibly cyclic directed graph by
merging all the nodes from which the same subtrees start. The nodes in this graph can
represent different nodes of the tree, as long as the subtrees starting at these nodes are
the same. This is called sharing of subtrees. The best we can do is to have one node
for each distinct subtree - this is the minimal representation of the tree. Even the
minimal representation of a finite tree may contain fewer nodes than the tree itself. A
tree solution of the equation x = f(x) in rational trees and its finite representation are
given in Figure 3.



1.5 Feature Trees

Records are an important data structure in programming languages and are necessary
for the object oriented approach. They are present in all imperative languages as well
as in modern functional languages. They can be modeled in logic programming with
the help of trees, called feature trees. These are trees whose nodes are labeled with
symbols called sots and whose edges are labeled with symbols called features. The
features labeling the edges correspond to the field names of records. The edges de-
parting from a particular node must be labeled with distinct features. Feature trees can
be finite or infinite. With the help of infinite feature trees, cyclic data structures are
represented in a convenient way. Finite constructor trees and rational trees can be
seen as feature trees where the features labeling the edges departing from a node are
consecutive positive integers. In Figure 4 is given a feature tree with sorts circle,
point, 2, 15, 19 and features radius, center, xval, yval.
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Fig. 4. Feature tree.

In the case of finite and rational trees, the atomic constraints we consider are equa-
tions between terms. For feature trees we need also other atomic constraints in order
to be able to express their properties:

e sort constraints X : circle
o feature constraints x [ radius |y
e arity constraints x { radius , center }

e equations between variables x=y

The constraints are described as first order formulas obtained from the primitive
forms specified above. In comparison to standard tree constraint system, this provides
more flexibility, since it is possible to express a constraint about one feature without
saying anything about the existence of other features.

2 Solving Systems of Equations

2.1 Solving Systems of Equations with Domain the Set of Finite Trees

In Section 2.1 by tree-solution we mean a tree solution of finite trees. There is one
special kind of equation systems, namely the systems in solved form.



2.1.1 Solved Form We say that the equation system E = {x; = t;, ..., X, = t,} is in
solved form iff xy,...,x, are distinct variables that do not occur in the right hand side
of any equation. The variables x,...,x, are called eliminable. It is obvious that such a
system is solvable. Any tree-assignment of finite trees to the variables occurring in
ty,...,t, determines a unique tree-solution of the system in solved form, and conversely
any tree-solution in finite trees of the system can be obtained in that way.

Now we present an algorithm that transforms any solvable equation system into an
equivalent solved form equation system. For any unsolvable equation system the al-
gorithm halts with failure. The algorithm is based on the following set of simplifica-
tion rules:

2.1.2 Simplification Rules

Decomposition:
f(ts,...,tn) = f(s1,...,8n)
is replaced by the equations

t1=8,....t,=58,.

Difference failure: If the system contains an equation of the form

f(tla'--atn) = g(sla"':gm) 5

where f and g are different function symbols, then the algorithm halts with failure.

Deletion: If the system contains an equation
X=X,

where x is a variable, delete this equation.

Anteposition: An equation
t=x,
where x is a variable and t is not a variable is replaced by the equation

X=t.

Variable Elimination: If the system contains an equation
x=t,

where x is a variable, t is a term different from x and x has another occurrence in the
system then if x appears in t the algorithm halts with failure, otherwise x is replaced
by t in every other equation.



It can easily be shown that these rules preserve the set of solutions of the system,
i.e. if the equation system E’ is obtained by applying one of the above rules to an
equation system E, then the two systems are equivalent.

2.1.3 Solved Form Algorithm Start with the initial system of equations.
Nondeterministically choose one of the rules that can be applied to the current system
and apply this rule. The algorithm terminates when no rule can be applied or when
failure has been returned.

Theorem 1 The solved form algorithm applied to a system of equations E will return
an equivalent system of equations E” in solved form iff E is solvable. It will return
failure otherwise.

Proof:

Termination
For a system of equations we consider the ordered pair of natural numbers, consisting
of:

— the number of variables occurring in the equations that are not eliminated (a vari-
able x is eliminated in a system of equations if the system contains an equation
x = t, x does not occur in t and x does not occur in any other equation of the sys-
tem)

— the sum of the sizes of the terms on the left hand side of the equations.

Let us assume that there is an infinite sequence of systems
Eo, Ei,...., Ense s
where E, is the initial system and each E;;; is obtained from E; by an application of
one of the simplification rules. Consider the corresponding sequence of ordered pairs.
First, note that none of the rules introduces new variables into the system and once a
variable is eliminated, it continues to be an eliminated variable in all successive sys-
tems of the sequence.

The application of rule Decomposition or Deletion strictly decreases the second
component of the pair. The application of Anteposition does not increase the second
component. On the other hand, the rule Anteposition can be applied only finitely
many times without applying any of the other rules. None of these three rules in-
creases the first component of the ordered pair, since they do not introduce new vari-
ables in the system. The application of rule Variable Elimination strictly decreases the
first component of the ordered pair. According to the above observations, there is a
strictly decreasing infinite subsequence of the sequence of ordered pairs with respect
to the lexicographic order of NxN. This contradicts to the well-foundedness of this
order.

Correctness

Assume that the algorithm has not returned failure and let E” be the resulting sys-
tem. Since each of the rules transforms a system of equations into an equivalent one,
E and E" are equivalent. All left hand sides of equations in E” are variables, since oth-
erwise at least one of the rules Decomposition, Difference Failure or Anteposition



could be further applied. All these variables are different and do not appear anywhere

else in the system, otherwise the Variable Elimination rule or the Deletion rule could

be further applied. Hence, E” is in solved form and since it is equivalent to E, E is
solvable.

Assume that the algorithm terminates with failure. Since each rule transforms a
system of equations into an equivalent one, the last system E’ is equivalent to the ini-
tial system E. If the failure occurred by an application of rule Difference Failure then
E’ is not solvable, since no matter what tree-assignment is applied to the two terms,
the two trees obtained will have different labels for their roots and thus cannot be
identical. If the failure occurred by an application of Variable Elimination, then E” is
not solvable since the equation x = t to which the rule is applied is not solvable. Thus,
in this case E is not solvable. The proof is completed.

The worst case running time of this algorithm is exponential in the number of sym-
bols in the initial system, because during the process we may end up with terms
whose size is exponential in the number of symbols in the initial system.

There are more efficient unification algorithms, which employ a representation of
terms as directed acyclic graphs, and recast the problem of unification as the construc-
tion of a certain kind of equivalence relation on terms.

A term directed acyclic graph (term dag) is a directed, acyclic graph whose nodes
are labeled with function symbols or variables. Its outgoing edges from any node are
ordered, and the outdegree of any node labeled with a function symbol f is equal to
the arity of f. The outdegree of a node labeled with a variable is 0.In such a graph;
each node has a natural interpretation as a term.

Terms are represented as term dags with unique shared occurrence of variables. For a

given term, such a graph can be built in O(n) time, where n is the size of the term. The

equations are imposed one after another as each of them is transformed into a term
dag, representing the two terms that have to be unified. Each variable in the system is
represented by a unique node in the graph corresponding to the system.

The algorithm constructs an equivalence relation between terms (nodes in the
graph), where the equivalence classes consist of terms that are unified. Equivalence
classes are represented as trees with nodes — the nodes of the term dag and edges —
forward links, with a class representative at the root. To determine whether two terms
are equivalent, it is only necessary to find the roots of the trees and check for identity.
To join two equivalence classes, one class is made a subtree of the other’s root using a
forward link. To reduce the height of the trees, when following the forward links to
the root to determine equivalence, the paths can be compressed by pointing all nodes
encountered directly at the root.

We maintain a stack of pairs of terms to be unified.

If we have to unify the two terms s and t, we first follow the forward links to get
the representatives of the respective equivalence classes. Several cases arise:

1. If the representative is the same, then the two terms are already unified and we are
done. This is a generalization of the deletion rule. In this way, we avoid doing
work that is already done.

2. If at least one of the representatives is a variable, then we merely add a forward
link from a variable to the other representative. Thus, we unite the two equivalence
classes, and connect the variable with the term that is substituted for it.



3. If both representatives are not variables and the labels of the nodes are different
function symbols, then the equation s =t has no solution - there is a clash. The al-
gorithm terminates with failure. This corresponds to the Difference Failure rule.

4. If both representatives are not variables and the labels of the nodes are the same
function symbol, then we add a forward link from one of the terms to the other and
in this way unite the two classes. Then we put on the stack the pairs of the respec-
tive children of the two nodes in the term dag. This is in fact the decomposition
rule.

If all equations are imposed without a clash, we check the graph, obtained by add-
ing the forward links to the term dag, for cycles. This pass through the graph to check
for acyclicity replaces the repeated calls of the occurs check. If this graph contains a
cycle, then the system is not solvable in finite trees, otherwise it is solvable, and we
can extract the solved form following the forward links for the variables.

If the representation of the equivalence relation between the terms is implemented

with an efficient union-find method, then the complexity of the algorithm is quasi-

linear.

2.1.4 Substitutions Substitutions are functions from the set of variables into the set of
terms over the alphabet ZUV. Let ¢ be a substitution.

The domain of o is the set of variables
dom(o) = {x| o (x) #x} .

If dom(o) is the finite set {xi,....,x,} then we can represent it explicitly as the set of
bindings of the variables in its domain, e.g.,

o={x; =t ,...,X, =t }.

We will consider only substitutions with finite domains.

The application of a substitution to a term is defined with induction on the structure
of terms, analogously to the application of a tree-assignment to a term, but the result
of the application is a term.

A substitution

9:{X1 ::tl,...,Xn::tn}

is called grounding if't;,...,t, are ground terms. Grounding substitutions correspond to
tree-assignments with all trees finite, since ground terms can be seen as finite trees.
Now we define the notion of solution of an equation system in terms of substitu-
tions.
A solution 8 of the equation set

E={s=t/,...,8n=1t, }
is a grounding substitution such that
SleEtle,...,SneEtne.

A more general notion is the notion of unifier of a system of equations. It is again a
substitution such that



slﬁEtle,...,SneEtne,

but the terms that we substitute are allowed to contain variables.

A solved form equation system, equivalent to a given solvable equation system
represents the set of all tree-solutions of the system. In a similar way, a unifier of a
special kind of such a system represents the set of its solutions in the domain of finite
trees.

The composition of two substitutions

91:{X1 ::tl,...,Xn::tn}
and

0={y1=s1, ..., ym=Sm}

is denoted 0,°0,. It is obtained from the set of bindings

X1 =40, o X =0,y =S, o, Ym T Sm §

by removing all elements of the form yy := si, where yy = x; for some j, as well as all
elements of the form x; :=x; .

A unifier p is a most general unifier (or mgu for short) of the equation set E if
¢ is a unifier for E iff there exists a such that,

¢=poa,
i.e. every unifier of the system can be obtained by a most general unifier by a compo-
sition with another substitution.
The notion of most general unifier of a system of equations corresponds to the no-
tion of solved form. From a solved form equation system equivalent to a given equa-

tion system we obtain in a natural way a most general unifier of the given system.
From

E={x1=t1,...,xn=tn}

we get

9={x1 2:t1,...,XnI:tn}.

2.2 Solving Systems of Equations with Domain the Set of Rational Trees

Now we are interested in solvability of an equation system over the set of infinite
trees. It suffices to consider only the set of rational trees. In Section 1.3 we showed
that there is an equation that has a tree-solution in the domain of rational trees but
does not have a tree-solution of finite trees.

If the unification algorithm does not perform the “occur in” check, i.e. the unifica-
tion of a variable with a term already containing this variable is allowed, the solution
might be in infinite trees.

Again, there is one special type of equation systems, namely the solved form, but it
differs from the solved form in the case of finite trees. This difference results from the



fact that an equation between a variable and a term containing this variable is solvable
in rational trees.

2.2.1 Solved Form We say that the system of equations {x; =t;, ..., X, = t,} is in
solved form if x,, ... ,x, are distinct variables and t,,..., t, are arbitrary terms.
Note that the variables x,...,x, may appear in the right hand side of the equations.

Theorem 2 Each system in solvable form has at least one tree-solution.

The following result is obvious:
A system of equations containing an equation of the form

f(sy, ..., sn) =g(ty, ... tm) »

where f and g are different function symbols has no tree-solution. We call it unsolv-
able form.

2.2.2 Simplification Rules Now we introduce the five rules for transforming systems
of equations, on which the algorithm for deciding solvability over the set of rational
trees is based.

Decomposition:
f(tlr . '7tn) = f(sl" . '3Sn)
is replaced by the equations

t1=8,....t,=58,.

Deletion: If the system contains an equation
X=X,

where x is a variable, delete this equation.

Anteposition: An equation
t=x,
where x is a variable and t is not a variable is replaced by the equation

X=t.

Variable Elimination: If the system contains an equation

X=Yy,

where x and y are distinct variables and x has another occurrence in the system then
replace x by y in every other equation.



Merge: If x is a variable, t; and t, are not variables and
Iti] < [ta]
then replace
X=t,X=1
by
X=t,t1=t.

By |t| we denote the size of the term t. The comparison of the sizes of the terms in
this rule is necessary to ensure termination. However, this test can be avoided by in-
troducing intermediate variables, so that every term contains no more than one func-
tional symbol.

The rules Decomposition, Deletion and Anteposition are the same as in the case of
finite trees. The rule Variable Elimination is different, since it allows only replace-
ment of variable by another variable but not with an arbitrary term.

Easily is proven that these rules preserve the set of solutions of the system, i.e. if
the equation system E’ is obtained by applying one of the above rules to an equation
system E, then the two systems are equivalent.

Every repeated application of these transformations on an initial system, leads after
a finite number of steps to a dead end where no transformation can be applied. Such a
system we call simplified form. In other words again we have termination. The proof
is similar to the proof of the termination for the solved form algorithm for finite trees
and is given in [2].

The following result follows from the above observations about solved form and
unsolvable form.

Theorem 3 The simplified form has a solution iff each of the equations is of the form
x =t where x is a variable.

2.2.3 Simplification Algorithm Start with the initial system of equations E.
Nondeterministically choose a rule that can be applied to the current system and apply
this rule. Since each sequence of such applications terminates finally we obtain a
system E’, such that E" is equivalent to E and E’ is a simplified form.

Let us assume that E” contains an equation t; = t, where t; is not a variable. Then t,
is also not a variable, since otherwise the Anteposition rule could be applied to E’.
Thus, we have an equation of the form

f(..)=g(..).

f and g should be different function symbols, because otherwise the Decomposition
rule could be applied. Hence, E” is unsolvable form, and thus E is not solvable.

Consider the other case when all equations in E” have variables at the left hand
side. These variables should be distinct, since otherwise the Merge rule could be ap-
plied to E’. Thus, the system E” is a solvable form and has at least one tree-solution.
Hence, E is solvable. In this case E” has the form:



X1=Y1

Xn = ¥n
Xn+1 = f()
Xm =g(...)

X1,..., X, do not appear anywhere else in the system, since otherwise the variable
elimination rule could be applied.

If there is no cycle of variables in the last (m — n) equations then there is a solution
of E in finite trees, otherwise there is no solution of E in finite trees.

There is also a quasi-linear algorithm for deciding solvability of systems of equa-
tions over the set of rational trees. It is essentially the algorithm for solving equations
over the set of finite trees using term dags, but without performing the acyclicity
check at the end.

3. Systems of Equations and Disequations

Now we investigate systems containing both equations and disequations. First, we
consider the case of deciding solvability of such systems over the class of finite trees
and after that, we deal with the case of rational trees. Let us assume that the domain is
infinite. It is obvious, that in the case of a finite domain, algorithms for deciding solv-
ability of a system exist and that a suitable finite representation of the set of solutions
is this set itself.

A tree-assignment o is a tree-solution to a system consisting of a set of equations E
and disequations

S1Et, ... ,Sn E ty
if it is a tree-solution of E and it does not solve any of the equations
SI=t, Sy =t, .
For each disequation
S#t

we define the corresponding complementary equation to be

s=t.



3.1. Solvability and Entailment

The following observation is obvious
Proposition 1 A system consisting of a set of equations E and a single disequation

S#t

e is not solvable in finite trees iff each tree-solution of finite trees of E is a solution
of the complementary equation s =t, i.e. if E entails s = t.

e is not solvable in rational trees iff each tree-solution of E is a solution of the com-
plementary equation s =t, i.e. if E entails s =t.

3.2. Independence Theorem

Theorem 4 A system S consisting of a set of equations E and disequations
$1 #ty, ... ,Sy # t, is solvable iff each of the systems E U {s; # t;} is solvable.

The proof of this theorem can be found in [4].

The above result allows us to consider each of the disequations separately from the
other disequations in the system.

3.3. Algorithm for Finite Trees

In the case of finite trees, the set of all solutions to an equation system is represented
by a solved form equivalent to the given system or by a most general unifier. Thus, it
suffices to compute a solved form of the system of equations E, obtain the corre-
sponding most general unifier and check whether it unifies the terms s and t.

If the solved form algorithm terminates with failure then the system E is unsolv-
able and thus the whole system is unsolvable.

Let 0 be the most general unifier obtained from the solved form. If 6 unifies s and t
then each solution of E is a solution of the equation

s=t

and thus, the whole system does not have a solution.
If 6 does not unify s and t then, since the domain is infinite, there is a solution of E
that does not solve the complementary equation and thus the system is solvable.
Unlike the case of systems consisting only of equations between terms we have no
finite representation of the set of the solutions of a system containing both equations
and disequations if there are infinitely many function symbols in .

Theorem 5 Let there be an infinite number of function symbols in X. Apart from the
trivial case when the system is unsolvable or its collection of disequations is redun-
dant, no finite set of most general unifiers can provide an explicit representation for
its solutions.



3.4 Algorithm for Rational Trees

In the case of infinite trees, we do not have the notion of most general unifier and

hence we cannot use the algorithm for rational trees. However, there is an efficient al-

gorithm for deciding solvability of such systems, which employs the unification algo-
rithm using term dags. It is the following:

First, we impose all the equations. If there is a clash then the set of equations is not

solvable and thus the whole system is not solvable.

If we impose all equations successfully, then we impose the complementary equa-
tion corresponding to the disequation. There are three possible cases:

1. If there is a clash while the complementary equation is being imposed, then no
tree-solution of the set of equations is a tree-solution of the complementary equa-
tion, i.e. the complementary equation is disentailed by the set of equations, and
thus the whole system is solvable.

2. If the complementary equation is successfully imposed and a forward link for some
of the variables that appear in the equations is being introduced, then since the do-
main is infinite, there is a tree-solution of the set of equations that is not a tree-
solution of the complementary equation, and thus the whole system is solvable.

3. If the complementary equation is successfully imposed without introducing a for-
ward link for any of the variables that appear in the equations, then every tree-
solution of the set of equations is a tree-solution of the complementary equation,
i.e. the complementary equation is entailed by the set of equations, and thus the
whole system is unsolvable.

Note, that the algorithm discovers clash as early as possible. Its time complexity is
quasi-linear if an efficient union-find algorithm is used. It can also be modified to
work in the case when equations and disequations are imposed in an arbitrary order.
Moreover, the modified algorithm has the same worst case running time and is incre-
mental, i.e. it avoids redoing work when further constraints arrive.

4. Conclusions

This paper is a brief overview of the algorithms for deciding solvability of systems of
equations and systems, containing both equations and disequations between terms.
We considered two possible domains for these constraint problems, namely the set of
finite constructor trees and the set of rational tees. For system of equations we pro-
vided first the naive approach that in both cases has an exponential worst case running
time. We presented also a quasi-linear algorithm, similar to the one proposed by Huet
in [3], based on the representation of terms as dags. Linear unification algorithms for
the case of finite trees can be found in [5] and [6].There is also another type of trees-
feature trees, that turns out to be very useful in logic programming. An incremental,
quasi-linear algorithm for deciding solvability in this domain is given in [7].
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