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Formally verify a compiler from a non-deterministic language of
guarded commands (GC). . .

if x ≥ 0 ⇒ s := 1
|| x ≤ 0 ⇒ s := −1

to a determinisitc low-level language of imperative continuations
(IC). . .

if x ≤ 0 then s := −1 else s := 1

using axiomatic semantics.

Steven Schäfer Axiomatic Semantics for Compiler Verification January 19, 2016 2 / 23



computer science

saarland
universityCompiler Verification

〈P〉 s 〈Q〉

compiler correctness:

∀s P Q. 〈P〉 s 〈Q〉 =⇒ 〈P〉 C s 〈Q〉

〈P〉 C s 〈Q〉

s : high-level program (GC)
P,Q : pre- & Postcondition

〈P〉 s 〈Q〉 : (total) correctness judgement
C : compiler (GC → IC)
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1 Guarded Commands (GC)
Axiomatic Semantics

2 Imperative Continuations (IC)
Operational Semantics
Axiomatic Semantics
Soundness & Completeness

3 Compiling GC to IC
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Syntax

σ, τ : Σ states
a : Σ→ Σ actions
b : Σ→ B guards

s, t ::= skip | a | s; t | if G | do G programs
G ::= b1 ⇒ s1 || . . . || bn ⇒ sn (n > 0)

Example (Greatest Common Divisor)

do x > y ⇒ x := x − y

|| y > x ⇒ y := y − x
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Semantics

Correctness Judgements

〈σ〉 s 〈Q〉 ≈ all runs of s starting in σ terminate with a state in Q.

〈P〉 s 〈Q〉 := ∀σ. P σ =⇒ 〈σ〉 s 〈Q〉
wp s Q := λσ. 〈σ〉 s 〈Q〉

Defined inductively analogous to big-step semantics, e.g.

σs ⇓ τ τ t ⇓ θ
σ(s; t) ⇓ θ

=⇒
〈σ〉 s 〈P〉 〈P〉 t 〈Q〉

〈σ〉 s; t 〈Q〉
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Semantics (cont)

Conditionals

Ĝσ ∀(b ⇒ s) ∈ G . bσ =⇒ 〈σ〉 s 〈Q〉
〈σ〉 if G 〈Q〉

Loops

〈σ〉 if G 〈P〉 〈P〉do G 〈Q〉
〈σ〉do G 〈Q〉

¬Ĝσ Qσ

〈σ〉do G 〈Q〉

〈P〉 s 〈Q〉 := ∀σ. Pσ → 〈σ〉 s 〈Q〉

Ĝ := λσ. ∃(b ⇒ s) ∈ G . bσ
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Syntax

a : Σ→ Σ actions
b : Σ→ B guards

f , g , ret : L labels
s, t ::= a; s | if b then s else t | def f = s in t | f programs

Example (Greatest Common Divisor)

def f = if x > y then x := x − y ; f else
if y > x then y := y − x ; f else
ret

in f
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Small-step operational semantics

Actions

(a; s, σ)B (s, aσ)

Conditionals

bσ

(if b then s else t, σ)B (s, σ)

¬bσ
(if b then s else t, σ)B (t, σ)

Local definitions

(def f = s in t, σ)B (t fdef f=s in s , σ)
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Axiomatic Semantics

One post-condition per label Q : L → (Σ→ P)

Local definitons

Qf σ
〈σ〉 f 〈Q〉

〈σ〉 t 〈Q[f 7→ P]〉 〈P〉def f = s in s 〈Q〉
〈σ〉def f = s in t 〈Q〉

〈P〉 s 〈Q〉 := ∀σ. Pσ =⇒ 〈σ〉 s 〈Q〉
Q[f 7→ P] := λg . if g = f then P else Q g
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Monotonicity:
P ⊆ Q =⇒ wp s P ⊆ wp sQ

Distributivity:
wp s (P ∩Q) ≡ wp s P ∩ wp sQ

Continuity:
For Q1 ⊆ Q2 ⊆ Q3 ⊆ . . .

wp s

( ⋃
n∈N
Qn

)
≡
⋃
n∈N

wp sQn

where wp sQ = λσ. 〈σ〉 s 〈Q〉
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Theorem
The following equivalences hold for IC.

wp f Q ≡ Q f

wp (a; s)Q ≡ wp sQ ◦ a
wp (if b then s else t)Q ≡ λσ. if bσ then wp sQσ else wp tQσ

wp (def f = s in t)Q ≡ wp tQ[f 7→ fixF ]

where F P := wp sQ[f 7→ P]

Where fixF is the least fixed-point of F and wp sQ = λσ. 〈σ〉 s 〈Q〉.
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Lemma (Substitution Lemma)

wp s ft Q ≡ wp sQ[f 7→ wp tQ]

Lemma (Invariance under Reduction)

(s, σ)B (t, τ) =⇒ (〈σ〉 s 〈Q〉 ⇐⇒ 〈τ〉 t 〈Q〉)

Theorem (Soundness & Completeness)

〈σ〉 s 〈Q〉 ⇐⇒ ∃f τ. (s, σ)B∗ (f , τ) ∧ Q f τ
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Theorem (Compiler correctness)

〈σ〉 s 〈Q〉 =⇒ 〈σ〉 C s 〈ret 7→ Q〉

The compiler is a function C : GC→ IC
On termination in IC, call ret
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Sequence guarded command sets.

if b1 ⇒ s1 || b2 ⇒ s2 || b3 ⇒ s3

 if b2 then s2 else if b3 then s3 else s1

Translate loops to jumps.

do b1 ⇒ s1 || b2 ⇒ s2

 def f = if b1 then s1; f else
if b2 then s2; f else ret

in f

Linearize programs.

(do b ⇒ (a1; a2); a3) ; u

 def f = (if b then a1; a2; a3; f else u) in f
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F : (GC→ IC)→ IC→ {GC}→ IC
F f v ∅ := v

F f v (b ⇒ s || G ) := if b then f s else F f v G

Flatten a guarded command set, given
I translation function f
I default case v .

Correctness judgements in IC

Ĝσ ∀(b ⇒ s) ∈ G . bσ =⇒ 〈σ〉 f s 〈Q〉
〈σ〉 F f v G 〈Q〉

¬Ĝσ 〈σ〉 v 〈Q〉
〈σ〉 F f v G 〈Q〉
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T : IC→ GC→ IC
T u (s; t) := T (T u t) s

T u (if b⇒ s || G ) := F (T u) (T u s)G

T u (do G ) := def f = F (T f) u G in f (f fresh)
...

T u s ≈ execute s, then u.
if∅ is undefined behavior.
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C s := T ret s

Lemma
T sequences a GC and an IC program into an IC program.

〈σ〉 s 〈P〉 〈P〉 u 〈Q〉
〈σ〉 T u s 〈Q〉

Theorem (Compiler correctness)

〈σ〉 s 〈Q〉 =⇒ 〈σ〉 C s 〈ret 7→ Q〉
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Abstract the continuation when compiling conditionals. . .

T u (if b ⇒ s || G ) =

let f = u in F (T f ) (T f s)G (f fresh)

. . . if we have to.

let f = s in t :=

{
def g = s in t fg , (g fresh) if |s| > 1
t fs otherwise

Correctness: wp (let f = s in t)Q ≡ wp tQ[f 7→ wp sQ]

Does not complicate the proof of compiler correctness.
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Program equivalence s ∼= t := ∀Q. wp sQ ≡ wp tQ
I . . . is a congruence (easy proof with wp!)
I . . . is contextual equivalence (under mild assumptions)

Continuity + relation to Dijkstra’s definition of wp.

Coq development uses de Bruijn representation.
Substitution lemmas are generalized over parallel substitutions.
∼ 300 lines of spec, ∼ 600 lines of proofs1

1Using Ssreflect [Gonthier,Mahboubi,Tassi08] and Autosubst [Schäfer,Tebbi,Smolka15]
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Use axiomatic semantics to show compiler correctness!

Future Work
I How to handle non-termination? (also preserve liberal specifications?)
I How to handle effects (I/O) gracefully?
I Generally: How to handle richer languages?
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Paper & Coq development at:
http://www.ps.uni-saarland.de/extras/ascv/
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Definition

fix : ((X → P)→ X → P)→ X → P
fixF x := ∀P. F P ⊆ P =⇒ P x

Lemma (Knaster-Tarski)

For monotone F , the predicate fixF is the least fixed point of F .

fixF ≡ F (fixF )
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