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Motivation

We used LEO-II [3] to verify properties of an M-set model

M-set Model [4]

M-sets
A monoid is a triple< M, op, e >

@ We write m - n for op(m,n)
@ (m-(n-k))=((m-n)-k)
@m-e=m=e-m

An M-set is a pair <A,a>
@ We write a* m for a(a, m)
@ (axm)xn=ax(m-n)
@ axe=a

Explicit Substitution [1, 5]
Terms (a,b...) := 1|(ab)|(A\a)|(a[s])
Explicit Substitution (s,t...) :=id| 1 |(so t)|(a.s)
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Representation |

Let T be the set of o-normal terms and M be the set of
o-normal substitutions. In thf syntax [2] we can represent
these sets as constants of type .

@ inisaconstantoftype:. — ¢t — 0
@ termis a constant of type ¢
@ subst is a constant of type ¢
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Representation |

@ one =1

e (ap ab):=(ab)'’

o (lam a) := \a'°

@ (subam):=a[m]'” whereac Tand me M
@ id:=id

@ sh:=1

@ (push am) :=(a.m)'’

@ (comp mn) := (mon)t?



Representations
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Representation |

one is a constant of type ¢
one_p is an abbreviation defined by

inoneterm

ap is a constant of type v — ¢ — ¢
ap_p is an abbreviation defined by

VA,.inAterm=VB,.inBterm=in(apAB)term

lam is a constant of type « — ¢«
lam_p is an abbreviation defined by

VA,.inAterm=in(lamA)term



Representations
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We declared the base type term and subst.

one is a constant of type term

ap is a constant of type term — term — term

lam is a constant of type term — term

sub is a constant of type term — subst — term
idis a constant of type subst

sh is a constant of type subst

push is a constant of type term — subst — subst
comp is a constant of type subst — subst — subst
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axapp: ((ab)[s])'” = ((a[s])*” (b[s])*?) for a,b c T and s € M.

@ Repl
VA,.inAterm=VB,.in Bterm=
VM,.in M subst=-
sub (apAB) M = ap (sub AM) (sub B M)
@ Repll
VlqtermBterml\ﬂsubst~
sub (apAB) M = ap (sub AM) (sub B M)

axidl, axmap, axvarcons---
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Basics Results

Name Rep | Rep Il
gthm | 1thm|gthm|1lthm|lthm with lemmas
Substmonoid |11.589s5.165s(1.3245/0.521s NA
Termmset | 3.299s [0.564s|1.3545/0.505s NA
Hoasapinj1 |3.573s|0.481s/1.411s/0.515s NA
Hoasapinj2 |3.680s |0.479s|1.452s/0.509s NA
Hoaslamnotap| 6.194s |0.778s[1.622s/0.508s NA
Hoaslamnotvar| 6.495s [0.760s|1.685s/0.509s NA
Hoasapnotvar | 6.671s [0.575s/1.762s/0.503s NA
Hoasap 3.3175(0.437s] NA | NA NA
Hoaslam [3.343s(0.636s NA | NA NA
Hoaslaminj - - |1.556s/0.533s NA
Induction2 - - - 10.581s NA
Pushprop - - - - 0.655s
Hoasinduction - - - - 0.807s
Induction2lem - - - - -
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Hoasap and Hoaslam

(hoasap) Form,ne M and a,b € T, we have
hoasap(m,a)(n,b) € T.

We encoded this theorem in LEO with Representation I:

@ hoasap
AM,AN,B,.ap (sub AN)B

@ hoasap_p
VM,.in M subst=VA,.inAterm=
VN,.in N subst=VB,.in Bterm=
in(hoasapMANB)term

We encoded the definition of hoasap in LEO with
Representation II:

)‘MsubstAtermNsubst Bterm-ap (SUb A N) B
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Hoaslaminj

We want our model to satisfy this axiom:
v v g(((Lam f) = (Lam g)) = (f = g))

We interpret this property in our model as:

Theorem
(hoaslaminj) Letf,g: M x T — T be functions such that

f(m,a)n = f(mn, an)
and
g(m,a)n = g(mn, an)

forallae T and m,ne M. If
hoaslam(id,f) = hoaslam(id,g), then f = g.




LEO Results
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Hoaslaminj

We encoded this theorem in LEO with Representation | as
follows:

VF -, .(YM,.in M subst=VA,.inAterm=in(F MA)term)=
(YM,.in M subst=VA,.in Aterm=VN,.in N subst=
sub(FMA)N = F (comp MN) (sub AN))=
VG-, -, (VM,.in M subst=VA,.inAterm=in (GMA) term)=
(VYM,.in M subst=VA,.in Aterm=VN,.in N subst=
sub(GMA)N = G(comp MN) (sub AN))=
hoaslamid (AM,A,.FMA) =hoaslamid (AM,A,.GMA)=
VYM,.in M subst=VA,.inAterm=FMA=GMA



LEO Results
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Hoaslaminj

We encoded this theorem in LEO with Representation Il as follow:

VFsubst—merm—»term-

(VMsupst AcernNsupst -.sub (FMA)YN = F (comp M N) (sub AN))=
VGsubst —term—tern:
(VYMsupst AtermNsupst .sub (GMA) N = G (comp M N) (sub AN))=
hoaslamid (AMsupst Acern-F M A) = hoaslamid (AMsupst Acern.GM A)=
VM, upst Atern-FMA=GMA



LEO Results
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Hoaslaminj
ReplvsRepll
12 W Substmonoid. gthm Rep |
B Substmonoid.gthm.Rep I
10 B Termmset.gthm.Rep |
5 B Termmset.gthm.Rep |l
M Hoasapinjl.gthm.Rep |
5 W Hoasapinjl.gthm.Rep Il
® Hoasapinj2.gthmRep |
4 Hoasapinj3.gthm.Rep Il
I Hoasapnotvar.gthm.Rep |
- Hossapnotvar.gthm.Rep 1
. — — Hoaslamnotvar gthm Rep |
1 Hoaslamnotvar.gthm.Rep |l
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Induction2

We want to prove this property in our model.

Theorem

(induction2) Let ® be a property such that the following hold:

@ Forall x € Var, x satisfies ®.

Q Foralla,be T, ifaand b satisfy d, then (ab)'? satisfies
.

© Forallac T, if(a[b.id])'’ satisfies & whenever b € T
satisfies ®, then (\a)'” satisfies ®.

Then for all a € T, a satisfies ¢.
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Induction2

Global and Local Theorems

The induction2_gthmis:

axapp=raxvarcons=axvarid=axabs=axclos=axidl=
axshiftcons=axassoc=axmap=—axidr=axvarshift=axscons=
ulamvarl=ulamvarsh=ulamvarind=apinjl=apinj2=laminj=
shinj=lamnotap=rapnotvar=lamnotvar=-induction

=pushprop=induction2lem=-induction2
The induction2_lthmis:

axvarid=rinduction2lem=-induction2
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gthmvs Ithm

B Substmonoid.gthm.

B 5ubstmonoid.lthm

B Termmset.gthm

B Termmset.fthm

B HoasapinjL.gthm

B HoasapinjL.lthm

B HoasapinjZ.gthm
Hoasapinj2.lthm
Hoazapnotvar gthm
Hoasapnotvar.lthm
Hoazlamnotvar.gthm
Hoaslamnotvar.lthm
Hoazlamnotap.gthm

Hoaslamnotap.lthm
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Hoasinduction

Hoasinduction

In the HOAS [6] theory we have the following induction
axiom

Vp((vx(Var x = (px)))
A(VxVy(px A py = P(Ap xy)))
A(VE((Vx(px = p(fx))) = p(Lam f))) = (Vx(px))))
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Hoasinduction

Hoasinduction

(hoasinduction)LetW : M x T — P(M) be a function such that
kn € W(m, a) iff n € V(mk, ak)

foralla e T and m,n, k € M. Suppose we have the following:
o Forallx € T, ifid € hoasvazr(id, x), then id € W(id, x).
@ Foralla,be T, ifid € W(id,a) and id € W(id, b),
then id € V(id, hoasap(id, a)(id, b))
Q Forallf: M x T — T such that f(m,a)n = f(mn, an) forallac T andm,n € M,
if id € W(id, a) implies id € V(id, f(id, a)) for alla € T, then
id € V(id,hoaslam(id, f)).

Thenforallac T, id € V(id, a).

hoasinduction_lthm 1 is:
induction2=axvarid=raxclos=axvarshift=

axmap=axidl=hoasinduction



LEO Results
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Hoasinduction

Proof

Use Induction2 with ¢ x iff id € W(id, a).

Theorem

(hoasinduction)LetW : M x T — P(M) be a function such that

kn € W(m, a) iffn € V(mk, ak)

foralla € T and m, n, k € M. Suppose we have the following:
@ roraiix e T, ifid € hoasvax(id, x), thenid € W(id, x).
@ Foraia,be T, ifid € W(id, a) andid € W(id, b),
then id € W(id, hoasap(id, a)(id, b))
0 Forallf : M x T — T such that f(m, a)n = f(mn, an) foralla € T andm,n € M, ifid € V(id, a)
implies id € V(id, f(id, a)) foralla € T, then id € W(id, hoaslam(id, f)).
Thenforalla € T,id € V(id, a).

Theorem

(induction2) Let ® be a property such that the following hold:
For all x € Var, x satisfies ®.
8 Foralla,b € T, ifaand b satisfy b, then (ab)! 7 satisfies ®.
0 Foralla € T, if (a[b.id])* satisfies & whenever b € T satisfies ®, then (Aa)' ¢ satisfies ®.
Then for alla € T, a satisfies ®.
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Hoasinduction

We define the hoasinduction_p_and_p_prime and
hoasinduction_lemO.

Induction2| Hoasinduction

Property Qtermﬂo Psubstﬂtermﬂsubstﬂo

@ hoasinduction_p_and_p_prime

APQVYXiern.QX & Pid X id

@ hoasinduction_lemO

VP.3Q.hoasinduction p and p prime PQ



LEO Results
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Hoasinduction

we match three condition of hoasinduction with three
condition of induction?

@ hoasinduction_lemlv2
@ hoasinduction_lem2v2
@ hoasinduction_lem3v2
hoasinduction_lthm_ 2 should be:
hoasinduction_lemO=hoasinduction_lemlv2=-
hoasinduction_ lem2v2=hoasinduction_lem3v2

=induction2=hoasinduction
LEO could prove this and also following version:

hoasinduction_lemO=hoasinduction lem3v2=

induction2=axvarid=-hoasinduction



LEO Results

Pushprop

We want to prove this result in LEO.

(pushprop) Let ® be a property, ac T and m € M. Assume
for all x € Var, (x[m])'? satisfies . Assume a satisfies ®. Then
(x[a.m])'" satisfies ® for all x € Var.




LEO Results

Pushprop

(pushprop_lem0) For every property ¢, term a and
substitution m,there is a property ¢' such that for every
term x, x satisfies ¢/ iff (x[a.m])'° satisfies ¢.

Proof: Just define ¢’ in this way.



LEO Results

Pushprop

Also LEO could prove the following version of
pushprop_lthm:

pushprop_lemO=ulamvarl=axvarcons=axclos=

axshiftcons=ulamvarind=-pushprop
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Conclusion

@ LEO is sensitive to the representation.
@ LEO is sensitive to how many assumptions are given.
@ Instantiation of higher order variables is hard.
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@00

Future Work

@ Prove some intermediate lemmas for hoasinduction
@ Prove induction2lem by creating intermediate lemma.



Conclusion and Future Work
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Future Work

Build induction into LEO

(induction2) Let ® be a property such that the following hold:

@ Forall x € Var, x satisfies ®.
Q Foralla,be T, ifaand b satisfy &, then (ab)'’ satisfies ®.

Q Forallac T, if(ab.id])'’ satisfies ® whenever b € T satisfies
®, then (\a)'” satisfies ®.

Then for all a € T, a satisfies ¢.

To use induction2, a theorem prover should:
@ Recognize induction? is an induction principle.
© Choose an appropriate ®.
© Prove each of 1, 2 and 3 for this .



Conclusion and Future Work
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Future Work

Thank you
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