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Test-free PDL

Definition
s,¢tu=x|L|s—t][a]s
a,fr=ala;Bla+p|a”

[a]s [o; B]s
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Test-free PDL

Definition
s,¢tu=x|L|s—t][a]s
a,Bu=alaBlatBla’
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(x:N)
(a:N)
-




Semantics

Definition (Models)
@ Type of states
@ w F x for all variables x
e w = v for each atomic program a
o wkEsV wkFs

Definition
w state of model M
wk1lL:=1
wEks—sti=wks—wkt

wkos=YW.w2v - vEs
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Semantics

wE[a]s =Vv.w=>v = vEs

Definition
w and v states of model M

a o
W=V given

wogv::Elu.W:Oﬁu/\u:%v

J’_
Wa:>BVZ:W:a>VVW£>V

a

w = v :=w(=)"v

v

[4 Michael J. Fischer and Richard E. Ladner. Propositional dynamic logic
of regular programs. J. Comput. Syst. Sci., 18(2):194-211, 1979.
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Hilbert System

Definition
Fs—>t—s Flu—ss—t)—>(u—as)—su—t
Foms — s Fs—t Fs
Ft
- [al(s — ) — [als — [o]t :[Of]s

Fla]lBls = [a; Bls  F s Bls — [a][B]s
Fla]s — [B]s — [a+ B]s Fla+ Bls — [a]s
Fla+ Bls — [B]s Fla*]ls — s Fla*]s — [a][a”]s
Fu—laju Fu—s
Fu—[af]s

Theorem (Soundness)
Fs = VYMw. wkEs

v
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Informative Completeness

Theorem (Informative Completeness)
{F—s}+ {AM. M| <22l ATw. wE s} J

Results:
e Completeness: (VM w.wEs)—Fs
o Small model theorem: (AIM w.w E s) = IMw. w E s A [M| < 225

@ Decidability of:

» Validity: VYMw.wEs
» Satisfiability: IMw.w ks
> s

Proof idea:

@ Attempt to build canonical model
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Hintikka Sets

o |[sT|:=s,[s|:="s

@ Clause C: finite set of signed formulas

Definition
1t¢cC
scC—s"¢C
s»theC—os eCvittecC
s>t eCosteCArt eC
[a; B]s” € C — [a][B]s” € C
[a+Blst € C—[a]st e CA[BlsteC
[a+pBls eC—als eCV[f]ls  €C
[a*]st € C— st € C A [dla*]sT € C
[@]sTeC—s eCV][da*]s  €C
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Demo

@ Finite set of maximal Hintikka clauses S
@ Cmaximal: Vse F.steCvVvs eC
Definition
R,C:={st|[a]sT € C}
CAHsD:=R,CCD
C%sD.=3EeS.CAEAELSD
CajﬁsDZ:C&stcg%sD
€ %o D) = €S D
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Demo

Definition (Demo)

[@]s—€eCeS—-3IDeS.C5sDAs™ €D J

o CEx:=xtecC
e C2D:=C%5D
e CHsD-C3D

Lemma
s?e€ C— CE |s7] J

e [a]st € C — CE [a]s by construction of <5

e [a]s™ € C — C E —[a]s by demo condition
@ Demo is the desired canonical model
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Pruning

@ Build a demo
e Start with Sp := {C C U | maximal Hintikka clause C}
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Subformula Closure

Definition (Fischer-Ladner closure)
subx := {x}
sub L := {1}
subs — t:={s — t}UsubsUsubt
sub[a]s := sub s U sub [a]s
suby [a]s := {[a]s}
subg [a; B]s := {[ev; B]s} U suby [a][B]s U suby [B]s
suby [a + s := {[ae + B]s} U suby [a]s U suby [8]s
subs [a]s := {[a"]s} U subp [o][a]s

u= J {tH ¢}

tesubs
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Pruning

o Build a demo
e Start with Sp := {C C U | maximal Hintikka clause C}

@ Remove C iff C contradicts demo condition:
[@]s—€eCeS—=3DecS.CHsDAs €D

@ Reachability changes
@ Check again the demo condition . ..

@ Results in a demo

[d Vaughan R. Pratt. Models of program logics. In 20th Annual
Symposium on Foundations of Computer Science, pages 115-122,
1979.
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Refutations

@ Give reasons for unsatisfiable clauses
Definition
coref S:=VC € Sp\ S. ref C

CCcu coref S IDbes.ccD
ref C

[a]sT € C SCS% coref S IDecS.CH5sDAs €D
ref C

@ Every removed clause is refutable
@ Demo is corefutable
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Pruning Completeness

Theorem (Pruning Completeness)
CCU— {ref C} + {IM. M| < 2M AFw.Vs? € C.w E |s7]}
Build demo S

e dD € 5. C C D: D satisfies C

@ 3D € S.C C D: C is refutable by definition

cCcu coref S IDesS.CcCD
ref C

Theorem (Informative Completeness)

{F—s}+ {3M. M| <22l ATw. wE s} J

@ Translate refutations into the Hilbert system
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Hilbert Refutations

@ Translate refutations into the Hilbert system
o ref C:=F —C, read C as \oc|57)
e coref S= VCe S5 \S. F-C

Lemma
CCcu coref S ADbes.ccD
F-C

oeFC—\/{DeS|CCD}
e {DeS|CCD}=0
o-C— L
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Hilbert Refutations

Lemma
[a]s € C SCS% coref S IDecS.C5sDAs™ €D
- —C
e X:={DeS|s €D}
o - C— —[a]-Vpex D
o - C — [a] Apex D, proven using a lemma
o --C
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Hilbert Refutations

Lemma

Let S C Sy be corefutable. If C,D € S and C 725 D, then C — [a]-D }

@ Induction on «

@ Dualized version of Kozen's and Parikh's "Lemma 1"

[d Dexter Kozen and Rohit Parikh. An elementary proof of the
completeness of PDL. Theor. Comput. Sci., 14:113-118, 1981.
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Conclusion

@ ~ 1000 lines of Coq code

@ Reusing Christian’s libraries for finite sets and Hilbert proofs
@ Can be extended to PDL with tests
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Thanks for your attention!
Questions?



Subformula Closure

If s —t e F, then {s,t} C F.

If [a]s € F, then s € F.

If [a; B]s € F, then {[a][B]s, [B]s,s} C F.
If [« + B]s € F, then {[a]s,[A]s,s} C F.
If [a*]s € F, then {[a][a*]s,s} C F.
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