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HOcore: Processes and Transitions

Processes
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Bisimilarity

Bisimulation

Bisimilarity
Bisimulation R & P~Q:&
P—F—q AP E—q .. .
) X ., ] 3 Bisimulation R. (P,Q) € R
pln c; ;' R..q

Bisimilarity is a co-inductive notion. We can characterize it by a monotone functional:

b € (PrxPr)?

VP P — P = vQ'Q — Q' =

b(R)={(P,Q) |30"a—arrRa AN3r.P—prrriRq}

Bisimulation as a Post-Fixed-Point
Bisimulation R & R C b(R)

Bisimilarity as the Greatest Fixed-Point

~ = vb "2 \J{R | Bisimulation R}



From Simulation to Bisimulation

e Simulation functional:
s € (PrxPr)?

VPP — P =

S(R)={(P,Q) |3¢.0 —a rr R}

e Notation:

Transposition: 3(R) = s(R)

Symmetrization: s'(R) =

n

(R) n s(R)

e Compositional bisimulation functional:
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IO Bisimilarity

R is an 10 bisimulation if the following properties (+ their transpositions) hold:

P_R_Q P_R _Q p_R 0
35 P// : Vi
- I ON O vpcvE
PR __Q P...R..¢Q
HO output sim. HO input sim. Variable

multiset sim.
Sho_out Sho_in
Svar_multi

Unguarded Variable

A variable occurrence is unguarded in a process if it is not prefixed and not contained
in an output process. V(P) := multiset of unguarded variable occurrences



Proofs about Bisimilarity

Correctness of up-to techniques Closure properties
e A monotone function f is an s-correct e Many properties are closure properties:
up-to technique if v(so f) Cvs Substitutivity, congruence, ...:
e Instead of R C s(R) f(vs) Cvs

.. prove R Cs(f(R))

Problem: These properties are not composable:
e For a functional s = 51 N sy, e For a functional s = s; N sp,

v(siof) Crus f(vs1) Cvs

+* f) C
V(S ° ) =vs f(l/Sz) g VS?

# f(vs)Cvus
v(s0f) Crusp (vs) € v

e Solution: Compatibility criterion e Solution: Closedness criterion



Compatible Up-to Techniques
Definition
R C s(S)
f(R) € s(f(5))

A monotone function f is s-compatible if (& fosCsof)

Lemma
f is s-compatible = f is s-correct, i.e. v(sof) Cvs

f s-compatible g s-compatible

(f o g) s-compatible

fi s-compatible f, s-compatible f si-compatible f sy-compatible

(fL U ) s-compatible f (s1 N sp)-compatible

f s-compatible f symmetric f s-compatible

f 5-compatible f ?—compatible




Closure properties of Bisimilarity

Definition

A monotone function f is s-compatible if

e Given a function f, we want to show f(vs) C vs
e Eg., fapst(R) := {(Alo], Blo]) | (A, B) € R, o substitution}

Lemma
f is s-compatible = f(vs) Cwvs

e But we cannot show fyupst Sho_out-cOmpatible
e Closedness only if vs is at least reflexive and at most a variable context sim.

N Explanation comes
in a minute!
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Conditional Closedness (1)

Based on compatibility, we introduce a new criterion for showing closedness:

Conditional Closedness

A functional s is conditionally f-closed above g1 and below g» (f-closeds?) if
gi(R)C R
2(R)2R  RCs(R)
f(R) € s(f(R))

Lemma
s is f—cIosedgf
gi(vs)Cvs = f(vs)Cuws
g(vs) D s
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Conditional Closedness (2)

Based on compatibility, we introduce a new criterion for showing closedness:

Conditional Closedness
A functional s is conditionally f-closed above g and below g» (f-closeds:) if
g(R)CR
2(R)2R R Cs(R)
f(R) € s(f(R))

_ &2 _ 82
s1 f cIosedg1 s f cIosedg1

(51N s2) f-closed?

]

Has very similar closure properties:
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Dealing with Unguarded Variables

Different approaches on how to require that P and Q have same unguarded variables:

[Maksimovic et al., 2015]

P_R_Q
n n
PR
N
P P
REML

PIlQ—=PQ

Producing contexts Syar cxt

P_R_Q
n n
PR
CxT n—0
P P

CXTL b 2 P QI

VSio C Syar_ext (Vsio)

Multiset incl. syar multi

P_R_Q
4
v(P) < V(Q)

V(P) := multiset
of unguarded
variable occurrences

Part of s;,
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Substituted processes

Lemma
" o P —>5<Q> P’
Transitions are substitutive:
Plo] 24, prio]
Lemma
- . PLC oD
Transitions propagate through substitutions:
P[cr] C[D o]
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Plo]

a(P")

Substituted Processes: Analysis Lemma

P

a(Py)

P

PI
PI/

= PAlo]
= P4lo}

0

o
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Using Contexts: Proving Substitutivity
Conditional Closedness

gi(R)CSR

; s -
A functional s is f cIosedgl if H(R) DR R C s(R)

f(R) C s(f(R))

o faubst(R) :={(Alo], Blo]) | (A, B) € R, o substitution}

We prove:

H sVarCxt
® Sho_out IS fsubst'dosedfreﬂ
® Shoin IS feypst-ClosedsVarcxt

® Sho_out is fsubst-CIOSGd
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Congruence of 10 Bisimilarity (1)

Congruence of 10 Bisimilarity
If P ~j, Q, then also

1. 3(P) ~i 3(Q) 2. a.P ~ip a.Q 3. P||R~io Q| R

e For each operator, we define a corresponding closure:

send(R) {(a< > < >) ‘ (’Dv Q) € R}
freceive(R) := {(a.P, 2.Q) | (P,Q) € R}
foar(R) = {(P | R, Q[ R) | (P,Q) € R}
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Congruence of 10 Bisimilarity (2)

To show: ~j, is closed under each f: f(~j,) C ~j

°

It suffices to show  F(~j) C ~jo with f:=fUid

° ° °

fsend Sho,out'compatfreﬂ freceive  Sho_out-compat fpar Sho_out-cOmMpat

fsend Sho_in-compat freceive Sho_in-cOmMpat fpar Sho_in-compa tfsubst
fsend Svar_multi-compat freceive Svar_mutti-compat  fpar Syar_muiti-compa tr oot
fsend(Vbio) C vbj, freceive(Vbio) C vbj, fpar(Vbio) C vbj,
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Contributions

e Conditional closedness as a compositional criterion
e Variable context simulations

e Application of complete lattice theory (Pous) to HOcore (Lanese et al.)
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Conclusion

Bisimilarity for HOcore is defined compositionally

Can be used for compositional proofs of up-to techniques:

e Advantage: Small separate proofs
e Disadvantage: Only if components are independent

Conditional closedness can be used for dependent components

o Advantage: Small separate proofs, clear dependencies
e Disadvantage: Only for closure properties, not for up-to techniques

All presented results formalized in Coq

Thank you!
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