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IDEA

v

A constructive development of basic computability theory.

Proofs for the theorems of Rice and Scott

v

v

Verified universal program and dovetailing self-interpreter

v

Equivalence of Acceptability and Recursive Enumerability
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POSSIBILITIES

» Turing Machines
» WHILE language

» a variant of \-calculus
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SYNTAX OF L

De Bruijn Terms:

s,t n=n|st|As (neN)

“Combinator” := closed term

[:=Ax.x
K:= A\xy.x

“Procedure” := closed abstraction

W i=AX.XX

Q=ww
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SEMANTICS OF L

Reduction:

s>s >t
As) () = sV st > s/t st > st/
A

Define = as the reflexive, transitive, symmetric closure of .

Important: s =s' — t =t — st =t/
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WHAT MAKES L. GREAT

UNIFORM CONFLUENCE:
St s=th— ti=th VIt =tNty =t

PARAMETRIC CONFLUENCE (holds in general for uniform
confluent >):
If s =™ t; and s =" t, then there are k < n, | < m and u such that:

hsfuntb='uAmt+k=n+l
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BOOLEANS AND NATURAL NUMBERS

SCOTT ENCODING:

true := A x y.x
false := A xy.y

0:=\zs.z

Sn:=\zssn

if bthens else t=bst

matchn withO=>s | Sn’ =>t = ns(\r'.f)
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VERIFICATION

EXAMPLE: ADDITION

Succ:=Anzs.sn
Add := RO\ Anmnm (An'.Succ (An' m)))

Succn = Sn
AddO0n=n
Add Sm 7 = Succm+n
Addmn=m+n
+ SAARLAND ¢
UNIVERSITY |
I
[Curry, Hindley, Seldin, 1972] COMPUTER SCIENCE

8/24



DEFINITIONS RICE AND SCOTT VERIFIED INTERPRETERS RECURSIVE ENUMERABILITY CONCLUSION

00000800 [e]e] 00000 00000 o
:

SCOTT ENCODING FOR TERMS

™l:=Aval.on
TstV:=Aval.as'™t

"AsV:=Aval lTs?
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DECIDABILITY

A predicate P : T — Prop is L-decidable if there is a procedure u
s.t.:
Vs :T,Ps Au"s? = true\V —Ps Au"s™ = false

A predicate P is L-acceptable if there is a procedure u s.t:
Vs:T,Ps <+ u's'converges

Short for u accepts s: m u s.
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SOME UNDECIDABLE PROBLEMS

» Xs.PsA\—7ss
» As. Cs A s converges
» As. PsAVt,mst
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SCOTT’S THEOREM

SECOND FIXPOINT THEOREM:
For every combinator s there exists a combinator t such that
sttt =t

SCOTT’S THEOREM:
A predicate P is L-undecidable if it satisfies the following
conditions:

1. P is only satisfied by combinators: P C C.

2. Pis closed under reduction equivalence: For equivalent
combinators s and ¢ it holds that Ps — P t.

3. Pis nontrivial: There are combinators s; and s, with P s;

and —(P sp). SAARLAND pfEa
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RICE’S THEOREM

Let P be a predicate such that:
1. P is only satisfied by procedures: P C P.

2. Pis extensional: If s; and s, are procedures such that
Virsyt < wsyt, then Ps; — Pss.

3. Pis nontrivial: There are procedures s; and s, with P s;
and —P s,.

Then we have the following:
1. If P(AQ2), then P is not L-acceptable
2. If ~P(\Q), then P is not L-acceptable

P
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VERIFIED INTERPRETERS
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WHAT IS NEEDED

v

Internalized equality of natural numbers

Internalized substitution

v

v

Step-indexed evaluation

v

Encoding for Some/None

v

Internalized step-indexed evaluation

SAARLAND ¢
UNIVERSITY
I —
COMPUTER SCIENCE
14/ 24




DEFINITIONS RICE AND SCOTT VERIFIED INTERPRETERS RECURSIVE ENUMERABILITY CONCLUSION

00000000 [e]e] 0@000 00000 o
:

EVALUATION COMBINATOR

Idea: Linear search over all evaluation depths
Eval’ 717s" = case Eva7 "s" of Some s = s | None = Eval’ Sn s

Important: Eval’ 71 s converges iff. s converges

How to prove this?
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PARALLEL-OR

Por’'n st
At recursion depth n:
» Execute s for n steps. Converges? Return true.
» Execute t for n steps. Converges? Return false.
» Start again at recursion depth n + 1.

Por := Por’ 0
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CORRECTNESS

1. If s converges or t converges, then Por "s "t converges.

2. If Por s "'t converges, then either Por s "t = true and s
converges or Por "s "t = false and t converges.
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AD-THEOREM

Theorem: A propositionally decidable predicate is decidable if
it is acceptable and co-acceptable.

Proof: Let u and v be deciders for P and P. Run them in parallel
using Por, because P is propositionally decidable either u or v
will converge.
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RECURSIVE ENUMERABILITY
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RECURSIVE ENUMERABILITY

A predicate P : T — Prop is called L-enumerable if there is a

combinator F with:
1. Vn.Fn = NoneV 3s.F n = Some "s' A Ps
2. Vs.Ps — In.Fn = Some "s™

L-enumerability is equivalent to L-Acceptability
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RE IMPLIES L-ACCEPTABILITY

Construct an acceptor u that for input s performs linear search
over the domain of F converging iff s occured.
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L-ACCEPTABILITY IMPLIES RE

"Recursive enumeration of all halting Turing machines" by Jochen Burghardt - Own work.
Licensed under CC BY-SA 3.0 via Wikimedia Commons
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L-ACCEPTABILITY IMPLIES RE

» Enumerate all terms (surjection is sufficient)

» Execute every term for every index (surjection is sufficient)

Construct bijections: N2 N x N=T x N

Enough:
» N— T
» N— NxN
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SURJECTIONNTO T

Find duplicate-free lists T}, such that: Vs € T.s € Ty and
Vn e N.|T,| >n

Index of s: Position of s in T}
Inverse function: Element at position n in T,

Idea:

seTy, teT, seTy
nGTn SteTn+1 )\SETn+1 Tl’l-i-l :Tn‘H‘ B

All in all under 100 lines for proofs.
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CONCLUSION
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v

v

v

v

v

Elegant constructive formalization of computability theory

possible

Careful formulation of correctness criteria

Intuitionistic reformulation of Rice’s Theorem

Intuitionistic refinement of AD-Theorem

Compact proofs (< 1500 lines)
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L-DECIDABILITY IMPLIES DECIDABILITY IN COQ

Theorem:

(Vs.u s = true AN PsV u"s™ = false AN —=Ps) — Vs.dec(Ps)

Proof:

We know: Jn,u "s7 " true vV u "s |}" false

With constructive choice we get this 7.

Then: Decide if eva n u = true or eva n u = false. If the first, then
Ps, else —Ps.

P
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DECIDABILITY IN COQ DOES NOT IMPLY
L-DECIDABILITY

Theorem:
(VP,dec P — I-dec P) — —~SXM

Proof:
Assume VP, dec P — I-dec P and SXM. Then the self-halting
problem would be L-decidable. Contradiction.

P
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OVERVIEW

The Program-
ming Language

Programming

and Verification

Step-indexed
interpretation

Self Interpretation

L-Acceptability, Recursive
Rice Enumerability
AD Theorem

L-Decidability, Scott
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COQ-DEVELOPMENT

Lvw
Tactics
Bool Encoding Seval
Nat Options
v 1
Decidability Fixpoints Equality Partial
Comb Scott Subst Eval
Por Rice RE EnumInt
Acceptability Lists DA
SAARLAND
UNIVERSITY
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LINES OF PROOFS

File | Spec. | Proofs
Acceptability.v 12 50
AD.v 2 16
Bool.v 20 12
Lvw.v 186 119
Computability.v 30 16
DA.v 16 71
Decidability.v 14 18
Encoding.v 48 72
Equality.v 49 17
Eval.v 73 73
Fixpoints.v 4 20
EnumiInt.v 64 51
Enum.v 51 113
Lists.v 84 97
MoreAcc.v 4 62
Nat.v 39 36
Options.v 15 29
Partial.v 84 11
Por.v 55 48
Proc.v 43 100
RE.v 21 114
Rice.v 65 92
Scott.v 10 54
Seval.v 43 79
Size.v 6 13
Subst.v 6 13
Tactics.v 46 12
MoreAcc.v 4 62
In Total 1094 1470

SAARLAND

UNIVERSITY

I —

COMPUTER SCIENCE
29/24



BoNUs
00000®00000

CORRECTNESS OF Por

Classically: One of the following holds:
1. s converges and Por "s™ "t = true.
2. or t converges and Por "s™ "t = false.
3. or the terms s, t, and Por "s' "t all diverge.

Intuitionistically:

1. If s converges or t converges, then Por "s™' "t converges.

2. If Por s "'t converges, then either Por s "t =

converges or Por "s "t = false and t converges.

true and s
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SCOTT ENCODING

In a dataype with constructors cy, ..., c, and a k-ary
constructor ¢; an element c;x; . . . xx is represented as

ACL.. Cpe € X1 ... Xg
Such a term yields a match construct:

match t with
I cxy.oox => frxr...xg
I
| cpxp..oxk, => fuX1... X

n

end
is simply done with tf; ... f, SAARLAND pia
UNIVERSITY 5
I
[Curry, Hindley, Seldin, 1972] COMPUTER SCIENCE
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L1ST ENCODING

il = Anc.n

Mx:xs' ' = Anc.c"x'"xs™!
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Define: Eval := Eval’'n
We need:
1. s{t— Eval"s7'="t"
2. Eval"s'="t"— st
3. Eval"s' |} > Jv.Eval "s'="v"
4. sl <> Eval"s™ |

Proofs:

1. Easy

2. ?

3.7

4. Follows
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Eval"s7="t7— st

Proof.
Eval "s7="t7, then Eval’ 71 "s7 =k 7.
Complete induction over k.
» Ifs"t,thenEval’ n"s'="t"="t"and thuss | t
» If s does not converge in 7 steps, then
Eval’ 1 "s7 =% Eval’ Sn "s7 -k 17
where k; > 0and k = k1 + k».
Inductive hypothesis yields result, because k, < k.

g

P
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INTERNALIZED LIST LIBRARY

Internalized functions:

> app

> map

» Elementship
> filter

» Position

100 lines of proofs
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