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REVIEW SELF-INTERPRETER PARALLEL-OR THEOREMS GOEDEL NUMBERING

IDEA
» A constructive development of basic computability theory.
» Verified self interpreter using Scott-encoding
» Proofs for the theorems of Rice and Scott

» Verified parallel executor (parallel or)

v

Verified list library and internalized Goedel-numbering

v

Well-known classical theorems, which are not provable
intuitionistically
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DEFINITIONS
De Bruijn Terms:
s,t n=mn|st|xs (neN)
Substitution:
K —if n = k then u else n
(st = skik
()\S) Sk
» “Combinator” := closed term
» “Procedure” := closed abstraction SAARLAND
UNIVERSITY
I
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REVIEW SELF-INTERPRETER PARALLEL-OR THEOREMS GOEDEL NUMBERING

REDUCTION
Reduction:
s>s >t

(As)(A) =%, st=s't  st=st

Define = as the reflexive, transitive, symmetric closure of .

Important: s =s' — t =t — st =t/
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:

LAST TALK

Uniform confluence ky

v

» Some undecidable problems
. al
» Theorems of Rice and Scott k, <k
1="2
» Verified self interpreter
tp, ——» Ju
31, k +1,=k,+1,
L=k,
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:

SELF-INTERPRETER
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:

EVALUATION COMBINATOR

Eval’ 717s" = case Eva 7 s of Some s = s | None = eval’ Sn s

Lambda lifting needed
Important: Eval’ 7 "s™ converges iff. s converges

How to prove this?
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:

Define: Eval := Eval’ n
We need:
1. s{yt— Eval"s7'="t"
2. Eval"s'="t"— st
3. Eval"s' |} > Jv.Eval "s'="v"
4. s || <Eval"s7 |

Proofs:

1. Easy

2. ?

3.7

4. Follows
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:

Eval"s7="t7— st

Proof.
Eval "s7 = "t7, then Eval' 71 7s7 =K 77,
Complete induction over k.
» Ifs"t,thenEval n"s'="t 7'="t"and thuss || ¢
» If s does not converge in 7 steps, then
Eval’ 1 7s7 =% Eval’ SnTs7 k2 77
where k; > 0and k = k1 + k».
Inductive hypothesis yields result, because k, < k.

O]
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:

PARALLEL-OR

Por' n"s 7
At recursion depth n:
» Execute s for n steps. Converges? Return true.
» Execute f for n steps. Converges? Return false.

» Start again at recursion depth n + 1.
Por := Por' 0
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:

CORRECTNESS

Classically: One of the following holds:

1. s converges and Por "s™ "t = true.

2. or t converges and Por "s™ "t = false.

3. or the terms s, t, and Por "s' "t all diverge.
Intuitionistically:

1. If s converges or t converges, then Por s "t converges.

2. If Por s "'t converges, then either Por "s™ "t = true and
s converges or Por "s' 't = false and t converges.
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:

DECIDABILITY

A set M is decidable if there is a procedure u (the decider) s.t.:
Vs,se MAus'=truevVs € MAu"s' = false

A set M is semi-decidable if there is a procedure u (the acceptor)
s.t:
Vs,s € M<=u"s' converges

Short for u accepts s: 7w u s.
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:

POsT’s THEOREM

VYM.acc M — acc M — decidable M

Classically: Take acceptors u and v for M and M, execute them
on parallel on the input. One of them will converge.
Intuitionistically: (7 u s<=-mvs) — wusV - vsdoesnot

hold.
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SOME EQUIVALENT THEOREMS

Post’s Theorem: YM.acc M — acc M — decidable M
Convergence Theorem: Yu € C.(——u ||) = u |

Markov’s Rule for Ayy:
VM.decidable M — (——3t.t e M) —» Jt.te M

Double Negation for Acceptable Sets:
VM.accM — Vt.(~t ¢M) — te M

v

v

v

v
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EXISTENTIAL QUANTIFICATION OVER DECIDABLE
PREDICATES IS ACCEPTABLE

For every natural number n, decide if the term s with Goedel
number n fullfills the predicate.

» If yes: Halt
» If not: Proceed with n + 1

P
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GOEDEL NUMBERING
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:

SURJECTION N TO T NEEDED

Find duplicate-free lists T}, such that:

seT, teT, seTy
neT, ste Ty As € Ty Tpt1=T,+ B

Then: Vs € T.s € T; and Vn € N.|T,| > n

Goedel number of s: Position of s in Tjg.
Inverse function: Element at position n in T},

All in all under 100 lines for proofs.

P
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:

SCOTT ENCODING

In a dataype with constructors c1, ..., c, and a k-ary
constructor ¢; an element c;x; . . . xi is represented as

ACL. . Cpe G X1 ... Xg
Such a term yields a match construct:

match t with
I cxy.oox => frxr... X
I
I cpxp..oxk, => fuX1... X

n

end
is simply done with tf; ... f, SAARLAND ¢
UNIVERSITY
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INTERNALIZED LIST LIBRARY

Internalized functions:
> app
> map
» Elementship
> filter
» Position

100 lines of proofs
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CONCLUSION
» Great properties of Ay, pay off

v

Post’s theorem does not hold intuitionistically

v

Goedel numbering for arbitrary datatypes is easy

v

Internalization is routine and probably automatable

v

Decidablity and computability in A\, imply decidability
and computability in Coq

P
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FURTHER DIRECTIONS

» Formalize some enumeration theorems

» Acceptable sets are recursively enumerable
» Decidable sets are recursive
» The set of acceptable predicates is recursively enumerable

» Self-interpreter for converging subset of T possible?

» Think about automated translation to Ayy.
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Bonus

s{| <=Eval"s]

Proof.

Left to right: Assume s || ¢, then Eval "s' ="t

Right to left: Assume Eval "s™ |}, then Jv.Eval "s' = "v " and
thus s |} v. O
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Bonus

DECIDABILITY IN )y IMPLIES DECIDABILITY IN COQ

(Vs.u s =true APsV u"s? = false A =Ps) — Vs.dec(Ps)

Proof.

Want to show: dec (Ps).

We know: In,u "s7 |J" true V u "s7 |} false With constructive

choice we get this n.

Then: Decide if eva n u = true or eva n u = false. If the first, then

Ps, else —Ps.

O]

P
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Bonus

COMPUTABILITY IN A,y IMPLIES COMPUTABILITY IN
CoQ

(Vm.InumlnApmn)— {f|VYm.pm (fm) }
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Bonus

L1ST ENCODING

il = Anc.n

Mx:xs' ' = Anc.c"x'"xs™!
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