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Imagine you conceived a new
feature for programming languages. . .

You demonstrate its usefulness by extending the A-calculus.

Things you want for your extended calculus:
m confluence
m (strong) normalisation
m abstract machine
m sound equational theory

m adequate denotational semantics
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Imagine you conceived a new
feature for programming languages. ..

You demonstrate its usefulness by extending the A-calculus.

Things you want for your extended calculus:
m confluence
m (strong) normalisation
m abstract machine
sound equational theory

[
m adequate denotational semantics

CBV or CBN?

“This duplication of work is tiresome. Furthermore, it makes the
languages involved seem inherently arbitrary. We would prefer to
study a single, canonical language.” Paul B. Levy
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CBPV for the rescue

SEMANTIC STRUCTURES IN COMPUTATION

Y. Forster, S. Schafer, S. Spies, K. Stark CBPV in Coq



CBPV for the rescue

m ldealised calculus for functional and imperative programming
m Well-suited for the inclusion of computational effects
m Subsuming paradigm for CBV and CBN
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CBPV for the rescue

Idealised calculus for functional and imperative programming

Well-suited for the inclusion of computational effects
Subsuming paradigm for CBV and CBN

“Subsuming” ?!
CBV and CBN can be simulated in CBPV

The translations preserve operational and denotational semantics

‘[The equational theory of CBPV] trivializes verifying many typical
compiler optimizations.” Rizkallah et al., ITP 2018
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Contribution

Formalisation of
m standard operational semantics for CBPV

» normalisation using logical relations
» adequacy of set/algebra semantics
m unrestricted operational semantics for CBPV
» confluence
» strong normalisation using Kripke logical relations
» soundness of equational theory

m translations of CBV/CBN into CBPV

» preservation of operational semantics

confluence for full A-calculus

strong normalisation for strong CBV/CBN

soundness of equational theories

adequate type-theoretic algebra semantics for CBV/CBN

v vy VvYy

8000 lines of Coq code, supported by Autosubst 2
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Contribution

cBvV CBN
confluence
weak normalisation weak normalisation
strong normalisation strong normalisation
observational equivalence CBPV observational equivalence
denotational semantics denotational semantics
confluence

weak normalisation
strong normalisation
observational equivalence
denotational semantics
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Outline

Definition of CBPV and translation of CBV/CBN
Operational semantics

Confluence

Normalisation

Simulation of CBV/CBN

Equational Theory

Denotational Theory
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What's CBPV?

Syntax
(value types) A :=1|UC|A XA |0|A; + A,
(computation types) C ==T|FA|A—=C|G &G
(environments) I s=x3: A1, ..., Xyt Ay
Value typing
(x:A)eT r-M:C TEViiAL THVyiA IEV:A
TFx:A TFO:1 TF{M}:UC TF (Vi, Vo) i Ay X Ap T Finj; V : Ap + Ay

Computation typing

r-Vv:A

r-EM:FA

Nx:AFN:C Nx:AFM:C

MEletx«~ MinN:C

re=():T I'treturn V:FA
rEM:A—C FrFV:A r=v:uc
r-Mv:c revi:c
rFv:o FFV:A + A

Fr=Ax.M:A— C

N=V:A X Ay Ixy Al xp:ApEM:C
I Esplit(V, x;.x0.M) : C

Mxy:AiFEMp: C Foxp: Ao My : C

I casey(V): C

THM:G

I'eM: G

TH (M, My):C &Gy

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq

I case(V,x;.My, xo.Mp) : C

rFM:C &G
FEprjM:C
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What's CBPV?

Syntax
(value types) A:=1|UC
(computation types) C =T |FA|A— C
(environments) [ s=x1 1A, Xt As
Value typing
(x:A)eT r-m:c
Thx:A TEO:1 FF{M}:UC
Computation typing
r=v:A T'-M:FA N'x:AEN:C Nx:AEM:C
re=(:T I'treturn V:FA Fletx« MinN:C FEAXM:A—=C
F-M:A>C TFV:A rFv:uc
TFMV:C TEVI:C
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What's CBPV?

Syntax
(value types) A :=1|UCJA XA |0]|A + A
(computation types) C ==T|FA|A=C|G &G
(environments) [ s=x 1A, X0t As
Value typing
(x:A) €T reM:C FTEVi:AL T VoA THV:A
TEx:A TEO:1 T {M}:UC T (Vi Vo) i AL X Ay TFinj; V: A + Ay
Computation typing
rv:A T'-M:FA Nx:AEN:C Nx:AEM:C
re=(:T I'treturn V:FA Fletx« MinN:C F’EAXM:A—=C
rFM:A>C  THV:A rev:uc TFV:iAp XAy Toxq:ALxp:AybM:C
reMv:c re=vi:c I Fsplit(V, x;.x0.M) : C
r-v:o F'EV:A+ A Mxy:AlEMp:C Fxp: Ay =My : C
I casey(V): C It case(V, x1.My,xp.Mp) : C
TEM: G THM:G TEM:C &G
TF (M, M) : CL & G, T pri; M: G
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Translations of CBN and CBV

CBN translation

1:=F1 A->B:=UA—B
O :=return ) AX.S := AX.S sti=s{t}

x|
Il
X

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq



Translations of CBN and CBV

CBN translation

=F1 A-B=UA—B

=

X = x| O :=return () AX.S := AX.S st:=s{t}

fine-grained CBV translation |A and v and E‘

X = x O=0 Ax.s = {Ax.s} val v ;= return v

5T —

let x< sinlet y < tin (x!) y

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq CPP 2019 — January 14
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Operational Semantics

Primitive CBN reduction

(Ax.s) t =, slt/x]

Weak CBN reduction frames

C=[1s

Weak CBN reduction

M=, M’
Mo, M’

M-, M’
CIM]~,C[M’]

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Operational Theory CPP 2019 — January 14 9




Operational Semantics

Primitive CBN reduction Primitive CBPV reduction

(Ax.M) V = M[V/x]
(M} = M
let x + return V in M = M[V /x]

(Ax.s) t =, slt/x]

Weak CBN reduction frames Weak CBPYV reduction frames
C:=[1s C =letx+I[]linN|[]V
Weak CBN reduction Weak CBPV reduction
M=, M’ M= M’
Mo, M’ M~ M’
Mors .M’ M ~s M’
CIM]~,CIM'] CIM] ~ C[M']

CPP 2019 — January 14 9
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Unrestricted Operational Semantics

Primitive CBN reduction

(Ax.s) t =, slt/x]
Strong CBN reduction frames

C =s[]1l[]s|Aax[]

Strong CBN reduction

M =, M’
M ~s, M’

M ~s, M’
CIM] ~~, e[M’]

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Operational Theory CPP 2019 — January 14 10



Unrestricted Operational Semantics

Strong CBPV reduction frames

Primitive CBN reduction

[1]
{1}

(v/v contexts) €y, :
(v/c contexts) €y :

(Ax.s) t =, slt/x] (¢/c contexts) .
ec,r: =
. | let x <« []in N
Strong CBN reduction frames | let x — Min (]
I Ax[]I[]V
— (c/v contexts)
¢ =s[1I[Ts|Ax[] Con = (11 vetumn [ 1] M[]

Strong CBPV reduction

Strong CBN reduction W (MM’ and v v/ ]

M=, M’ M- M’ MM
Y M~ M’ Cc,c[M] ~ Ccc[M]
n
Vs V! M~ M’
M ~p M’ Ce V]~ CeyvV] Cy,c[M] ~ Cyc[M']
CIM] ~, CIM'] s

Cuv[V]~ Cyy[V]

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Operational Theory CPP 2019 — January 14 10



Confluence

Standard approach following Tait / Martin-Lof / Takahashi:
m Define parallel reduction x=.
B ~~C g Cao®
m Compatibility of »3 under renaming and substitution.
[

Define maximal parallel reduction function p s.t.
if M2 N then Nz p M.

Theorem

Strong CBPV reduction is confluent.

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Operational Theory CPP 2019 — January 14



Weak and strong normalisation

Value Semantic Typing

V(0] :=0 V] :={0}
VAL x Ag] == {(V1, V2) [ V1 € VIAL], V5 € VIAy]}
VIAy + Az] == {inj; V|V € VIA;]}

VIUCl:={{M}|M e E[C]}

Computation Semantic Typing

ClTl:={()} C[F Al := {return V|V € V[A]}

C[A = C]:=={Ax.M|VV € V[A]. M[V/x] € E[C]}

CIC & ] :={(My, M) [ My € E[C1], My € EIG]}
Semantic Typing (Expression relation)

E[C]:=={M|3N. MU NAN € €[C]}
GIM :={y|V(x:A) € T, yx € VIA]}
TEV:A:=Vye ST Viyl € VIA]

reM:C:=vyeg[r. Myl eélcC]

[Dreyer at al., 2016]

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Operational Theory



Weak and strong normalisation

Value Semantic Typing

V(o] =0 Vil :={0}
VAL x Agl :={(V1, V2) | V1 € VIAL], V2 € VIA]}
VAL + Azl := {inj; VIV € VIA;]}

VIUCl:={{M}|M e E[C]}

Computation Semantic Typing

ClTl:={()} C[F Al := {return V|V € V[A]}

C[A = C]:=={Ax.M|VV € V[A]. M[V/x] € E[C]}

CIC & ] :={(My, M) [ My € E[C1], My € EIG]}
Semantic Typing (Expression relation)

g[C):={M|3N. My NAN € €[C]}
GIM :={y|V(x:A) € T, yx € VIA]}
TEV:A:=Vye ST Viyl € VIA]

FEM:C:=VyeSl Myl € €[C]

[Dreyer at al., 2016]

Y. Forster, S. Schéafer, S. Spies, K. Stark

Value Semantic Typing | V € V[A],V € V°[A]

V0] :=0 V1] :={0}
VIAL x Al i= {(V1, V2) | V1 € VO (A1), Vs € VO [A]}

VAL + Agl := {inj; V|V € V°[A;]} VIUC]:={{M}|M € E[C]}

VevVIA
x € VO[A] Ve V°IAl
Computation Semantic Typing m
el :={(} C[FA] := {return V|V € V°[A]}

CIA = Cl:= {Ax.M|Vp(V € V°[A]). Mlplx:= VI] € E[C]}

ClG & Q] :={(My, Mp) | My € E[GL], M2 € E[G]}

Semantic Typing (Expression relation)

active M — M € €[C]
YN. M~ N — N € E[C]

s SIM) = {v|V(x:A) €T, yx € V°[A]}

TEV:A:=Vye gl Viy] € V°[A]

CBPV in Coq - Operational Theory

TEM:C:=Vy e §[r. Mly] € E[C]



Simulation for CBN

Theorem

Ifs~,t thens ~»Tt.

Theorem

If s ~~ N then N ~* t and s ~~} t for some t.

Corollary

The full A-calculus (with sums and products) is confluent.

Corollary

The simply-typed full A-calculus (with sums and products) is SN.

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Operational Theory CPP 2019 — January 14 13



Simulation for CBN

Theorem

Ifs~,t thens ~»Tt.

Theorem

If s~ N then N ~~* t and s ~~ t for some t.

Corollary

The full A-calculus (with sums and products) is confluent.

Corollary

The simply-typed full A-calculus (with sums and products) is SN.

Untyped simulation can be reused for other type systems!

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Operational Theory CPP 2019 — January 14
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Equational and denotational theory

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Equational Theory



Observational equivalence

Definition (Ground types)

G ZZ=0|1|G1><G2|G1+G2

Definition (Observational Equivalence)

FrEM~N:CforTHM,N:Cif for all O[T = X, : F G[C] and V:

Xe,c[M] ~* return V' iff X [N] ~* return V

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Equational Theory CPP 2019 — January 14
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ITP 2018:
A Formal Equational Theory
for Call-By-Push-Value

Christine Rizkallah'®™) Dmitri Garbuzov?, and Steve Zdancewic?

! University of New South Wales, Sydney, Australia
c.rizkallahQunsw.edu.au
2 University of Pennsylvania, Philadelphia, USA
{dmitri,stevez}@cis.upenn.edu

Abstract. Establishing that two programs are contextually equivalent
is hard, yet essential for reasoning about semantics preserving program
transformations such as compiler optimizations. We adapt Lassen’s nor-
mal form bisimulations technique to establish the soundness of equational
theories for both an untyped call-by-value A-calculus and a variant of
Levy’s call-by-push-value language. We demonstrate that our equational
theory significantly simplifies the verification of optimizations.

“Our CBPV equational theory [...] trivializes verifying many typical
compiler optimizations.”

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Equational Theory CPP 2019 — January 14 16



Equational theory

Rizkallah et al.: Equational theory with (-laws for CBPV with letrec is

sound, using normal form bisimulation.

Levy proves [31-laws using denotational semantics, e.g
'-v~{vi}:ucC

or
''M~Ilet x < Minreturn x:FA

We use logical equivalence, a straightforward extension of the logical
relation used for normalisation.

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Equational Theory CPP 2019 — January 14 17



Logical equivalence

Value Semantic Typing

Viol:=0 Vil :={0}

VIAL x Ap] :={(V1, Vo) | V1 € V[A1], V2 € V[Ay]}
VIAL + Aol = {inj; V| V € VIA]}

VIUCl:={{M}IM € E[C]}

Computation Semantic Typing

eT]:={()) CIF Al = {return V|V € V[A]}

CIA = Cl:={Ax.M|VV € V[A]l. M[V/x] € E[C]}

ClG & G = {(My, M) [ My € E[G], M, € E[G]}
Semantic Typing (Expression relation)

E[C1:={M|3N. My NAN € C[C]}
SN :={y|V(x:A) eT,yx € VIAl}
FEV:A:=Vye§l Viyl € VIA]

reM:C:=Vvye ST Myl € [C]

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq

uational Theory



Logical equivalence

Value Semantic Typing

Vo] =0 V[l :={0}
VIAL x Ap] :={(V1, Vo) | V1 € V[A1], V2 € V[Ay]}
V[A; + Al = {inj; V| V € V[A;]}

VIUCl:={{M}IM € E[C]}

Computation Semantic Typing

[T]:={() C[FA] := {return V|V € V[A]}

C[A — Cl:={Ax.M|VV € V[A]. M[V/x] € E[C]}

ClG & G = {(My, M) [ My € E[G], M, € E[G]}
Semantic Typing (Expression relation)

E[C1:={M|3N. My NAN € C[C]}
SN :={y|V(x:A) eT,yx € VIAl}
FEV:A:=Vye§l Viyl € VIA]

reM:C:=Vvye ST Myl € [C]

Y. Forster, S. Schéafer, S. Spies, K. Stark

Value Relation | (V, W) € V[A]

Vo] :=0 V] ={(0,0)}
VIAL x Ap] :={((V1, V), (W, Wo)) | (V1, W1) € VIALL (V2, W2) € VIAz]}
VAL + Azl := {(inj; V,inj; W) | (V, W) € VIA;]}

Cl:={({M}{N)) [ (M. N) € E[C]}
Computation Relation | (M, N) € C[C]

={((. M} CIFA] :={(return V,return W)|(V, W) € VIA]}

CIA = C] :=={(Ax.M,Ay.N) |¥(V, W) € VIA]. (M[V/x], NIW/y]) € E[C]}

CICy & Gl :={((My, Ma), (N1, No)) | (My, Ny) € E[C1], (Mp, Np) € E[C]}
Logical Equivalence
E[CT:=={(M,N)|3M'N’. MY M" and N | N" and (M’,N’) € €[C]}
S :={(v1,v2) IV(x: A) € T. (y1x,v2x) € VIAl}
MEV~W:A:=V(y1,v2) € §IN. (Vivi], Wiv2]) € VIA]

FEM~N:C:=V(y1,v2) € ST (Mly1], Nly,]) € €[C]

uational Theory



Soundness of equational theory

FEM~N:CimpliesTFM~N:C

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Equational Theory



Soundness of equational theory

FEM~N:CimpliesTFM~N:C

r'ev~{vi}:ucC
and
''EM~Ilet x < Minreturn x:FA

are easy to prove

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Equational Theory



ICFP 2017:

On the Expressive Power of User-Defined Effects: Effect
Handlers, Monadic Reflection, Delimited Control

YANNICK FORSTER, Saarland University, Germany and University of Cambridge, England
OHAD KAMMAR, University of Oxford, England and University of Cambridge, England
SAM LINDLEY, University of Edinburgh, Scotland

MATIJA PRETNAR, University of Ljubljana, Slovenia

We compare the expressive power of three programming abstractions for user-defined computational effects:
Plotkin and Pretnar’s effect handlers, Filinski’s monadic reflection, and delimited control without answer-
type-modification. This comparison allows a precise discussion about the relative expressiveness of each
programming abstraction. It also demonstrates the sensitivity of the relative expressiveness of user-defined
effects to seemingly orthogonal language features.

‘We present three calculi, one per abstraction, extending Levy’s call-by-push-value. For each calculus, we
present syntax, operational semantics, a natural type-and-effect system, and, for effect handlers and monadic
reflection, a set-theoretic denotational semantics. We establish their basic metatheoretic properties: safety,
termination, and, where applicable, soundness and adequacy. Using Felleisen’s notion of a macro translation, we
show that these abstractions can macro-express each other, and show which translations preserve typeability.
We use the adequate finitary set-theoretic denotational semantics for the monadic calculus to show that effect
handlers cannot be macro-expressed while preserving typeability either by monadic reflection or by delimited
control. Our argument fails with simple changes to the type system such as polymorphism and inductive
types. We supplement our development with a mechanised Abella formalisation.

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq - Denotational Theory CPP 2019 — January 14
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Denotational theory

We give a type-theoretic denotational semantics for CBPV. Values types
have Cog-types as denotations, computation types have T-algebras for a

monad T.
Type Denotation
1 unit
Ax B [A] x [B]
uc carrier of [C]
T singleton algebra

C&D product algebra
A — C exponential algebra
FA  free algebra on [A]

Theorem

IfTEM,N:C and [M] =[N] thenTHM=~N:C.

Y. Forster, S. Schafer, S. Spies, K. Stark

CBPV in Coq - Denotational Theory

CPP 2019 — January 14 21



Formalisation

Contents Spec | Proofs
Setup 350 250
Translating CBV and CBN to CBPV | 1250 500
Weak Reduction 200 450
Weak Normalisation 100 150
Strong Reduction 800 950
Strong Normalisation 200 300
Observational Equivalence 250 350
Equational Theory 100 200
Denotational Semantics 700 600
Total 3,950 | 3,750

Low overhead compared to detailed paper proofs

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq

CPP 2019 — January 14
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Formalisation

Contents Spec | Proofs
Setup 350 250
Translating CBV and CBN to CBPV | 1250 500
Weak Reduction 200 450
Weak Normalisation 100 150
Strong Reduction 800 950
Strong Normalisation 200 300
Observational Equivalence 250 350
Equational Theory 100 200
Denotational Semantics 700 600
Total 3,950 | 3,750

Low overhead compared to detailed paper proofs

e Autosubst 2
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Formalisation

Contents Spec | Proofs
Setup 350 250
Translating CBV and CBN to CBPV | 1250 500
Weak Reduction 200 450
Weak Normalisation 100 150
Strong Reduction 800 950
Strong Normalisation 200 300
Observational Equivalence 250 350
Equational Theory 100 200
Denotational Semantics 700 600
Total 3,950 | 3,750

Low overhead compared to detailed paper proofs

e Autosubst 2 e custom tactics
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Formalisation

Contents Spec | Proofs
Setup 350 250
Translating CBV and CBN to CBPV | 1250 500
Weak Reduction 200 450
Weak Normalisation 100 150
Strong Reduction 800 950
Strong Normalisation 200 300
Observational Equivalence 250 350
Equational Theory 100 200
Denotational Semantics 700 600
Total 3,950 | 3,750

Low overhead compared to detailed paper proofs

e Autosubst 2 e custom tactics e setoid rewriting

Y. Forster, S. Schéafer, S. Spies, K. Stark CBPV in Coq CPP 2019 — January 14 22



Autosubst 2

m Autosubst generates well-scoped

valtype : Type de Bruijn syntax, lemmas
comptype : Type

value : Type concerning substitutions and
comp : Type . . H

bool : Type prOVIdeS aSImpl tactic

one: valtype simplifying substitutions

U: comptype -> valtype ;
expressions. . .

F: valtype -> comptype

arrow: valtype -> comptype -> comptype

® ...and supports mutually
inductive syntax.

u: value
thunk: comp -> value

force: value -> comp

lambda: (value -> comp) -> comp

app: comp -> value -> comp

ret: value -> comp

letin: comp -> (value -> comp) -> comp

Y. Forster, S. Schafer, S. Spies, K. Stark CBPV in Coq CPP 2019 — January 14 23



Autosubst 2

m Autosubst generates well-scoped

valtype : Type de Bruijn syntax, |emmaS
comptype : Type

value : Type concerning substitutions and
comp : Type . . H

bool : Type prOVIdeS aSImpl tactic

one: valtype simplifying substitutions

U: comptype -> valtype ;
expressions. . .

F: valtype -> comptype

arrow: valtype -> comptype -> comptype

® ...and supports mutually

T v inductive syntax.

force: value -> comp m Advertisement: Tomorrow,
i{::;?d:;méviu;ﬁec(-”:Pim;; o 11:00, Autosubst 2: Reasoning
Tovin: comp o> (value <> comp) -> comp with Multi-Sorted de Bruijn

Terms and Vector Substitutions
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Autosubst 2

valtype : Type
comptype : Type

value : Type
comp : Type
bool : Type

one: valtype
U: comptype -> valtype

F: valtype —-> comptype
arrow: valtype -> comptype —-> comptype

u: value
thunk: comp -> value

force: value -> comp

lambda: (value -> comp) -> comp

app: comp -> value -> comp

ret: value -> comp

letin: comp -> (value -> comp) -> comp

Spies, K. Stark

CBPV in Coq



Wrap-up
Main novel results
m First confluent strong operational semantics
m Translations from CBV/CBN untyped and small-step
m General proof method for SN
Future Work
m Include effects natively and formalise CBPV + algebraic effects

m Investigate logical equivalence for soundness proofs

m Extend CBPV with polymorphism
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Wrap-up
Main novel results
m First confluent strong operational semantics
m Translations from CBV/CBN untyped and small-step
m General proof method for SN
Future Work
m Include effects natively and formalise CBPV + algebraic effects
m Investigate logical equivalence for soundness proofs
m Extend CBPV with polymorphism

Take home messages
m CBPV is a canonical base language for PL theory
m Doing (CBPV) semantics in Coq is beneficial

m Autosubst 2 will make your life easier (tomorrow, 11:00!)

https://ps.uni-saarland.de/extras/cbpv-in-coq
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