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Abstract

Effect handlers and monadic reflection are both programming paradigms for im-
plementing computational effects such as exceptions or I/O. In this thesis we com-
pare the expressive power of effect handlers and monadic reflection. This compari-
son is based on two core calculi A.¢, introduced by Kammar, Lindley and Oury and
Amon, introduced by Filinski, both being extensions of Levy’s call-by-push-value
calculus.

We prove adequacy of the set-theoretic dentotational semantics of A.s. We give
a finite, adequate set-theoretic semantics for Anon, define the notion of typed and
untyped macro expressability following Felleisen and show that there is a macrox
translation from Apon to untyped Aeg, but no translation from Aeg to typed Amon-
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Chapter 1

Introduction

Computational effects such as exceptions, global state, or I/O are used in many
functional programming languages to implement backtracking, multithreading, or
nondeterminism. They are built in as features in general purpose languages like
OCaml or Standard ML and can be used as monads for instance in Haskell. How-
ever, depending on the language used, it may be hard or impossible to declare new
or change the implementation of old effects for the programmer. For instance, the
change of a global memory cell usually persists the raising of an exception. To
implement new concepts like software transactional memory, one would want to
change this behaviour, such that the initial value of a memory cell is restored if an
exception is raised.

This thesis compares the expressiveness of two calculi that model different ap-
proaches to user-defined computational effects.

The first one is the A¢g-calculus by Kammar, Lindley, and Oury [9], a higher-order
calculus of effect handlers [20, 1] based on Levy’s cepv [11]. Computational effects
in A arise from the use of effect operations, like raise for exceptions, set and get
for state, or read and write for I/O. Programmers can then define effect handlers
to define the implementation of this effects. The clear separation between the ef-
fect and its handling allows for both abstraction and modularity. Pretnar and Bauer
implement a programming language called eff whose treatment of effects uses han-
dlers.

Monads are a widespread concept of abstraction in functional programming. Gen-
eral purpose languages like Haskell or OCaml allow user-defined effects using
monads. In Haskell, every effect has to be encapsulated by a monad whereas in
OCaml there are some built-in effects, like exceptions and reference-cells. We would
like to study monads as a programming abstraction, without introducing auxiliary
notions like type classes or modules, but as independent abstractions.

Thus, the second calculus we consider is the A, n-calculus, a variation of the cal-



culus with monadic reflections introduced by Filinski [7]. In Apon, monadic effects
can be defined by the programmer. For example, a computation of type A that may
raise an error can be described by the well-known exception monad A+1 (x option
in OCaml/Maybe a in Haskell). Monadic reflection comes with two syntactic con-
structs

M:1T5 A N:A+1
reify,.(M): A +1 reflecte,(N): 155 A

witnessing the bijection between a pure implementation based on the A +1 monad

and an effectful computation, here written as 1 <% A.

The main contribution of the thesis is to compare the expressability of effect han-
dlers and monadic reflection with each other. We adapt Felleisen’s [4] notion and
define the concept of typed and untyped macro expressability of Aynon in Aes and
vice versa.

One can compare two programming features by defining them on top of the same
base calculus, which is what we do for Ae¢ and Amon, both being based on cspv. One
extension can then macro express another if there is a structurally recursive trans-
lation function that is homomorphic on the common base fragment and preserves
normal forms in the sense that if a term evaluates to a cspv-value, then the trans-
lated term has to evaluate to the same value. Crucially, the translation has to replace
the syntactical constructs which are not part of the base calculus by constructs from
the target calculus — i.e. has to behave the same every time the construct is en-
countered. Typed macro expressability additionally adds the requirement that the
translated term can be typed in the target calculus.

CBPV
wy %d
X untyped
Aeff 3---—~—~---------7 Amon
typed

X —Y: There is a translation from X to Y
X --» Y: There is no translation
X = Y: We conjecture that there is no translation

The diagram gives an overview of our results with respect to the existence of trans-
lations. There is an untyped translation from Amen to Ae. This is based on the idea
that reify behaves like an effect handler for the effect operation reflect.

We show that there is no typed translation from A to Amon. The proof is based
on the observation that the set-theoretic model for Ao, is finite, whereas A4 has




infinitely many oberservationally different terms of the same type.

Thus, we first recall a set-theoretic denotational semantics for A and prove its ad-
equacy using Hermida’s lifting [8]. We then introduce a finite set-theoretic deno-
tational semantics for Amon and give an adequacy proof using T T-lifting [16, 15, 13,
10, 3]

Contribution

This thesis makes the following contributions:

e Adequacy proof for the set theoretic model of A

Adequate denotational semantics for Ayon

Definition of macro (typed) expressability

Proof that Apon is macro expressible in Aq

Proof that A is not macro typed expressible in Apmon

Structure

Chapter 2 introduces some preliminary concepts: monads, algebras for a monad,
monad morphisms and Levy’s cepv Chapter 3 presents the syntax and operational
semantics of A and an adequate denotational semantics. Chapter 4 presents syn-
tax, operational and denotational semantics of Ay,on Chapter 5 introduces typed and
untyped macro expressability and shows that A.¢ can untyped macro express Amon
but Anon cannot typed macro express A.. Chapter 6 concludes the thesis.



Chapter 2

Preliminaries

We begin by reviewing some basic category theoretic concepts specified to the cat-
egory of sets and functions. We use the to give an adequate semantics to cepv and
use the definitions and proofs throughout the thesis.

2.1 Monads and algebras

Monads and algebras can be defined in a very general sense for arbitrary categories.
However, for the sake of simplicity, it will suffice to introduce them for the category
Set.

2.1.1 Monads

Monads are ubiquitous in functional programming languages. They are wired into
the operational semantics of some programming languages (as the I/O monad in
Haskell) or are at least definable as a structure (as in OCaml). We define what it
means to be a monad in a more abstract sense:

Definition 2.1. A monad is a triple (T, return, >=) where T is a class function Set — Set
and return™ : X — TX and >=%Y : TX x (X — TY) — TY are families of functions such
that for every f : X — TY, g : Y — TZ the following diagrams commute:

return

X TX id X =5 Ty
/N
\ J(>>:f X X \ J(>>:g
~__ = (Ax.fx>=g)
TY >>=return T Z

We say that T satisfies the mono requirement [14] if return : X — TX is an injection for
all X.

Sometimes, monads are defined as triples (T, return, ), where p : T(TX) — TX
is called the “multiplication” for the monad. The definitions are equivalent, be-
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cause we can set px = x>>=id and, vice versa, x>=f = p(Tfx). In a programming
language that has monad support built-in one defines for f : X — Y the func-
tion fmapf : TX — TY as fmap fxs = xs>=(return o f). This definition yields
fmap f = T f in the abstract setting if T is a functor.

We will use the following equation for fmap and p:

w(fmap f xs) = fmap f xs>=id = xs>=f

One can define the category of monads for a given category C by defining monad
morphisms between monads:

Definition 2.2. Let (T, return;, =) and (T,, return,, =) be two monads over Set. A
monad morphism T, — T, isanatural transformation mx : Ty X — ToX with mx (return;,
return, x and myx(t>>=1f) = mxt>>=,(my o f).

In order for m to be a natural transformation we need my ofmap, f = fmap, fomx.

Example 1. There is always a unique monad morphism from the identity monad,
i.e. the identity monad is initial in this category

I:= (IX = X, return; x = x, m>=f = fm)

to any monad T given by mx (x) = return; x. We then have mx (return; x) = Fx(x)
returnt x and my (t>=f) = mx(f t) = returny (f t) = returnt t>=rAx.returny (f x

—

21.2 Algebras

Universal algebra can be used as a tool to describe effectful programs [18]. An alge-
bra in the universal algebraic sense is a generalisation of an algebraic structure. It
consists of a carrier set and a set of n-ary operations. The set of possible operations
is described by a parameterised signature:

Definition 2.3. A parameterised signature is a pair O = (|0|, arityy) where |0| is a set
and arity e assigns to each f in|O| two sets arityq (f) = (P, A¢).

We call the elements f of |O| operation symbols, the set P, the parameter type of f,
and the set A¢ the arity of f. When arity,(f) = (P¢, A¢), we write f : Py — Ay, The
notation already gives an idea on how we intend to use those operation symbols.

An O-algebra now interprets these symbols:

Definition 2.4 (0-algebra). Given a (parameterised) signature O an O-algebra is a pair
(ICl,[—]) where |C| is a set and [—] assigns, for each f : P — A in L, a function [—] :
™ — cl”.

X)
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Theideais that given a parameter p € P and a (possibly infinite) sequence (c, € |Cl) ;ca
the interpretation of f produces something in |C|. Thus, for a finite set A with n el-
ements [f: P — A] is simply an n-ary operation on |C| parameterised by P.

In addition to defining an interpretation for those symbols, we can also build terms
over those symbols:

Definition 2.5 (The Ty monad). Given a (parameterised) signature O, and a set X, we
can inductively define the set To X of O-terms with variables in X:

tu=x|f(Aa:A.tq)

forallx e X, (f: P = A) € O, p € P, and A-indexed sequence of O-terms (to) e in ToX.

To has a monad structure given by:

return x .= x x>=f = fx

fp(Aa.tq)>=f = f, (Aa.>=t.f)

Note that the Ty monad fulfils the mono-requirement (as return is the identity).

Monads also have a notion of an algebra. This notion generalises our initial defini-
tion in the sense that O-algebras and algebras for the monad Ty are in bijection.

We first define the concept:

Definition 2.6 (Algebra over a monad). A T-algebra for a monad T is a pair C = (|C|,c)
where |C| is a set and ¢ : T|C| — |C| is a function satisfying:

c(return x) = x c(fmap c xs) = c(xs>=id)

forall x € |Cland xs € T?|C|. |Cl is called the carrier and we call ¢ the algebra structure.

We say that a set A forms a T-algebra if there is a monad operation a s.t. (A, a) isa
T-algebra.

An algebra over the monad Ty now is a set |C| and a function ¢ : To|C| — |C|. We can
use this structure to interpret symbols in O by setting;:

[£] (xs: ICI™)(p : P) = c[fp(xs))

Vice versa, given an 0-algebra (|C|,[—]) we can build the Ty-algebra with carrier
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|Cl:

c(x €|C]):==x
c(fp(Aa.ty)) = [f] (Aa.c(ta))(p)

Free Algebras

Defining multiplication for the Ty monad is simple: We need p : Ty (ToX) — ToX,
i.e. a way to create a term with variables in X from a term where the variables are
in ToX. Given such a term, multiplication can just reinterpret the very same term
as a term in To X by treating the former variables in T X as extension, i.e. p = >=id.

This idea can be used to define the notion of a free algebra:

Definition 2.7 (Free algebra). For each set X, the pair FX := (TX, >=id) forms a T-algebra
called the free T-algebra over X.

The bijection between Ty and 0-algebras assigns to the free algebra Fr X = (Tp X, >=id)
the term algebra Fy over Ty X given by:

[f] (ts)(p) = fp(Aa.ts(a))

The operation F can be seen as a function Set — Alg (i.e. mapping a set to an
algebra). We can define the inverse function U : Alg — Set as UC := |C| and obtain
a bijection U(FX) = TX (If F and U are functors in the category-theoretical sense
we get an adjunction U - F). This bijection of building a free algebra structure and
forgetting it again will play a major role in the denotational semantics for our calculi
CBPV, Aegr, and Apmon.

We can extend the Kleisli extension operator =, which maps a function f : X — TY
to a function (>=f) : TX — TY to algebras, in the following way. Given a T-algebra
C and a function X — [C|, define (>=f) : TX — |C| by

(xs>=f) := c(fmap f xs)

When C = FY = (TY, >=id), this operator coincides with the given Kleisli extension
operator, as shown in lemma 2.1.1.

Some special algebras

Apart from the free algebra we introduce three more standard algebras over a given
monad T: singleton algebras, exponential algebras, and product algebras. Under-
standing those constructions is both useful in understanding the concept of alge-
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bras and in the denotational semantics given in the next chapters.
Lemma 2.8.

o Singleton algebra: ({x}, Nxs.x) is a T-algebra for any monad T.

o Exponential algebra: Given a T-algebra (|C|, c) and a set A,

(ICI* AfgAx.c(fmap (Af.f(x)) )

forms a T-algebra.

e Product algebra: Given two T-algebras (|Cil,ci), 1 € {1,2} we have a T-algebra as
follows: (|Cq| x [C2l,Acs. (cq (fmap 711 cs), c2(fmap 7 c5)))

We leave out the proofs here, but they are well-known.

2.2 cspv: Call-by-push-value

Most commonly, when doing programming language semantics, one imposes ei-
ther a call-by-value or a call-by-name semantics to a A-calculus with possibly some
additional structure. However, if one adds effects to the language, the evaluation
order matters and call-by-value and call-by-name yield different observational be-
haviour of terms. Instead of comitting to to one and defining the other indepen-
dently, we use cBpv which includes both behaviours as subcalculi.

Call-by-push-value (cBpv) is a computational metalanguage that subsumes both
call-by-value and call-by-name. It was introduced by Levy [11, 12] and will serve as
the base language for the thesis. In the remainder of the chapter we introduce cspv,
its operational semantics and an adequate (set-theoretic) denotational semantics.

2.2.1 Syntax and operational semantics of cBpv

Figures 2.1-2.4 show the definition of cspv, its type system, and its reduction rules.

(values) V\W u=x| QO | (V4,V,) |inj, V [{M}
(computations)
M, N == split(V,x;.x2.M) | caseq(V)
| case(V,x;.My,x,.M,) | V!
| return V|letx «+ Min N
| .M | MV
| (Mq,Mz) | prj; M

Figure 2.1: cBpv syntax
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(value types) A,B :=1]A; xA,|0]A;+A,|UC
(computation types) C,D :==FA|A = C|T|C &C;
(environments) I o=x1:A,...,X0 t A

Figure 2.2: cpv types

Value typing

(x:A)eTl M=V Ay NEVy: A, FrEV:A;
NEx:A Fre=QO:1 ME Vi, Va) 1Ay X Ay M=inj, V:A; + A,
NEM:C
I'F{M}:ucC

Computation typing
'cV:A; x Ay x;:Anx:AoEM:C r=v:o
I split(V,x7.x2.M) : C 't casey(V): C
'EV:A;+A NLx1:AEM;:C Nx, Ay My C '=V:UucC
' case(V,x7.My,x2.M5) : C r'e=v:C
'EV:A 'HEM:FA Nx:AFN:C Nx:AFM:C
'k return V: FA N-letx < MinN:C NrNFAxXM:A—C
'EM:A—=C 'V:A 'tM;:Cy =M, :C,
r'EMv:C (T e (Mqi,M;):C; &C;
FrEM:C &Cy
IMEprj, M: G

Figure 2.3: cBpv type system

cepv distinguishes between value types and computation types. Terms of the first
type are non-computing objects, that can for instance be given as an argument to a
function. Terms of the latter type are computing objects, and terms of computation
type are the only terms that reduce. A computation returning a value is captured
by the construct return V, yielding an object of type FA if V is of type A. The value
can be extracted with the let-construct. To pass a computation as an argument (i.e.
to write a higher-order function) one has to thunk it first as {M}, yielding an object
of type UC if M was of type C. The inverse operation M! is called force.
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Reduction frames

(computation frames) € :=1letx « []in N |[] V| prj, []

Reduction

(BX) Spllt( (V],Vz),.X'] .XZ.M) — M[V]/X],Vz/Xz]
(B-i—) case(injiV,xLM],xz.Mz) — Mi[V/Xi]
(p.U) Ml — M
(B.F) let x < return Vin M — M[V/x]
(B.—) Ax.M)V — M[V/x]
(B.&) prj; (M, My) — M;
( M — M’
rame) M| — eM]

Figure 2.4: cepv operational semantics

2.2.2 Finite types in cspv

We define ground types as exactly those value types that do not contain thunked
computations:

(ground values) G ==1[G; x G2 |0] Gy +G»

Ground types will play an important role. Obviously, equality of ground values is
computationally decidable, even if we add additional computation constructs to the
language, which is also why we will use this definition for all presented languages.
Thus, our soundness theorems of the form “If - M : FA, then M —* return V”
will always restrict A to ground types.

We will need ground types with exactly n elements. In cepv we can simply define
them as the n-ary sum of the 1-type:
Fo = 0
Frnyr=1+F,
We can define elements of the type IF,, as 0, := (), (m+1),, := inj; m,. The elements
of F,, then are exactly 0,,,...(n—1),.

We can define the function succ : IF,, — F,, = Ax.inj; x such that forallm <n —1,
succ m, —* (m+1),.
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Lemma 2.9. For different natural numbers m # m’ with m, m’ < n we have m, # m’,
syntactically.

Proof

Immediately from the definition. |
2.2.3 Syntactic sugar

We define several constructs that make it easier two write down terms in cspv. In
cBPv one cannot apply two computations to each other, so we set:

MN =letx «— Nin M x

We can implement the type of booleans with F,. We can then implement the usual
if/then/else construct as:

if b then C; else C, := case(b,_.C;,_.C;).

Where it seems convenient we might write V for return V, as the ambiguity in ad-
dition to the notation M N does not change the operational behaviour of the term.

2.2.4 Denotational Semantics

We are not going to directly need denotational semantics for cepv. However, we
can reuse the semantic definitions and most of the proofs for A and Amon.

We define the denotational semantics for cspv for any monad T over Set fulfilling
the mono-requirement. The denotational semantics for types is shown in figure
2.5. For every value type A we associate a set [A] that contains the denotation of
the closed terms of type A. To every computation type C we associate a T-algebra

[C].

The denotations of value types are the evident set-theoretic constructions, i.e. dis-
joint union for +, product for x, a singleton set for 1 and the empty set for 0. The
type of thunks UC denotes the carrier of the algebra [C].

The denotation of computation types has more structure. For the T, & and — we
use the singleton, exponential and product constructions for algebras from section
2.1.2.

The most interesting part is the denotational semantics for FA. Here we use the free
algebra for the monad T over the set [A].

Recall that a context I' is just a partial function from variable names to value types
with a finite domain of definition Dom (T"). A denotation for an environment then
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The semantics assigns to each well kinded:
e value type A a set [A];
e computation type C a T-algebra [C];
e context ky I': Ctxt a set [I']; and

Value types
[1] ={x [Ar x Az] = [Aq] x [A2] [0] =0
[A7 + Az ={1} x [A ] U{2} x [A;] [ucj = |[cjl
Computation types
[FA] := F[A] [A — C] = (I[C]M, At Ax.c(fmap (Af.f(x)) )

[T] := {x}, Axs.x)
[C1 & Ca] = (I[Ci]I x [[C2]l, Acs. (c1 (fmap 77 ¢s), c2(fmap 72 cs)))

Contexts [I'] := [ [, cpom(r [T(¥)]

Figure 2.5: cBpv denotational semantics for types

simply maps variable names to the denotation of value types.

We can give semantics to cspv by setting T to the identity monad. However, for Aqg
and Apmon we will need more involved monads and reuse the generalised semantics.

In our setting, a term can have multiple types, for example the function Ax.x can
have type 1 — 1 or 0 — 0. Moreover, a given type judgement might have multiple
type derivations. We thus in fact give a Church-style semantics [21] to our calculi,
i.e. define the denotations for type judgements rather then for terms. However, we
will sometimes pretend to assign it to terms directly for brevity and better read-
ability.

Figure 2.6 defines the denotational semantics for terms. Value derivations I'-V : A
denote functions [V] : [I'] — [A], and computation derivations ' - M : C denote
functions [M] : [T'] — [[C]Il. This does not reflect any use of the algebra structure
on [ C] explicitly. However, as these definitions all give algebra structures over their
carrier sets, we obtain, for each function f : X — [[C]], a Kleisli extension (>>=f) :
TX — [[C]|. Our semantics makes use of the Kleisli extension in the semantics of
let x < Min N.

As a sanity check we prove the following lemma about the denotation of ground
types:

Lemma 2.10. For all ground types G and for all a € [G] there exists a closed value term
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Value terms

[x] (v) = () [O](y) ==* [V, V) | (v) = ([Va] (v), [ V2] (v))
[[IHLV]] (v) =, [V](v) [[{M}ﬂ =[M] (v)

Computation terms

[{Split(\/,?ﬁ .XZ.M”] (y) = [[Mﬂ (Y[X] = Q1y,X2 — (12]) where [Vﬂ Cl],(l2>
[casey(V)] is the empty map, as [V] : [T'] — 0 necessitates [F] =0

[Mi] (vl = i) [V](v) = (1,a1)

[case(V,x1. My, x2.M,]] = {[[Mzﬂ (vlx2 = a2]) [V](v) = <2 a2>

V! (v) =[V] (v) [return V] (y) := return ( V] (v
[let x — M in N] (v) := [M] (y)>=Aa. [M al)
[AxM] (v) =Aa. [M] (v[x —al)  [MV](y):=([M]y [[V] ) 0] (y) =%
[(M1, M2)] (v) = ([M:] (v), [M2] (v)) [{Pl‘]1 M] (v) = m([M] (v)

Figure 2.6: cBpv denotational semantics for terms

F VS : G such that [VE] = a.
Proof

Define V¢ by induction on G:

v!=() Voo = (VELVED ViEe = inj, VG

(ar,az) ap ) (i,a)

2.2.5 Contextual equivalence for cepv

We define contexts and their type system for cspv as in Figure 2.7-2.8. Note that
it is straightforward to define contexts with two holes, but we omit this here for
conciseness. We say that a type environment '’ extends a type environment I, and
write I'" > TI"if " extends I' as a partial function from identifiers to value types.

Definition 2.11 (contextual equivalence). Let I' - P, Q : X be two cspv phrases. We say
that P and Q are contextually equivalent and write P ~ Q when for all closed well-typed
ground-returners contexts O[] = X[ | : FG[X] with T > T and for all closed ground value
terms +V : G, we have:

X[P] —* return V < X[Q] —* return V

Lemma 2.12 (substitution). For all T = P : X and (Vx), cpom () Such that, for all x €
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(value contexts)  Xvar == [ ][ (Xyai, V2) | (V1, Xva) | inj; Xvar [ {Xeomp}
(computation contexts)
Xeomp == [ 1]split(Xyay,x7.22.M)

| Spllt(V, X1 -xz-xcomp) | Caseo(xval)

| case(Xya, x1.M1,x2.M;)

| Case(v) X1 ~xcomp) xz-Mz)

| case(V,x1.M1,x2.f)Ccomp) | f)Cval!

| return X,y

| let x < Xcomp in N

| let x <~ M in Xcomp

| }\x-xcomp | xcomp Vv | M xval

| <xcomp) M2> | <M1 ) xcomp> | Pl‘]'i f)Ccomp

Figure 2.7: cBpv contexts

Dom ('), A+ Vy : T'(x), we have A+ P[Vy/Xlxepom (1) : X-
Proof
Straightforward induction over I' - P : X. u
Lemma 2.13 (context substitution). For all A"l = X[ ]: Y[X]:

1. ForallT =P : X whereT’' > T, we have A+ X[P] : Y.

2. ForallT+P,Q : XwhereT' > T, we have [P] = [ Q] implies [X[P]] = [XIQI].
Proof

Both parts follow from a straightforward induction over the derivation of A[l""] I-
X[ ]:YIXI. u

Lemma 2.14 (basic contextual equivalence properties). The relation ~ is an equiva-
lence relation that is congruent w.r.t. cBpv terms, and contains the reduction relation —.

2.2.6 Adequacy

Our denotational semantics is adequate, i.e. denotationally equivalent terms are
observationally equivalent. We prove this using a standard logical relations argu-
ment [17]. The lifting for the U type first appeared in [8].

For every (value/computation) type X, we define cepvx = {P|F P : X}. We define
the logical relations for a cpv type X by induction on X as in Figure 2.9.

We first show some technical properties of the logical relations:
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Context typing |T'[AlF X[ ]: C[D]

Value context typing
MAl= (XL 1, V2) 1 Ay x A[X] FMATE Vi, XD 2 Ay x Az[X]
TATE X[ ] AX] rAlE X[ ]: CIX]
A F inj, X[ 1: Ay + A, [X] Al - {X[ ]} : UC[X]

Computation context typing
FMAIE X[ ]: A7 x Az[X] Nxy:Ax2: Ao FM:C
IAJ F split(X[ 1,x7.x2.M) : C[X]
NEV:iA; XA Iyxy Ay xz t Ag[Al = M CIX] IAlF X[ ]:0[X]
I'[A] = split(V, x1.x,.X[ 1) : C[X] I'A] F casey (X[ 1) : CIX]

FMAIF X[ ]: Ay 4+ Az[X] Nxy:ArEM;:C Nx,:AzEM;:C
INA] F case(X[ ], x7.My,x2.M3) : C[X]

'EV:A;+A Ixy : Aq[AlE XT ]: CIX] Nx: A2 FM;:C
I'A] F case(V, x1.X[ ],x2.M;) : C[X]

FEVIA +A; Nxy:ArEM;:C Iyxo : Az[AlE X[ ]2 CIX]

Ik case(V,x;.Mq,x,. X[ ]): C

IMA] - X[ ]: UCIX] IMAIE X[ ]: AIX]
INAlE X[ ]! CIX] I'A] - return X[ ] : FA[X]

IMA]JF XTI ]: FA[X] Nx:AFN:C 'EM:FA Nx:A[AlF X[ ]: CIX]
IMA] - let x «+ X[ ]in N : C[X] IMAJFletx «+ Min X[ ]: C[X]
Ix:AJAl = X[ ]: CIX] MAITE X[ ]: A — CIX] F'EV:A

MAJFAx.X[ ]: A — CIX] IMAJ = X[ ]V :CIX]
'EM:A—=C IMA] XTI ]: AIX] IMAJE X[ ]:Cq[X] 'EM,:Cy
A M X ]: CIX] IMAI = (XT 1,M3) : C; & C,[X]
IMAlF (M, X[ ]) : Cy & C1[X] IMAl F prj, X[ ]: Gi[X]

Figure 2.8: cBpv context types
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Value relations |Rx C [A] X cBPVA

Ry = {(xV)IV= O}
RA]XAZ = {(<a1, a2>,V>|E|V1,V2Vi.Vi TA;. <(11,V1> S RAi)V ~ (V],Vz)} Ro = 1}
RA A, = U {{a, V)|3V': Ai.(a, V') € Ra,, V ~ inj, V'}
i=1,2
Ruc ={{aq,V)|IM : C.(a, M) € R¢,V ~{M}} note the thunk in {M}

Computation relations |[Rc C |[C]| x cBPvC

Ria = {(return a, M)|3V : A.(a,V) € Ry, M ~ return V}
Rasc = {(f, M)I¥ (@, V) € Ra, (f(a), M V) € R} Rt 1= {(r, M)IM =~ ()}
RC1&CZ = {<<C],C2>, M>|E|M] : C],Mz : CzM ~ <M1,M2> ,Vl <Ci, M1> c Rci}

Figure 2.9: cBpv logical relations

Lemma 2.15. The logical relations Rx are closed under contextual equivalence. Explicitly:
Forall (a,P) € Rxand - Q : X, P ~ Q implies (a,Q) € Rx.

Proof
By induction on X. |

Lemma 2.16. For all ground types G, a € [G], and closed value terms =V :,V': G:

(a,V),(a,V') ERg = V=V’

Proof
By induction on G. |
Lemma 2.17 (basic lemma). ForallT =P : X,y € [T] and (Vi)

x€Dom (T')*

(fOT’ all x € Dom (F) <7TX’Y, VX> € Rr(x)) — <|IP]] Y, P[Vx/x]xeDom(F)> S RX

Proof

We prove the lemma by induction over type derivations. The cases are all straight-
forward. As an example, we show the value type derivation rule for (x-I) and the
computation type derivation for (x-E):

(x-I):
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Assume the inductive hypothesis for ' - v; : A, 1 =1,2,i.e. <[[Vi]] Y, Vil Vi /X]xeDom(F)> €
Ra..

i

But ([(V1, V2)] v, (V1, V2) [V /XIxepom(r) ) is equal to

<<[V1 ﬂ Y, [VZH Y>) (Vl [vx/x]xeDom(F)> VZ [Vx/x]xeDom(l"))>

and in Ra, x A, by the definition of Ra, xa,.

(x-E): Assume the inductive hypothesis forT'F V : Ay xA,, T,x; : Aj,x2 : A, FM: C.
Consider any vy, [Vi/X]xepom(r) @s in the IH. Then by the the first IH we have that
([V]v, VIVx/X]xepom(r)) is in Ra,xA,, SO by definition there are - V,, : Ay V,, :
Az, a; € [A]ﬂ ,ay € [Azﬂ such that [V]y = <a1,a2>, V[Vx/x]xeDom(F) ~ (vxnvxz)
and(ay, Vy,) € Ra, fori=1,2.

But theny’ := y[x; — a1,%x; — azl, (Vx)xepom(r)y Wwhere T =T, x; : Ay, x5 : A, satisfy
the premise of the second IH, so we have <[[M] Y/, M[Vx/x]xeDom(r)> € Re.

But: ([split(V,x;.x2.M) ]y, split(V, x1.x2.M)[Vy /Xlxcpom(r)) € Rc and this is equiv-
alent to
<[[Mﬂ ‘Y/, Split(v[vx/x]xeDom(F) y X1 -XZ-M[VX/X]xeDom(F\{x1 ‘XZ}))> c RC We then have

([split(V,x1.x2.M)] v, split(V, x1.x2.M) [V, /X]xepom (1)) € Re
= ([M]v/, split(V[Vx/X]xeDom (), X1-X2.-M[Vx /X]xeDom(r))) € Re
<= ([M]y/,split( (Vy,, Vy,), x1.x2.M[Vy/X]xepom(r))) € Re
< ([M]y’, M[Vy/X]xepom(r)) € Re

where both implications follow from Lemma 2.14 and Lemma 2.15. u

Theorem 2.18 (adequacy). Denotational equivalence implies contextural equivalence.
Explicitly: Given a monad satisfying the mono requirement, then for all T + P,Q : X, if

[P]=[Q] then P ~ Q.

Proof

Let ' - Py, P, : X be any well-typed phrases satisfying [P;] = [P.]. Consider any
closed well-typed ground-returner context 0[] = X[ | : FG[X] with " > T. By
Lemma 2.13, [X[P4]] = [X[P,]]. Let ¢ be this common denotation.

Consider any i € {1,2}. By the basic lemma:
(¢, X[Pi]) € Rrg

By Rrg’s definition, there exist (ai, Vi) € Rg such that ¢ = return a; and X[P;] ~
return V;.
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Thus:
return a; = c =return a,

The mono requirement implies that a; = a,. Therefore, by Lemma 2.16, V; ~ V.
Therefore:
X[Pq] ~ return V; ~ return V, ~ X[P,]

Therefore X[P;] —* return V iff X[P,] —* return V, hence P; ~ P,. [
Corollary 2.19 (soundness). All well-typed closed ground returners reduce to a normal

form. Explicitly: for all = M : FG there exists some =V : G such that:

M —* return V

Proof

Pick the identity monad, which satisfies the mono requirement, and consider the
induced denotational semantics.

By the basic lemma, ([M]y, M) € R¢g, so by definition [M] = return a and M ~
return V for some (a,V) € Rg. As M is a ground-returner, we can instantiate
M =~ return V at the empty context and at V, and deduce that M —* return V
iff return V —* return V, and the latter holds by reflexivity.

Note that by Lemma 2.16 and Lemma 2.10, we can choose V := V& |



Chapter 3

Effect handlers: A4

In this chapter we recall A [9], an extension of cerv with effects and effect handlers.
This calculus can be seen as the core calculus of actual programming languages
featuring effects and handlers like eff [1]. Effects arise from the use of operations
like raise for exceptions, set and get for global store, or read and write for I/O.
In A, one can declare such effect operations, use them to construct effectful code
and specify how they are implemented by providing effect handlers. This leads to
a clear separation between an effect and its implementation.

Section 3.1 introduces the syntax of A, a small-step operational semantics and a
sound type system. We define contextual equivalence for A in section 3.2. We
then use this definition to give an equational specification every implementation of
exceptions and global store has to fulfil in section 3.3, before we present the imple-
mentations and prove them correct. Finally, we introduce a denotational semantics
for A in section 3.4, prove its adequacy and the soundness of the type system.

3.1 Syntax and operational semantics of A

Figure 3.1 introduces the syntax of At and figure 3.2 the operational semantics.
Figures 3.3-3.5 define the typing relation. As in the whole thesis we highlight parts
that are different from cspv via shading.

The relevant syntactic additions to cspv are effect operations op V (Ax.M), handling
constructs handle M with H and effect handlers H which describe how these effects
should be executed. Handlers are a set of clauses and have to contain a return clause
return x — M. Furthermore, they can have finitely many more handler clauses
oppk — N, where the operation symbols have to be distinct, which we emphasise
by using the symbol for disjoint union @ in the definition. Although the Ax.M in
operations is technically part of the syntax we will often treat it as an ordinary cspv
function and write op V M where M is of function type instead.
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(values) V,W :=x| O | (V4,V,) |inj, V| {M}
(computations)
M, N = split(V,x;.x2.M) | casey(V)

| case(V,x;.My,x2.M,) | V!

| return V|letx + Min N

| Ax.M | MV

| (Mq,Mz) [ prj; M

| op V(Ax.M) | handle M with H
(handlers) H := {return x — M}

| Hu{oppk — N} where op does not occur in H

Figure 3.1: Ag-calculus syntax

Reduction frames

(hoisting frames) H z=letx « [Jin N[ [] V| prj, []
(computation frames) € := H | handle [] with H

Reduction

(BX) split((V1,V2),x1.x2.M) — M[V]/X],Vz/?(z]
(B.+) case(inj, V,x1.M1,x,.M;y) — M;[V/xy]
(B.U) M}l — M
(B.F) let x < return Vin M — M[V/x]
(B.—) (Ax.M)V — M[V/x]
(B&) pI’ji <M],M2> — Mi
M — M’
(frame) p
CIM] — C[M]
(hoist.op) * ¢ FV )

Hlop V(Ax.M)] — op V(Ax.JH{[M])

Hreturn — Ax.M

Frlie
(handle.F) handle (return V) with H — M[V/]

HP = Apk.N x ¢ FV(H)
handle op V(Ax.M) with H
— N[V/p,{Ax.handle M with H}/k]

(handle.op)

Figure 3.2: A.g-calculus operational semantics
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(kinds) K := Val | Eff | Comp, | Ctxt | Hndlr
(value types) AB i=1]A; xA|0]A7+A, | UgC
(computation types) C,D :==FA|A = C|T[C; &C;

(effect signatures) E z={op:A—B}WE|D

(handler types) Ru=AE=FC

(environments) I a=x1: A7, X0 s Ay

Figure 3.3: Agg-calculus kinds and types

Value kinding

l_k A] : Val l_k A] : Val
|_k1 : Val }_kA1 XAzival f—kO:Val

l—k A] : Val l_k A] : Val l—k E: Eff l_k C: CompE
F« A1+ A, : Val F. UgC: Val

Effect kinding

F« A :Val F B : Val op¢E F« E: Eff
F« {op: A — B}WE: Eff e 0 : Eff

Computation kinding |F C: Comp,

. A:Val H E: Eff ¢ A : Val F C: Comp,

F« FA : Comp, F« A — C: Comp, F T : Compg

Fy Cq1 : Comp, Fx C2 : Comp
F C1 & C, : Comp

Context kinding |, T : Ctxt

for all x € Dom (I'): Fy T'(x) : Val
F T Ctxt

Handler kinding |F X: Hndlr‘

F T2 Cixt F« A : Val e E,E: Eff Fx C: Compy,
e A E=F C: Hndlr

Figure 3.4: Ag-calculus kinding rules
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Value typing |’V :A| where, I': Ctxt and k- A : Val
(XIA)EF 'V Aq '=Vy: Ay '-V:A;
Nx:A r'=QO:1 FI—(V1,V2):A1><A2 Fl—injiV:A1+A2

MeM:C
T {M}: UgC

Computation typing | g M : C| where k- T : Ctxt and - C : Comp,

FI—VIA]XAz F,X1IA],X22A2|—EMZC '=v:o
I e split(V,x;.x02.M) : C 't casey(V) : C
'EV:A;+A; Nxy A Fe M : C x, i Az Fe M, C I'-V:UgC
FI—E CﬁSG(V,X].M],Xz.Mz)ZC FI—E V. C
'-Vv:A e M:FA Nx:AFegN:C Nx:AFeM:C
['Fg return V: FA N-gletx <+~ MinN:C e Ax.M:A - C
N'e M:A—=C '-V:A I'tke M 2 Cq 'te M, C,
FI—EMVC FI—E<>Z—|— FI—E<M],M2>ZC1&C2
FrNFe M:C &G, (op:A—B)ekt r'EV:A x:BFg M:C
e prj; M : G ke op V(Ax.M) : C

I M:FA r-H:Af=FC
I' e handle M with H: C

Handler typing |[THFH:AF=F' C ‘ where

E :{Opi 5 Ai — Bi}i
H = {return x — M} {op, p k — N}
[F,PZAi,kSuE/(Bi—)C) |—1:_/ NiZC]i F,x:AI—E/M:C
r’FH:AE=FE C

Figure 3.5: A¢g-calculus type system
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Handlers H define how to proceed when an operation is encountered during the
evaluation of a program. They have clauses H°Pt = Ap; k;.N; for every possible op-
eration op,, defining how to deal with operations that occur with parameter p; and
continuation k; (rule handle.op). The idea is that (if we ignore the second argu-
ment of operations for a moment) when an operation op, V is encountered inside a
context H the evaluation proceeds with the matching handling term N;, where the
parameter p; is bound to V and the continuation k; is set to the continuation where
op; Vin 3 is replaced by the passed value:

handle H[op,V] with H —* N;[V p;,{Ax.handle H[return x] with H}/k;].

If N; then invokes k; with an argument, the evaluation gets resumed at the point
where the operation was called. Our handlers are deep, meaning the resumed com-
putation gets executed under the presence of the same handler. If N; does not use
ki, the previous computation is just discarded.

The actual formalisation generalises this idea a bit, to ease implementations of ac-
tual effects and the definition of the small step semantics. Operations have a second
argument Ax.N : B — C, carrying the current continuation. This allows us to de-
fine HlopV(Ax.N)] — opV(Ax.JH[N]). The new construct generalises the previous
construct by defining op V := op V (Ax.return x). Plotkin and Power call the sim-
plified form of operations the generic effect of op [19]. They are equivalent to our
operations, because we can set op V(Ax.N) :=let x +- op Vin N.

Furthermore, following [2] we enforce every handler H to have a return clause
Hretvm = Ax.M that defines how the term handle return V with H proceeds (rule
handle.F). This will be useful for implementing certain effects like store.

Finally, the typing judgement for A is parameterised by a set E of effect operations
that may occur during evaluation and so is the type U of thunked computations.
Effect operations op have an arity A — B. The idea is that they can be invoked with
a parameter of type A and the computation might resume later with a value of type
B.

3.2 Contextual equivalence

Similar to cepv we define contextual equivalence for A.s. We first extend the con-
texts of cBpv to contexts of A by adding the contexts in figure 3.6. Figure 3.7 shows
how to type them. The typing judgment for A.¢-contexts is, similar to the judgment
for terms, parameterised by a set E of effects and a set E’ of allowed effects for the
term to be inserted.

The definition of contextual equivalence is then a generalisation that also accounts
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For the omitted parts see cBpv contexts in figure 2.7.

(value contexts) Xy, =

(computation contexts)
Xeomp = ...

| op Xyal (Ax.M) | opV (}\X-xcomp)

| handle Xcomp with H

| handle M with X,
(handler contexts)

:X:han o= [ ]

| {return x — Xeomp} | HW{oppk — N}
| {returnx — M} | HW {oppk — Xcomp }

Figure 3.6: A¢-calculus contexts

for effect signatures:

Definition 3.1 (contextual equivalence). Let I' F¢: P, Q : X be two At phrases. We say
that P and Q are contextually equivalent, and write P ~% Q when, for all closed well-
typed ground-returner contexts O[I''] Fereq X[ ] : FGIX] with T > T and for all closed
ground value terms 'V : G, we have:

X[P] —* return V = X[Q] —* return V

We write P ~ Q for P =~ Q (i.e. for closed, effect-free ground-returners in the definition).
We prove the following lemma as sanity check for our definition:

Lemma 3.2. ForallT F¢ P,Q: X, P~ Q iff VE,P ~F Q.

Proof

The «<-direction is immediate. For the other direction, let E = {op; : A; — Bi}, <i<n

be an effect signature and consider the context Y := ([I'] y¢) handle [ ] with H :
F(G + F,,)[X] where H™"™ = Ax.return (inj, x) and H°P: = Ap, k.return (inj, i,). Re-
call that F,, is the finite type with exactly n elements 0,,...,(n —1),.

Now assume X[P] —* return V. This means that Y[X[P]] —* return (inj, V).
Thus, Y[X[Q]] —* return (inj, V), because Y[X[ ]] is an effect free ground returner
context. But this can only be the case if X[Q] —* return V. |

Lemma 3.3 (basic contextual equivalence properties). The relation ~ is an equivalence
relation that is congruent w.r.t. Aeg contexts, and contains the reduction relation —.
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Context typing |T'[A] Ferey X[ |2 CX]

MM e []: XX

Value context typing see figure 2.8, where just the rule for thunks is replaced by:

MA] Feen X T2 CIX]
MAI = {X[ 1} Ue CIX]

Computation context typing see figure 2.8 and:
(op:A—B)ekE FA] Feeq X[ T2 ALX] Nx:BFeM:C
I'A] Feeq op XTI T (Ax.M) = C[X]
(op:A—=B)ekE N=V:A Iyx:BIA] Fg X[ ]: CIX]

MA] Feen op V (Ax.X[ 1) : CIX]

ke M:FA  T[Al b H:ABSE CX]

I'A] Ferer) handle M with Xp.n[ ]: C[X]

M[A] Feern Xeompl 1 : FAIX] rFH:AE=E C
I'A] Ferer) handle Xeomp[ ] with H : C[X]

Handler context typing | T[A] Fie H: A E=F CX]

E= {Opi A — Bi}i
H = {return x — Xeompl 1} W{op, pk — Ni}k
[RP : Aiak : UE’(Bi — C) l_E’ Ni : C]l F,x : A[A] l_E’ xcomp[ ] . C[X]

MA] Fenq H: AE=F CIX]

E= {Opi A — Bi}i
H = {return x — M} w{op, p k — Ni}i & {op p k = Xeompl 1}
Np:Aiyk: U (Bi — C) Fer Ny Cly
Np: Ak :Ue/(B — C)A] Fer Xeompl 1 : CIX] Nx:AkFg M:C

MA]l e H: A E=SE CIX]

Figure 3.7: A-calculus context types
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3.3 Programming in A.g

We demonstrate how to program with effect handlers by implementing exception
handlers and a global store handler.

3.3.1 Exceptions in A4

One way to implement exceptions is to give terms raise and try that can be used
in the following style:

try{l + raise "number"{As.if s = "number" then 0 else 1}
That is, we want to have terms

raise: string — FA
try @ Ugexc : string—0}FA — Ug (string — FA) — FA
for every type A and effect signature E with exc ¢ E, where exc : string — 0.

The general idea is that try{M}N ~ try{M’IN if M — M’ and try{return V} M =~
return V, but for any stacked hoisting frame J{* we have try{J{*[raise s]} M >~ M!s.
With stacked hoisting frame we mean H* == [ ] | H[H*].

We will implement raise using the operation exc :
raise := As.let x <+ exc s (Ax.return x) in caseg(x)
Consequently, try handles the effect:
try := Ac h.handle ¢! with H

where H™"™ := Ax.return x and H®¢ = As k.h! s. That means, whenever no op-
eration is encountered, the computation just proceeds, but when an operation is
encountered, its argument is passed to the second argument, the exception han-
dler h.

We have

try{return V} M = handle {return V}! with H
— handle return V with H

— return V
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and

try{H*[raise s|]} M = handle {H{*[raise s]}! with H
— handle H*[raise s] with H
= handle H*[let x +— exc s(Ax.return x) in casey(x)] with H
— handle exc s (Ax.H*[let y < return x in casey(x)]) with H
— M!s[Ax.handle 3(*[let y < return x in casey(x)]) with H/k]
= M!ls

as wanted. Note that because M!s does not mention k, the continuation is just ig-
nored.

3.3.2 Global store in A4
We implement a single cell of global storage by giving terms

Wlthst . A — U{get’set}c — C
get:1 —FA
set: A — FI

for an arbitrary value type A. get and set are just generic effect for the operations
get and set. We wrap the entire program with the withst construct to simulate
this global state. The handler now simply translates the effectful computation to a
pure computation:

withst V N := (handle N! with H)V
Hretum -— Ax A_.return x
H&°* := A_ k.As.(ks)s
H5e* == As k.A_.(kO)s
get () :=get () (Ax.return x)

set s := set s (Ax.return x)
The correctness properties are:

withst V {return V'} ~ return V’
withst V{M} ~withst V{M} ifM — M’
withst V{H"[get ])} ~ withst V {H*[return V]}
withst V (H*[set V']) ~ withst V' (H*[return ()])
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The first two properties follow immediately from the definition. The third and
fourth property are also straightforward to prove:

withst V {H*[get ])} = (handle {3{*[get ]}! with H)V
— (handle H*[get ] with H)V
—* (As.(Ax.handle 3{*[return x] with H)ss)V
—* (handle H*[return V] with H)V
+— withst V {H*[return V]}

withst V (H*[set V']) = (handle {H{*[set V']}! with H)V
— (handle H*[set V'] with H)V
—* (A_.(Ax.handle 7*[return x] with H) O V')V
—* (handle H*[return ()] with H)V’
+— withst V’ (H*[return ()])

3.4 Denotational semantics for A

We give a set-theoretic denotational semantics for Ae.
The semantics assigns to each well kinded:
e value type - A : Val aset [A];
o effect by E : Eff a (parameterised) signature [E];
e computation type - C : Comp, a [E]-algebra [C];
e context b ' : Ctxt a set [I']; and
e handler - X : Hndlr an algebra and a function into the carrier of that algebra.

We use the cBprv denotations (see figure 2.5) for value types and contexts, where
[UgC] is the carrier for the [E]-algebra [C] (which is the same carrier as for the
corresponding Tjgj-algebra).

Effect signatures -, E : Eff are assigned a (parameterised) signature [E] in the sense
of 2.3:

[{op: A — B}WE] = ({op} UI[E]|, aritypejlop — ([A], [B])]) [0] = (D,1)

Recall that our cepv semantics was parameterised by a monad T. This comes in
handy now. For a computation with possible effects E (i.e. - C: Comp.) we use
the cepv denotation with T = Tg;, associating to -, FA : Comp, the free algebra
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Fr,[A]. Formally, we will use an [E] algebra as denotation, which is sound due
to the observation following def. 2.6 that Tjg; and E algebras are isomorphic, as
shown in Figure 2.5.

We postpone the denotational semantics for handler types for now and explain it
after the introduction of denotational semantics for terms.

We again give denotations to derivations of types. Value derivations again denote
functions, and E-computation derivations denote functions into the carrier of an
[E]-algebra.

For the cspv fragment of the language we use the same definitions as Figure 2.6.
As the bijection between [E]-algebras and Tjgj-algebras acts as the identity on the
carrier set, this semantics is well-defined.

The semantics of an effect operation (in an effect signature E) is simply this opera-
tion considered as an element of the Tjgj-algebra:

[op VIAXx.M)] (v) = opﬂvﬂy(Ab :[B].[M] (ylx — b]))

whereop: A — B € E.

The denotation of a handling construct is the Kleisli-extended denotation of the
return-clause applied to the denotation of the handled term:

[handle M with H] (y) := [M] (v)>=f

where [H] (y) = (D, f: [A] — [[C]l) and the Kleisli extension is with respect to the
[E]-algebra structure D given on the carrier of the [E’]-algebra denoted by C.

Finally, we define the semantics of handlers. The semantics for handlers needs to
contain the semantics of the return clause, i.e. a function [A] — [C]. Furthermore,
in order to define the needed Kleisli-extension we need an algebra over E. The
interpretation of each symbol in this algebra is given by all the handling clauses.

Thus, we define the semantics of handler types to be pairs of algebras and return-
clause denotations:
[AF=Fc] =) |[c]™
[E]-algebras with carrier |[ C]|

The algebra for a given handler consists of the set |[C]]| and an interpretation ac-
cording to the clauses for operation handling.

Each handler term I - H : X thus denotes a function from [I'] into [X]. Given a
well-typed handler term ' - H : A E=F' C, matching the single rule for deriving
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this judgement, and any y € [T'], define an [E]-algebra structure on [C] by setting:

[op, ] (V) (k € IICT®* N (p € [AD) = [N] (vIp = p, k — K]) € [[C]]

We therefore have a [E]-algebra structure D, = (|[C]l,[—] (v)). Define a function
fy : [A] = I[C]I by:
fy(a e [A]) = [M] (vlx — al)

Thus we define the semantics of the handler term as follows:

[H] (v) = (Dy,fy) € Z |[CH|HAH

[E]-algebras with carrier |[C]|

3.4.1 Adequacy proof

We only changed the denotational semantics for the cpv part of Ao up to isomor-
phism. We can therefore reuse all of the proofs for cepv and only have to prove the
additional cases.

Lemma 3.4 (substitution). For all T - P : X and (V)
Dom (T'), A+ Vy : T'(x), we have A F P[Vy/XlxeDom (1) : X-

(ry such that, for all x €

x€eDom

Lemma 3.5 (context substitution). For all A[T"'] Fgeq X[ 1: Y[X]:
1. ForallT g/ P: X whereT' > T, we have A F¢ X[P] : Y.
2. ForallT g, P,Q : Xwhere T > T, we have [P] = [ Q] implies [X[P]] = [X[QI].

For every value type A, define A¢ga = {V |F V : A} and for every computation type
C and effect signature E: Aegrc g = {M |Fe M : C}. Define handlers(A E=F C) =
{H|FH:AE=F CY.

We define logical relations indexed by A types and effect signatures as in Fig-
ure 3.8. The value relations are exactly the same as for cepv. The computation
relations are supersets of those for csprv, as we now add effect operations to every
relation. Handler relations merely state that the operation clauses and the return
clause preserve the relation.

Lemma 3.6. The logical relations R, and R, . are closed under contextual equivalence.
Explicitly: For all (a,P) € R, and - Q : X, P ~ Q implies (a, Q) € R, , and similarly for
value relations.

Proof

By induction over X. |
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Value relations ‘ R, C[A] x AeffA‘

={xV)IV=0}
Ryn, = { (@1, 02),V ]3v1,v2v1v Avfan Vi) €R, V= (Vi V) |} Ry=1)
R = U {aV3viac (e v) R,V = inj, v}

ie{1,2}
Ryc ={(a,V)FM:C.(a,M) € R, .,V ~ {M}}

Ugc

Computation relations |R_ . C [[C]| X Aegre,c

Rera = RE,, U{(return a,M)[3V: A.(a,V) € R,,M ~ return V}
RE‘AHC = Ré e U{(f, M)IV(a,V) € R, (f(a), M V) € R, .}
Rer =R[ U{(* M)IM ~ ()}
Riciee, =Rl ee, U{ c1,cz M)[3M, 2 €1, Myt oM (M, My) Vi (e, My) € R, ¢ }
where
R =1

(op, (Ab.c),N) | IVM.

(a, > R (op:A—B)ekt
(Ab.c,Ax.M) € R, .

N ~ op V (Ax.M)

Handler relations |R,: .o € [A F=F C] x handlers(A F=F' C)

Raeoerc =1
((Dy, fy),H) |
(op,:A—B)€E, D, ={([C],[-]()
VLIMNL. (fy, A.M) € R, A,

V(a,V) € R, ,, (k,Ax.M’) € RB — C.
<[opi]] (v) (Ax.kx>>=f) a, N;[V/p, (Ax.handle M’ with H)/k]>

Figure 3.8: Ag-calculus logical relations
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We restate Lemma 2.16 here, where the proof is unchanged because the ground
types and relations for ground types are unchanged:

Lemma 3.7. For all ground types G, a € [G], and closed value terms +V:,V': G:
(a,V),(a,V) eR, = V=V’

Lemma 3.8 (basic lemma). Forall Tt P: X,y € [T'] and (V)

xeDom (T')*

(for all x € Dom (I"): (mr,y, Vy) € R, ..} = ([P]v, P[Va/Xlxepom(r)) € R

Proof
We only prove the new additional computation cases for Ag:

(op) Assume (op : A — B) € E, T+ V : A, ([V]y, VIVx/XIxepom()) € R, , and
'Ax.M:B — C.

We have to show that <[[opV(7\x.M)ﬂ Y,0pV(Ax.M) [VX/X]XeDom(r)> € R, .. This
is the case iff R¢ contains

<OP(HVH Y) U\b : [BHM(Y[X = b]))Y)OP(V[VX/X]xeDom(F))(AX-M[VX/X]xeDom(F)D .

By the definition of the logical relations, this boils down to showing that
<[[Vﬂ Yav[vx/x]xeDom(r)> €R. ., (0p:A—=B)ekt and

(Ab : [B].M(y[x = b]), A.M[Vy/XIxcDom(r)) € R, . Everything follows im-
mediately from the assumptions (with the observation that Ab : [B].M(y[x
b]) = [M.M] ).

handle) Assume ' - M : FA, ([M]vy, M[Vy/X]xeDom(r ) € R, .., T H: A =¥ Cand
( () E,FA
([H] v, HIVx/X]xepom(r)) € Rae_erc. Let [H] (v) = (D,f). We have to show
that ([handle M with H]y, handle M with H[V,/Xlxcpom(r)) € Ry e

By definition of R, ., , either M ~ return V or M ~ opV(Ax.M’). The first case
is similar to the let-case of cepv. We only show the second case here, where
we also know that [M]y = op_(Ab.c), (a,V) € R, , and (Ab.c,Ax.M’) € R

We have

E,B—C"*

([handle M with H] v, handle M with H[V, /Xlxcpom(r)) € R, .

= <opa(7\b.c)>>:Df, handle op (V[Vx /x)x cpom (r)) (Ax-M’[Vx /Xl 5 cDom (1)) With H[Vx/x]xeDom(r)> € RE,‘C

= (op, (Ab.c)>=pf,N[V/p, {Ax.handle M’ with H}/k][Vy/X]xecDom(r)) € R, o (= closed)
Def. bijection

i
<= ([op] (v) (Ab.cb>>=f) a, N[V/p,{Ax.handle M" with H}/K][Vx/Xlxepom(r)) € R, .
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This now holds by the definition of R , &
H.

c and the induction hypothesis for

=FE

(let) The let-case is very similar to the handle-case, therefore we omit it here.
The case for handler typing follows immediately from the inductive hypotheses. B

Theorem 3.9 (adequacy). Denotational equivalence implies contextual equivalence. Ex-
plicitly: For all T ¢ P,Q : X, if [P] = [Q] then P ~ Q.

Proof

Let I' = Py, P, : X be any well-typed phrases satisfying [P;] = [P.]. Consider any
closed well-typed ground-returner context 0[] - X[ ] : FG[X] with " > T. By
Lemma 3.5, [X[P4]] = [X[P2]]. Let ¢ be this common denotation.

Consider any i € {1,2}. By the basic lemma:

<C, :X:[PID € Rrg

By Rrg’s definition, there exist (ai, Vi) € Rg such that one of the two cases applies:
e c = return a; and X[P;] ~ return V;.

Thus:
a; =return a; =c =return a, = a,

Therefore, by Lemma 3.7, V; ~ V, and:
X[P;] ~ return V; ~ return V, ~ X[P,]

Thus X[P;] —* return V iff X[P,] —* return V, hence P; ~ P,.

e or c = op_fand X[P;] ~ op A (Ax.M) for some (op : A — B) € (), which clearly
is a contradiction.

Corollary 3.10 (soundness and strong normalisation). All well-typed, effect-free closed
ground returners reduce to a normal form. Explicitly: for all -y M : FG there exists some
FV: G such that:

M —* return V

Proof

By the basiclemma, ([M]y), M) € R¢g, so by definition either [M] = return a, M ~
return V for some (a, V) € Rg or [M] = op_f and op € (), which is a contradiction.
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As M is a ground-returner, we can instantiate M ~ return V at the empty context
M —* return V iff return V —* return V, and the latter holds by reflexivity.

Note that by Lemma 3.7 and Lemma 2.10, we can choose V := V§ |



Chapter 4

Monadic reflection: A\on

Filinski [7, 6] introduces monadic reflection, a way of incorporating monads into
the syntax of a language. With monadic reflection, the user can introduce new ef-
fects using a construct called leteffect. This construct lets the user define a monad,
based on already existing effects of the language. The language has a reflect oper-
ation that gives the user the ability to use the definition of the underlying monad
to implement an effect. The reify operation allows the user to get a representation
of a computation in terms of the underlying monad.

Filinski introduces a calculus for monadic reflection featuring recursion and recur-
sive types that is loosely based on cspv [7]. We make the relation to cepv more
explicit, and simplify it by removing all recursive constructs to obtain the calculus
Amon. This way we ensure that our analysis focuses on monadic reflection only.

4.1 Syntax and operational semantics of Anon

Figure 4.1 introduces the syntax of the Apon-calculus. We add a reification con-
struct [N]° and a reflection construct [i¢(N) to the csrv base calculus. The construct
leteffect ¢ = e be (x.C, N, Ny ) in N allows us to define new effects.

Note that following Filinski [7] the leteffect-construct contains a type C, so we have
types in the syntax of terms.

We almost exactly take the cspv types as shown in figure 4.2. The only difference
is the type of thunked computations, that is parameterised with a single effect e.
We use a single effect here instead of a set of effect operations, as a single monad
can implement many effects. We additionally include type variables « in the value

types.

Effects can be either user-defined effects ¢ or the base effect (in our case, no effect
at all) L. Effect hierarchies contain the name of the introduced effect together with
the action of types, the return term N,, and the bind term N,,. Filinski calls them
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(values) V,W z=x]| O | (V;,V2) |inj, V [{M}
(computations)
M, N == split(V,x;.x2.M) | casey(V)

| CﬂSE(V,X].M],Xz.Mz) | V!

| return V|letx < Min N

| AxM| MV

| (Mq,Mz) [ prj; M

| INI® | e(N)
| leteffect ¢ = e be (x.C,N,,Ny)in N

Figure 4.1: Apon-calculus syntax

(effects) e u= lle

(value types) AB i=1|A; xA;|0]AT+A; | UC |
(computation types) C,D :==FA[A = C|[T|C; &C;

(effect hierarchies) Y o=-]Xe>e~(x.CyNy,Nyp)

(type environments) © = o,..., X,

(environments) I o=x7:A7,...,Xn t A

Figure 4.2: Ayon-calculus kinds and types

effect signatures, but because they are inherently different from effect signatures in
Aetf and the notion from universal algebra, we call them effect hierarchies. As user-
defined effects always have to be based on a previously existing effect, we obtain a
semi-lattice of effects. The effect hierarchy contains this ordering as e < «.

We will oftentimes only need effect hierarchies with less information. For conve-
nience, we will still write Z to denote an effect hierarchy that only contains the or-
dering, or only the mapping of effects to N,, and Ny. We write £’ D L if ¥’ extends
Y, i.e. if X'’ is a suffix-extension of X as a list.

We also add type environments © which are finite sets of type variables originating
from the leteffect construct.

Figure 4.3 introduces a kind system for Apon. The judgment for value types is
straightforward. We now have multiple computation kinds Comp, for each e € .
Intuitively, e-computations may only invoke the effect e.

Vale type judgments © | " 5 V : A differ from their cBpv counterpart in two ways:
They include type variable contexts ©, and an effect hierarchy X, where we require
that A is well-kinded under © and X.

For computation judgments O | T -z . M : C we also add an effect e € £ and we
require that © | X -, C : Comp, (as well as the well-kinding of e, £ and I'). If we
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Effect hierarchy kinding

O, a . C: Comp, eg XL Ok I Eff
@l_kEff @l—kZ,£>—e~(oc.C,Nu,Nb):Eff

Value kinding |©| L A:Val|for © I Z: Eff

O|ZFA;:Val O|ZFA;:Val

O|Zk1:Val Ol A xAy:Val O|Xk0:Val
O|LkA;:Val O|LkA;:Val O| Xy e: Eff O[Z k¢ C:Comp,
O|ZF A+ A,:Val O|XFH U..LC:Val
x e
O|XLFyg oa:Val

Effect kinding for © - * : Eff

<D
Y L Eff Y e Eff

Computation kinding |© | Z -, C: Comp, |for © k- X : Eff and X - e : Eff

O|XFA:Val ©|XFy C:Comp,

©|Z k¢ FA: Comp, O[ZFcA— C:Comp,
O|ZFk Cy:Comp, O Lk C: Comp,
©XZky T:Comp, O[Zty Ci&C;: Comp,

Context kinding |© | Ly T': Ctxt|for © k- I : Eff

forall x € Dom (I'): © | Z - I'(x) : Val
O|L kT Ctxt

Figure 4.3: Ayon-calculus kind system
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Value typing |©|T s V:Alfor® y L:Eff, 0|k ': Ctxt,and ©| £k A : Val

(XZA)GF ®|r}_zV1ZA1 @|r|_):VZZA2
@Il“l—zx:/\ @IFI—;()] @|r|—z(V1,Vz)2A1><A2
O|TFs V:A; O[T FreM:C
©|TFginj, V: A, + A, O[T ks (M}: U,C

Computation typing |© |tz . M:Clfor© b X Eff, X e: Eff, O X T:
Ctxt,and © | Z i C: Comp,

@|r}_zVZA1XA2 ®|F,X1ZA1,.X'21A2}_Z,6MIC @lFI—ZVO
O T Fx e split(V,x1.x,.M) : C O[T Fx e casey(V):C
@IF!—;V:A1+A2 ®|F,X12A1|—z)eM]2C @|r,X22A2|_z,eM22C
C) | I f_):ye CﬁSQ(V,X].M],Xz.Mz) : C

O|TkFs V:UC O|TFs VA
O|TkgeV!:C O|T kg, e return V: FA
O|Tkz,e M:FA O|Nx:AkFzeN:C OINx:AklzeM:C
O|TFzeletx«— MinN:C O|TkFg e AxM:A = C
O|Tkg,e M:A—=C O|ITFs VA
OITFz,e MV:C OITFse(): T
@|r|_};’eM1ZC1 @“—‘l—z’eMzZCz @|r|—z)eM2C1&C2
@|FFZ’6<M],M2>ZC1&‘,C2 @IFI—;,Q pl'ji]\/lICaL
O[TFs:N:FA (e~aCe<e)el O|TFse N:ClA/a] (e~aCie<e)el
©|Tkse [NI°: ClA/o O|T ks 1°(N):FA

O, |0 Fx e Ny oy — Clog /o
O, 1,02 | O Fx e Np: Ue(Clo /o) = Ue(tg — Claa/a]) — Claxa /o]
S | I l_(Z,EN(oc.C,Nu,Nb),e-Q],e M:D

O |T 5, ¢ leteffect € - e be (x.C,Ny,Ny)in M : D

Figure 4.4: A\y,on-calculus type system
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have for a term M that © | T -z . M : C this means that the type M has type C and
can invoke effect e if supplied with a type A, for every a € © and a well-typed term
ty of type A for every (x : A) € T[A_/al .o (We prove this in Lemma 4.2). We will
sometimes call e the level of the computation.

To refer to both computations and values we will sometimes write ® |T" 5z . P : X.
If P is a value V, this simply means @ |[T' 5z V : X. For © [T -z . P : X we always
implicitly assume that e,Z and X are well-kinded:

The interesting typing rules are those for 1i*(—) and [—]°. Reflection 1i*(N) types
as a value returning computation of type FA at level ¢ i.e. as a value returning
computation with effect ¢, if N is of type C[A/a] at level ¢, i.e. a computation that
has the type matching the definition of .

Dually, if N is a computation at level e, [N] turns this into a computation of type
C[A/a] atlevel e, i.e. replaces the effect ¢ with its implementation as a monad which
uses effect e.

Finally, for the (leteffect)-rule, we first have to check that N,, and Ny, are closed terms
which have the matching types to serve as return and bind.

The operational semantics for Ayon is shown in figure 4.5.

To reify a value-returning computation we use the return of the monad (rule (reify)).
Reflection uses the supplied bind operation to sequence its argument before the
remainder of the computation. It captures the remaining computation by matching
with the nearest enclosing reify-construct.

To match the reify with the closest reflect, we require that the reified effects in the
frame 3 do not contain «.

The various (leteff-)rules ensure that the normal forms of effect free computations

are of canonical shape, for instance return V for FA : Comp , .

4.2 Programming in Amon

We only briefly sketch how to implement exceptions in Amon and omit store. Filinski
[7] describes how to implement exceptions and store in detail.

Define:

C® = a + string

N{ == Ax.return inj, x

Ng* = Ax f.let y « x in case(y, x.fx, s.return (inj, s)))
ex > L ~ (o.C™ NI GNY)
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Reduction frames

(computation frames) € z=letx <« [Jin N |[]V|prj []|[[1]°
(hoisting contexts) H == []]|leteffect ¢ = e be («x.C,N,,Ny) in H | C[H]

Reduction ’l—z M — M/‘

(BX) l_z SPlit((V1,V2),X1 .xz.M) — M[V] /X1,V2/.X'2]
(B+) |—): case(injiV,x1 .M],Xz.Mz) — Mi[V/xi]
(p.U) Fs (M} — M
(B.F) ks let x < return Vin M — M[V/x]
(B.—) Fr (Ae.M) V —s M[V/x]
(B&) |_Z Prji <M1, M2> — Mi
Fs M — M/
(frame)

Fs CIM] — CIM]

(e=(Ny,Np))eX

rei
( ﬁ/) Fs [return V]1® — N,V
(e ~ (t.C,Ny,Ny)) € & ¢ & effects(H)
(reflect)
Fr [HET(N)IT® — Np (N}H{(Ax. [H[return x]]°)}
(leteff) I = leteffect ¢ >~ ebe (a.C,Ny, Np)in [ Iy . (ncnuNg)exeM — M/
Fs HM] — H[M]
(leteff-return)
ks leteffect ¢ - e be (x.C,N,, Ny) in return V — return V
H = leteffect b .C,N,Ny) i
(leteﬂ-lambda) eteffect ¢ = e be (« p)in [ ]
Fs FHAx.N] — Ax.F[N]
(leteﬂ—pair) H = leteffect ¢ = e be (x.C,Ny,Np)in [ ]
Fsx (N7, N2)] — (N4, H[N,])
leteff-unit —
( ﬁ‘ ) s leteffect ¢ > e be (x.C, Ny, Ny) in () <>
where
effects([]) =0
effects(leteffect ¢ = e be («.C, N, Ny) in H) = effects(H)
effects([H]°) = {e} U effects(H)
effects(C[H]) = effects(H) (for € # [[1°)

Figure 4.5: Ayon-calculus operational semantics
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We can then define

raise := As.u®(return (inj, s))

try := Ach.let s «+ [c]® in case(s, a.return a,x.hx)

We do not recall and check the correctness properties here, as this is done exten-
sively by Filinski [7].

4.3 Denotational semantics for Ayon

We define the denotational semantics for Amon using mutual recursion over types,
effects and terms for every level. This is because in Amon types contain effects, effects
contain terms and terms have types.

For a type variable environment ©, we use 6 € [0] to denote the fact that 6 is a
tuple of sets induced by ©.

The semantics assigns to each 6 € [©] and well kinded

value type ® | L+ A : Val aset [A] (0);

effect £ by e : Eff a monad [e];

e-based computation type © | Z b C: Comp, a [e]-algebra [C] (6);

context © | X - T': Ctxt a set of tuples [I'] (6) induced by I
We will write y for a denotation in [T'] (6).

We will only assign a denotation to terms that fulfil the following conditions, this
our semantics is partial. We require that for leteffect ¢ >~ e be (x.C,N,,N;)in M
the two functions return, and >=, induced by N,, and N, form a monad. If they
do not, the semantics is undefined. Following Felleisen we require the monads to
be layered, i.e. a monad morphism T, — T.. We call a term P that has a denotation
a proper term.

We define [O] := [, . Set

x€® .

For types we reuse the cspv semantics (figure 2.5) again, with the following differ-
ences:

We use the same denotations for value types as we did for cspv, i.e. for instance
[A; x A2](8) =[A1](0) x [A;] (6). We additionally set [o] (6) = 6(x).

For effects introduced as leteffect ¢ = e be (x.C, N, Ny) in we define

[e] == (Te, return., >=.)
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where

T X :=|[C] (Bl — X])|
return. ™ := [N, ] (0[oc = X]) : X — T.X
=Y = [Np] (0ot = X, 00 = Y]) : T X — (X = T.Y) — T.V.

and define [ L] to be the identity monad.

The denotations for computations are unchanged from csrv, apart from the F-type.

All the algebras are indeed T, algebras for types at level e by Lemma 2.8. We set
[©]Zt FA: Comp, ] (08) = Fp([A](6))

where Fp.; is the free algebra for the monad [e]. Note that this means at level ¢ that

[[FA] ()] = Te([A] (8)) = I[CIA/a] (B)I.

Finally, as before we define [I'] (8) := [ ], cpomr) [T(x)] (0)

Note that in contrast to A.g the semantics for Ayon is finite:

Lemma 4.1. [A] (0) and |[C] (8)| are always finite if © = (A«) co and all A are finite.
4.3.1 Denotations of terms

Giving denotations to derivation of types instead of terms is crucial for Apon. A
derivation ©IT Fze M : C denotes for every ©-denotation 6 a function of type

[ L, crrpee) [C] (0)] for every 0 € [©]. A Value derivation © | T Fx V : A denotes for
every 0 6 [©] a function [ [, ¢;rye) [A] (6

The denotation for i*(N) now has to be an element in |[FA] (6 | = [[CIA/«]] (0)| for
the T,-algebra [FA] (6). To define this, we have access to [N] (0) € [[C[A/«]] (0)] at
level e, so we can set

[E°(N)] (0)(v) = [N] (0)(v)
Note that because terms denote functions to the carrier set of the algebra we do not
have to worry about the level here.

The same idea works for the semantics of reify for the same reason, and, obviously,
as it does not have any influence on the computation, for the leteffect construct:

[O]T ks [NI°:C A/aﬂ ): [T](0) — |[FA : Comp_] (8)| = I[CIA/ad] (0)]
[INI](®)(v) = [N](8)(v)
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[N](®)(y) if Ny and Ny form a monad

[©1T s . leteffect e = e be (x.C, Ny, Np)in N : D] (0)(y) =
’ undefined  otherwise

The other denotations are as for cspv (see figure 2.5), with the return and bind at
level e taken from the monad T, i.e. for instance

[©]T ks return V: FA] (0)(y) := return. ([V](0)(y)).

We prove this semantics to be adequate and sound in Lemma 4.11 and Lemma 4.12.
As a sanity check, we can look at the term [return V]© which reduces to N, V.

[ [return VI©] (8)(y) = return. ([V](6)(v)) = [Nu.] (0)(x) ([V](®)(v)) = [N V] (8)(v)

A similar observation shows that the semantics is correct for the term [let x + {¢(N) in M]°
which steps to Ny, N(Ax.M), because the bind that is used in the denotation for the
let-construct is at level ¢, i.e. induced by Ny, in the definition of .

4.4 Differences to Filinski’s calculus

Our elimination of recursive constructs and the explicit basing on csprv introduces
several differences to Filinski’s calculus [7].

Filinski’s value returning computation type is parameterised by an effect (F.A) and
he introduces an effect basing judgment s e < C expressing that C is a computa-
tion that might invoke the effect e. Fore < eand 5y ¢ < C one can always rebase C to
s e < C. Because we make the level of every computation explicit, we can remove
the annotation on F. Rebasing is not built-in to Ayen, but the user has to make this
points where terms change their level explicit using coercions (see section 4.4.1).

This change enables us to use the exact same rule for let-constructs as in cepv, where
for Filinski the return-type C hat to be based on e if M : F.A.

When introducing an effect ¢ > e in Filinski, the underlying monads have to be
layered (i.e. we need a monad morphism T, — T.. Because we eliminate rebasing,
we can relax this condition.

We also do not introduce an explicit subeffecting judgement. Our ordering is de-
fined in an effect hierarchy X and we write (e < e’) € L for the transitive closure of
the relation induced by the (e < e’) € £ and (e < L’) € X for the reflexive, transitive
closure.

Because we use cspv explicitly, we have to make a design choice how to incorporate
the term Ny. The alternative to our presentation would be to let N}, be synctacti-
cally a context ©[O] | 0[0] Fxisjefe] No @ (Usg(ax; = Cloz/a]) — Claa /) [Cleq /x]]. We
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chose this presentation using explicit thunking, because it seems to be closer to
Filinsis presentation.

Filinski only allows leteffect at the toplevel and distinguished programs and terms.
We allow leteffect anywhere and merge those two notions. Every program of Filin-
ski can still be typechecked in our system, and by lifting all leteffects to the toplevel
and introducing coercions at the right points, this is also the case in the other di-
rection.

4.4.1 Coercions

Oftentimes one wants to use computations at level e at a higher level ¢ > e. In Filin-
ski’s calculus, this is implicitly always possible. We make the level of computation
explicit as in Haskell, which makes some terms that are well-typed in Filinski’s
calculus now not typeable.

We can fix this problem and obtain that every program of Filinski’s calculus can be
translated to our calculus by inserting so called coercions (“liftings” in Haskell).

We define coerce.~.(M) fora® [T 5z . M : FA as
coerce._. (M) := n(let x + M in [return x]°).

We then have © | T -5 . coerce.<.(M) : FA.

The inverse of this operation is reification, as for [coerce.~.(M)]° ~ Ny (let x «
M in [return x]°) (Ax.return x) ~ Ny (let x < M in N x) (Ax.return x) ~ let x «
M in Ny (N x) (Ax.return x) ~ let x < M in return x ~ M.

4.5 Contextual equivalence

We extend cBrv contexts for Amen as shown in figure 4.6 and show their typing
in figure 4.7. To simplify the presentation, we exclude the contexts leteffect ¢ -
ebe (x.C, Xcompl[ 1, Np) in N and leteffect ¢ - e be (x.C, N, Xcomp! 1) in N, because
this does not change the notion of contextual equivalence.

The following two lemmas are slightly more involved for Amen than they were be-
fore, because we have to incorporate the ©:

Lemma 4.2 (substitution). Forall© | Tz ¢ P : X, (Vi) cpom(r) @14 (A«) 4co: SUch that,
forallx € Dom (I), © | Atz Vi :TIA, /&, colX), we have © | A ts o P[Vy/X]xepom(r) :
XA/«

x€O"

Lemma 4.3 (context substitution). For all ©[0@’] | All"'] Fsis/.efen X[ 1: YIX]:
1. Forall©® | T s/ e P: X where " > T, we have © | A5 . X[P] : Y.
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For the omitted parts see cBpv contexts in figure 2.7.

(value contexts) Xy, =

(computation contexts)
Xeomp == ...

| [xcomp] c | ﬁg(xcomp)

| leteffect ¢ ~ e be (at.C, Ny, Nyp) in Xeomp

Figure 4.6: Ayon-calculus contexts

2. Forall ®|T by P,Q : Xwhere T > T and X[P], X[Q] are proper terms, we have
[P] = [Q] implies [ X[P]] = [X[Q]].
We call a context X a proper context if for all pluggable proper terms P, X[P] is
proper.

Contextual equivalence for Ayon is straightforward. We do not use the the detour
via defining contextual equivalence parameterised by an effect hierarchy * as we
did for A.4.

Definition 4.4 (contextual equivalence). Let © |T" Fx . P,Q : X be two proper Amon
terms. We say that P and Q are contextually equivalent, and write P ~ Q when, for
all closed, effect-free well-typed proper ground-returner contexts O[O] | O[I''] Forey, 1 (e
X[ |: FGIX] with T’ > T are defined and for all closed ground value terms © | Fy V : G,
we have:

X[P] —* return V = X[Q] —* return V

Lemma 4.5 (basic contextual equivalence properties). The relation ~ is an equivalence
relation that is congruent w.r.t. Amon terms, and contains the reduction relation — in the
following sense: If [M] (0) is defined and M. — M then M. ~ M.

Corollary 4.6. If for proper terms M, M’ we have M. — M/, then X[M] ~ X[M'].
Proof
Follows immediately from the last lemma, as M — M’ = M ~ M'’and ~isa

congruence. [ |

4.6 Adequacy

Proving adequacy for the denotational semantics of Ayon is the most delicate proof
in this thesis. We use logical relations again. But this time the simple lifting from
section 3.4 is insufficient. Instead, we employ a technique called T T-lifting (read:
“top-top-lifting”) [16, 15, 13, 10] and use two intermediate relations.
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Context typing |O[O'] | T[A] Fxis,eren) X[ 1: CIX]

O] | Tz [ ]:XIX]

Value context typing as in figure 2.8, suitably modified with type variable envi-
ronments.

Computation context typing as in figure 2.8 and:

@[@/] | F[A] I_Z[Z’],e[e’] :X:[ ] ZFA[X] (E ~ O(.C) =93
O[O | T[A] Frisreren [X[ 117 : CIA/a][X]

OO | T[A] Fxizn,ere X[ 1: CIA/][X] (e~aC)el
O[O | T[A] Frisrefer HY (X[ 1) : FA[X]
@, o8] | (Z) l—z,e Nu X1 — C[O(]/O(]
O, a1, | D Fx e Ny : Ue(Clag /o) = Ue (ot — Cloz/ax]) = Claa /]
OlO'] | T[A] (£, e~(a.C,Nw,Np ) e<e) [, ele] X[ ] DIX]
OO | T[A] Fxis,ere leteffect € - e be (x.C, Ny, Ny) in X[ |: D[X]

Figure 4.7: Ayon-calculus context types
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Doczkal and Schwinghammer [3] use T T-lifting to prove strong normalisation of
cepv. We follow their approach and extend it to Amon.

We define

ASZe(C):={P|O|DFs.P:C}

mon

ASZ(A):=(P|O|0Fs P:A}

mon

Xoor € (FGIC]) := {X | 0[O] | B10) b (), 11e) X[ ] : FGICI}

All our relations are parameterised by type variable environments ©, effect hierar-
chies £, effects e for computations, Amon types Xand p = (po € 0(x) x ASex (A‘x)>(x co
for a sequence () | Z - Ay : Val) o, ie. pis an a-indexed sequence of relations.

We then define RY _ _(p) CI[C](8)] x AQs3¢(CIA, /o 4co)-

0,%,¢,C

The idea is that if RY __ _(p) is a relation between denotations and terms, then its

TT-lifting is a relation with possibly more elements, i.e.

Rorec(P) S(RY (0N CI[CI(O)] x Aex®(CIA, /e co)-

c g . . T .
The T-lifting of R, ; _ . (p) is a relation (R;Z»E) .(p)) " between denotations of contexts
and contexts, i.e (RY

Vsec(@)) CICT(0) = [FG] (O)) x Xsh ¢ (FG[CIA, /o yeo])-
The relations are defined in figure 4.8.

Lemma 4.7. The logical relations R, ; ., (p) are closed under contextual equivalence. Ex-
plicitly: For all (a,P) € R, .., (p)and Fx. Q:X, P~ Q implies (a,Q) € R, ;. (p) and
analogously for value relations.

Proof

For value types X, the proof carries over from cspv. For computation types, the
statement follows immediately from the definition of T T-lifting. u

We restate Lemma 2.16 for completeness:

Lemma 4.8. For all ground types G, a € [G] (0), and closed value terms + V,V': G:
(a, V), (a, V') € Ro;clp) = Ve \4

Lemma 4.9. For all ©, ¥, derivations («,0) | £ - X : Comp, (or © | Z - X : Val),
0t Ag:Val) o, 0 = ([Ax] (%) yeo P = <R®‘Z’M(*)>‘XE®, and © | £ H A : Val we
have

R (p {oc — R

(«,0),%,e,X (Z),Z,A[AD(/OLLXE@ (*)} ) = R@,z,e,x[A/mJ (p)



4.6. Adequacy 48

Value relations | R, , , (p) C [A](0) x ASer (A)

R@,z,] (p) = {<*> V>|V ~ ()}
IV, VoViVi: A (e, Vi) € R, (p), V =~ (v1,v2)}

R@,z,m XAs (p) = {<<C11 ) C12>, V>

RozolP) =1
Rosan,0)= | {<Lia>v>‘3V/ZAi.<a,Vl> € Ry (P)V injiv’}
i=1,2
Rosuec(P) ={(aq,V)IM: C.{a,M) € Ry . . (p), V = {M}} RozalP) = p(a)
Computation relations |R? _ (p) C [[C](0)] x A8.xe((C)
os1iaP) ={(a,return V>|E| (a’,V) e R, ,(p),a=return a'}
REs i (P) ={(a,return V)[3(a’,V) € R, , (p),a = return a'} U
{(a,mEMN)|(e ~ 0.C) € 2, () N) € Ry (P}
orensc @) ={HMNM)V(a, V) € R, ;1 (p), (fla), Ax.M]) V) € R, . . (p)}
Leon 0= (000 R ()= {{lens e, <M1,Mz>>]<c1, 0 € Rorc, (0}
T- and TT-liftings |(R%, _(p)) C ([C](O) = I[FG](8)]) x X205 ¢ (FGIC))| and

(RY, . (e CI[CI(O) x Aﬁmm

(RY, (PN = {(£,2)[000] | 0[0] Fx 1), 11e XL 1: FGICL¥W(a,M) € RY,  (p) .
EIV.DC[M] ~ return V A (fa,return V) € RZMG(p)}

( Z)Xec(p))T = {(c M)‘V (f, X) € ( @ seclP p))T.3V.X[M] ~ return V A (fc, return V) € R‘; N FG(p)}

v

Rorec(P)=(RY, ()"

Figure 4.8: Ayon-calculus logical relations
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Lemma 4.10 (basic lemma). For all ©, X, derivations ©|T" Fz. P : X
01 ZkcAx:Val) o, 0 = ([Ax] (%)) peor P = <R@’Z,Aa(*)>a€®, v € [r](©), and
<Vx>x€D0m(F]/

if forall x € Dom (T): (mt,y, Vi) € Roseri (p) then ([P] (0)Y, PiVi/xlycpom(r) € Rosex(P)

and for all ©, L, (0 | Z by Ay : Val) .o, 0 = ([Ax] (%) yeor P = <R@’Z‘A“(*)>a€®, and
0] X A,B:Val,

V(e ~(x.C,N,Np)) € Z:

(INL] (®)(),Nuw) €ER L o) 5 eansc(P[x =Ry . (%)])
A([No] (8)(*),Nyp) € R,

a1,02,0),I,e,Ue(Clay /al)—Ue (a]—Clay/al)—Clay/x] (p[oﬁ = Rw,z,A(*)>“2 = R({),Z\B (*)D

Proof

The logical relations for values are not changed, so the proofs are exactly the same
as for cBpv.

The interesting computation cases for Apon are:
(reify) Assume © |T" 5z . N : FA and <[[N] (0)y, N[VX/X]XeDom(r)> € Ry ;. a(p). Note
that F A[A_/a], .o : Val. By the induction hypothesis for N,, we know that

(INGT O, NG € R oyoclo[a R ()])

which is equivalent to ([N, ] (6)(%),Ny) € R
show that

by Lemma 4.9 and

0,%,e,A—C[A/«] (p)

<[[ [N] Eﬂ (0)y, [N] E[Vx/x]xeDom(F)> € R@‘Z,e,C[A/aJ (p)

which is equivalent to

<[Nﬂ (e)(YJ> [N[VX/X]XEDom(F)] 5> S R@,Z,g)ClA/“J(p)'

To do so take an arbitrary (f, X) € (RY (p))" and show that

0,%,e,C[A/«]

(F(IN] (8)y), return V) € R, . ., . (p) A X[IN[V,/x]xepom(r)] ‘] ~ return V

for some V. This is the case if (f, X[[[ ]1°]) € (R;{’FA(Q))T.
1. Take (a,return V') € RY

I,e,FA

(p) and show (fa,return V") € RY _ (p) and

£,1,FG

X[[return V'] ¢] ~ return V".

We have X[[return V']°] ~ X[N,V’] by Lemma 4.6. By the inductive
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hypothesis for N,,, we are done.

2. Take (a,u(N’)) € R‘Z’)e‘m(p). Wehave X[1i¢(N’)] ~ X[Np {N’}HAx.return x}] ~

return V' with (fa,return V') ¢ RY s ea(P) by the inductive hypotheses

for N, and Ny, Lemma 4.9 and because (a,N’) € R, . ... .. (p).

(reflect) Assume © [T 5 N : C[A/a] and ([N] (6)y, N[Vyx/X]xepom(r)) € R s ecinm (P)-
We have ([1i°(N)] (8)y, i€ (N)[Vx/X]xepom(r)) € R, 4 (p) if and only if

<HNH (e)(Y))ﬁE(N[VX/X]XGDom(F))> S RZ)S‘FA(p)-

Let <f) x> € (Rzye’FA(p))T. We have <[[Nﬂ (9)Y>ﬁE(N[VX/X]XEDom(F)D S RZ’E)FA(p)
because ([N] (8)y, N[Vx/XlxeDom(r)) € Res...cn/e (P) and thus

x[as(N[vx/X]xeDom(F))] ~ return Vand <f(HNﬂ (e)‘Y)) x[ﬁs(N[vx/X]xeDom(r))]> €
RY _ (p) as needed.

%, 1,FG

(return) The case for return is not specific for Anon, but serves as an example for the
omitted cases. Assume ©|T z V : A, ([V](8)y, V[Vi/Xlxepom(r)) € Ry (p)-
We have

([return V] (8)y,return V[V, /X]xcpom(r)) € Re.s.cin (P)
< (return [V](8)(y),return (V[Vy/Xlxcpom(r))) € Ro s .a(P)

Let (f,X) € (R‘é’z‘e‘FA(p))T. Wehave (return [V] (8)y, return V[V, /X]xepom(r)) €

RY (p) because of the inductive hypothesis, thus

0,%,¢,FA
(f(return [V](0)y),return V') € R,  (p)A\X[return V[V, /X|xcpom(r)] ~ return V'’

as needed.

(let) Assume the inductive hypothesis for ® [Tz . M:FAand @ |Ix: Aty N:
C. We have to show that

([M] (8)(v)>=Aa.[N] (8)(v[x — al),let x += M[Vx/X]xeDom(r) it N[Vx/XlxeDom(r)) € Ro 5 . (P)-

Take (f,X) € (RY (p))". We have to show that there is a V with

(f([M] (8)(v)>=Aa.[N] (8)(y[x — al)),return V) € R, .. (p)

and
X[let x < M[Vx/X]xepom (ry in N[V, /Xlxepom(r)] >~ return V.

To do so show that

<7\Hf(y>/¥—7\a HNH (e)h/[x = (1])), x[let X < [ ] in N[vx/x]xeDom(l")]> € (RV (p))T
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(leteffect)

Take (¢, N’) € RE s ein(P).

We have f(c>=Aa.[N] (0)(y[x — al)) = f(([Ns] (0)(*)) ¢ (Aa.[N](0)(ylx —
a])) and X[let x + N’ in N[V /Xlxepom(r)] = X [Ny {N'}{N[Vy/x]xepom(r)}] by
lemma Lemma 4.5 and Lemma 4.6. By the inductive hypothesis for N, we are
done.

Assume ©|T ks N : D and ([N](0)y, N[Vy/xlxepom(r)) € R
Y'=ZX,e=e~(a.C;Ny, Nyp).

(p) for

0,%/,e,D

We have have to show that

(IN](8)(v),leteffect e = e be (x.C, Ny, Ny) in N[V, /Xlxecpom(r))

.. TT
isinRy, . (p) =(RY . ,(P)) .

Let (f,X) € (RY _ (p))'. Weshow that (f, X[leteffect ¢ - e be (o.C, Ny, Ny) in [ ]])

0,%Z,e,D
isin fact in (RY, _(p) )", which directly implies the claim together with the in-

ductive hypothesis.

We only prove the case for D = FA here, all other cases are similar.

(p).
1. If M if of the shape return V' we have

Solet D = FA and (c,M) € RY

>/ e, FA

X[leteffect ¢ = e be (x.C,N,,Ny) in M] ~ X[M]

because of Lemma 4.6. Because (f,X) € (R;W\(p))T we find V with

X(leteffect ¢ = ebe (x.C, N, Ny)in M] ~ X[M] ~ return V and (fc, return V) €
RY ()
5, 1,FG

2. If e = ¢’ and M is of the shape {i*' (N’), we can split up X[leteffect e >
e be (x.C,Ny, Ny) in {i¢ (N’)] to

M’ = X'[[C[leteffect ¢ = e be (.C, Ny, Ny) in i€ (N/)]1¢]

because X[M]isa L-computation and {i¢'(N) a computation atlevel e = ¢’
and find

M’ — Ny, N’ (Ax.C[leteffect ¢ = e be (x.C, N, Ny) in return x])
~ Ny N’ (Ax.C[return x])
— X'[Le[E (N)11°]
= X[R(N)]

and thus X[leteffect ¢ > e be (x.C,Ny,Ny) in 1t (N/)] ~ X[ (N’)] as
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wanted.
The case for the effect hierarchies follows immediately by induction.
n
Theorem 4.11 (adequacy). Denotational equivalence implies contextual equivalence. Ex-
plicitly: forall® | T 5 . P,Q : X, if [P] = [Q] then P ~ Q.
Proof
Let ©|T 5. P1,P, : X be any well-typed phrases satisfying [P1] = [P.] where

both [P;] are defined. Consider any closed well-typed ground-returner context
0101 | 0Tl Foey,ier X[ ] @ FGIX] with " > T s.t. both [X[P;]] are defined. By

)

Lemma 4.3, [X[P1]] (6)(x) = [X[P2]] (8) (). Let ¢ be this common denotation.

Consider any i € {1,2}. By the basic lemma:

(¢, APy} € Ryy o (¥) = (RY, ()T

Now because (id,[ ]) € (R;)’)@’L’FG (x))" we have for each i € {1,2}, (c,return V;) €

RV, | . (x) with return V; ~ X[P;] for some V;. By the definition of RY (%), there
exist a; with (ai, Vi) € R, | (%) such that ¢ = return a;. But return is the identity

for the monad belonging to FG at level L.

Thus:
a; =return a; =c =return a, = a,

Therefore, by Lemma 4.8, V; ~ V,. Therefore:
X[P;] ~ return V; ~ return V, ~ X[P,]

Therefore X[P;] —* return V iff X[P,] —* return V, hence P; ~ P,. [ ]

Filinski also proves Felleisen-style type soundness [22] for his calculus, but via the
route of progress and preservation and under the presence of recursion and possi-
ble non-termination. Using adequacy, we can also prove strong normalisation for
our calculus.

Corollary 4.12 (soundness and strong normalisation). All well-typed, effect-free closed
ground returners reduce to a normal form. Explicitly: forall Fs | M : FG there exists some
Fs Vi G such that:

M —* return V

Proof

By the basic lemma, ([M](0)y,M) € R, . (¥) = (R;"Z,L,FG (x))"". Now because
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(id,[ 1) € (RY, . .(*))" wehave ([M] (0)y,return V) € RY_ () with return V ~
M for some V. By setting the context in the definition of contextual equivalence to

the empty one we find M —* return V. |

We have now established that our introduced semantics is adequate. The proof
using logical relations was more involved than the proof for A, because we had
to use T T-lifting and incorporate the type variable contexts. We will now use the
adequacy results from the last two chapters to compare the expressivness of Amon
and Aqg.



Chapter 5

Expressiveness

We now come to the main contribution of the thesis and analyse the expressive
power of Ae and Amon. We base this prove on a notion of macro expressability [5].
To express Aesr in Amon, We have to express the syntactic constructs of A that do not
occur in cBpv by macros in terms of Amon.

We first will define what it means for A.4 to be macro (typed) expressible in Amon
(and vice versa). The concept of macro expressability is adapted from Felleisen
[5]. We then prove that A4 can macro express Amon, i.€. that there is a structure
preserving translation from Amen to Ae. Finally, we prove that Ayen cannot typed
macro express Aegr, because Amon Only has finitely many observationally different
terms whereas A.¢ has infinitely many.

5.1 Definition of macro expressability

Felleisen [5] introduced a formal notion of expressiveness of a programming lan-
guage. His definition of macro expressability is relative: he defines what it means
for a programming language to be able to express certain additional constructs.
The idea is that an extension £’ of a language £ can be expressed in the language
L itself if £L’-programs can be translated to £ programs and the common program
structure can be left unchanged.

As most programming languages are Turing-complete (and so are Acg and Amon if
one adds certain types and recursion), the Church-Turing thesis states that there is
always a translation. Macro expressability refines the notion of expressability and
requires a local translation, that does not change the program structure.

We extend Felleisens concept and define expressiveness for the two extensions Amon
and A.g of cBpv.

Definition 5.1. We say that Ayon is typed macro expressible in A if there is a family of
functions _s : Terms,,,, — Terms,_, where the parameter ¥ is an effect hierarchy such that:
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1. The functions _y are homomorphic on all cBpv constructs, i.e.:

Os=0 Viy = Vy!
V1, Vo) = (Vis, Vay) return V, = return Vy
Mzzin]’iyz letx + Min Ny =letx + My in Ny
M}, ={Ms)} Ax.My = Ax.My
split(V, x; 'xZ'M)z =split(Vy,x7.x2.My) MVy =My Ny
casey (V) = caseg(Vs) My, My), = <&z»&z>
case(V,x1.M1,%.M,) = case(Vy,x1.Miy,%2.Mp) prj; M = prj; Mx

2. For the additional constructs of Amon we have:
[NT®, = X5 [Ny]

B4(N)| = 5[N]
leteffect ¢ ~ e be (.C, Ny, Ny ) in N_ = X5[Ny /]

for contexts Xi of Aegr and X' .= X, e ~ (x.C, Ny, Ny, ).

Amon Amon *
3. If bo,. P : FG and P is proper, then for all proper Fy V : G it holds that P Amon,
return V <= P, 2% return V.
)\mon
4. For all proper P with b5 . P : X there is a Aeg-type X and an effect signature £ with
)\e
FEPX

Leaving out condition 4 and the semantic definability (i.e. properness) requirement yields
the notion of untyped macro expressability of Amon i1 Aegs.

Definition 5.2. We say that A is typed macro expressible in Amon if there is a function
_ : Termsy , — Terms,,, such that:

1. The function _ is homomorphic on all cepv constructs, as in the last definition.

2. For the additional constructs of At we have:

handle N with H = X\ [E]
Opvf = xop [VI[f]

for Amon contexts Xy, Xop with the last one being a context with two holes, where P
is always proper.

Aeff *
3. IfFy P:FG, then P 2% return V <= P 2™ return V.

Ae
4. For all P with I—g P : X there is a Amon-type X, an effect hierarchy ¥ and an effect e €
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mon

withty . P: X

Leaving out condition 4 yields the notion of macro expressability of Aef i1 Amon.

5.2  Amon is macro expressible in A

We first give an untyped translation from Apen to Aer and prove a simulation result.
To express Amon in Aer We use the idea that [1*(N) behaves like an effect operation
and [N]° like the handling construct.

) = op® {Ns} (Ax.return x)
‘. = handle Ny with HX
for (e ~ (N, Ny)) € £ and
H} = {return V — N, V, op“p f — Ny, p f}
U {opa'p f s op®'p f)e £¢' e E}
leteffect ¢ > e be (.C,Ny,Np) in N_ =Ny . (nuny)

e (N)
[N]°,

In the second case, if ¢ does not occur in Z, the translation is not defined. Note that
if Ny is defined, Ny, is defined for every ' D X.

Note that the translation ignores any type information.
We first prove a technical lemma:

Lemma 5.3. Let X be an effect hierarchy, H a hozstmg context and © | Tz o H[pE(N) : C.
If ¢" & effects(3() then for all ¢ < &' € £: H[u*(N)] e, op® {N}(Ax.H[return x] ) for
someX’ DL

We now show that whenever a program makes a single step in Ayon, the translated
program can mirror this via several steps in A (Where possibly, if the step comes
from a leteffect, the parameter is extended):

Lemma 5.4. If 5 . P: X for some type X, then 5 P Amon, pr— p Doty P’s. for some
' DX
Proof

)\mon

By induction over P == P’. If the reduction is a cepv reduction, everything follows
immediately by the inductive hypotheses. The only interesting cases are:

(reify) Case [return V]© == Amon, NI, V. We have

[return V]°_ = handle return V with HE 2 N V=N, V.
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(reflect) Case (¢ ~ (0.C, Ny, Np)) € Zand [H[[s(N)]1¢ 220 Ny {N} (Ax. [H[return x]1¢).
We have:

[[{°(N)]1° . = handle H[i°(N)] _ with HZ>
2" handle Op(y, ,(Ax.J[return x] ) with H* (Lemma 5.3)
Acty Ny, {N:} (Ax.handle H[return x] _, with HZ)
= Nu, {N;} (Ax. [H[return x]1° )
= Ny {N} (M. [H[return x]]1°)

!

(leteff) Case M Aty M’ and leteffect ¢ = e be (x.C,N,,Ny)in M Amon, Jeteffect ¢ =
ebe (.C,N,,Ny,) in M’. We have for B’ = & ~ (Ny,, Ny, ), E:

leteffect ¢ ~ e be (x.C,N,,Ny,) in M_
:ME’

Aeff
el M/E/

= leteffect ¢ - e be («.C, N, Ny) in M’Z

A1'!'10]'\

(leteff-return) Case leteffect ¢ - e be (x.C,N,, Ny) in return V === return V. We have

leteffect ¢ ~ e be (.C,N,,,Ny,) in return V_ = return V = return V_

We proved that if P makes a step, P, simulates that step in zero or more steps. It is
not the case that if P, can make a step, then so can P, because

lety < 1 (N)in M_ — op® {Ns} (Ax.lety « return x in My)

but thereisno P’ with P’y = op® {N;} (Ax.let y < return x in My ). We can however
prove the following result:

Amon * *
Lemma 5.5. Ify , P:FG, then P, 2 return V. = P 2% return V

Proof

*
Amon

By gy, P:FG and Lemma 4.12 P ~ return V' for some V’, i.e. P === return V'

By the last lemma, P Aoty return V'Z = return V', so V = V'’ because reduction for
At 1S deterministic.
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Thus, P M* return V. [ |
Both lemmas taken together yield the necessary condition 3 of macro expressabil-
ity:

)\mon * *
Corollary 5.6. If -y . P : FG, then P Amon, " return V Py 2t return V.
Proof

If P 2 return V, then P, Adfty” return V, = return V, the other direction is the
corollary. |

Theorem 5.7. A can macro express Amon
Proof

The function _; obviously fulfills the first and second necessary property of macro
expressiveness. The third property was proven in the last lemma. |

However, the given translation does not suffice to also prove macro typed express-
ability:
)\mon
Lemma 5.8. There is -y | P : X such that Py is not typeable in Ae.
Proof
Look at the program

leteffect ¢ = | be (x.Fx,return  ,>=)in
[let x + p®(return ) inlety « p*(return (), ))) in return (x,y)]1°

This program has type F(1 x (1 x 1)).

The translation of this contains two occurenes of op¢, one where the parameter is
of type U(F1), one where it is of type U(F(1 x 1)). This is not allowed in A. [ |

The problematic program is pathological, but the very same problem arises for
instance when translating the continutation monad in Amen to Aes. We conjecture
that this problem cannot be simply overcome without changing the type system of
Aeti. We describe this conjecture in more detail in Chapter 6.

5.3 A is not macro typed expressible in Apyon

The key idea in proving that A is not expressible in Ay is that Aeg has infinitely
many observationally distinguishable terms, but Ay,on only has finitely many ober-
vationally different terms at any type, as the adequate denotational semantics given
in section 4.3 is finite.
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To do so, we define the syntactic abbreviation N;M := let _ <~ N in M. Further-
more, we define the generic effect operation tick := op () (Ax.return x) as well as
tick® := return () and tick™*' := tick;tick™. Note that for any n and any E with
(op:1—1) € E we have ¢ tick™ : F1.

Recall that [F,, is the finite type with n elements and succ the successor function on
this type.

Define ) - H™ : 1 P12 1= 0 R as return V +— return (),op n f — succ(f(Q)).

Note that for natural numbers n and m with m < n we have -, handle tick™ with H™ :
F,, and handle tick™ with H™ 2% return m.,,.

Lemma 5.9. For any natural number n, my < nand m, < n with my # m, there is a
handler H such that handle tick™ with H ¢ handle tick™ with H.

Proof

We have handle tick™ with H™ 2% return (mi)n by thelastlemma, but return (m; ), #
return (m;),, thus

handle tick™' with H 2 handle tick™ with H.

We call two Aeg-terms I' g N, M : X obervationally different if N %2 M.

Lemma 5.10. A has countably many obervationally different terms of type

F F1: Comp oy

We can use this to prove that A.¢ is not typed macro expressible in Ayon. Explicitly:
Theorem 5.11. There is no function _: Terms, , — Terms,,, . such that _is homomorphic
on all syntactic constructs of cspv and we have for all programs P:

Aeff * *
If -y P: FG, then P Amon " peturn V <= P 2% return V

Proof

Consider how terms Aliﬁ{ﬁckq —r1) N : F1 get translated. They have to be terms N : X
for some type X. Now because Anon has a finite model (Lemma 4.1), we can only
have finitely many obervationally different terms in the type X, say k many. Con-
sider the k + 1 terms tick®, . . ., tick®. Their translations cannot all be obervationally
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different, so we have n # m with n, m < k such that tick™ ~ tick™. But we have

handle tick™ with H* 2™ return ny, = return n,

handle tick™ with H* 2™ return m, = return m,

and n, # my, so handle tick™ with H* £ handle tick™ with H*, which is a contra-
diction. m

We have now established that Ay, cannot typed macro express A, because A
has infinitely many observationally distinguishable terms. The A¢-calculus can
untyped macro express Amon, by implementing reification as a handler for the re-
flection effect.



Chapter 6

Conclusion

In this thesis, we compared the macro expressiveness of effect handlers and monadic
reflection.

As it turns out, effects and handlers cannot be expressed using monadic reflec-
tion. Our proof in section 5.3 is based on a finite, set-theoretic adequate model for
the Amon-calculus and the fact that A.¢ has infinitely many observationally different
terms. The field of study of the expressiveness of programming languages is ex-
tensive, but usually considers positive expressability results. Negative results, i.e.
to show that no translation exists, are harder to achieve.

Monadic reflection can be expressed in terms of untyped effect operations and
handlers, as proven in section 5.2. We conjecture that there is no translation such
that the resulting program is always well-typed. Such a translation would have to
implement effect operations and handlers for the continuation monad. However,
as the continuation monad is unranked, and effect handlers can only implement
ranked monads, we conjecture this to be impossible.

Apart from carrying out this proof, it would be interesting for future work to anal-
yse if our simple type system for A could be, for example, extended with poly-
morphism, to be able to macro typed express Amon.

It would also be interesting to analyse further translations. As handlers are a form
of a delimited control structure, we want to compare effect handlers and monadic
reflection to a calculus with direct access to delimited control features. For all pairs
of calculi it would also be interesting to analyse whether, if local translations are
not possible, there are still global translations possible.
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