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Synthetic Decidability

A problem P : X — P is decidable if there is
f: X — Bst Vx. Px & fx = true.

Q.: Why is this definition okay?

A.: Because Coq is a programming language
and every definable function f : X — B is
computable in a model of computation, pro-
vided X is a datatype like N, N x B, or
list (N) x list (optionB).
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Synthetic Undecidability

A problem P : X — P is undecidable if
dec P — L

does not work, because you can consistently assume a decider for every P

Axiom halting dec :dec Halt.

where Halt is the halting problem of Turing machines is
consistent (because the set model validates it)

not provable (because all definable functions are computable)
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Synthetic Turing and many-one reductions

A problem P : X — PP is undecidable if
dec P — dec Halt.

QR =<7 P:=decP — decQ

Lemma
If Q =1 P and Q is undecidable, then P is undecidable.

Q < P:=3fVx. Qx +» P(fx)

Lemma
If Q <X P then Q <1 P.
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Coq to Call-By-Value A-Calculus
e

Tra d |t | o n a | M Od e | S Of CO m p u ta t | O n A Certifying Extraction with Time Bounds from

Q: How to prove
“There is no Turing machineA-term comput
A: Show that the many-one reductions

are computable.

Coq function f : N — 1ist N

§

A-term t with ¢t A fn.

as a Coq plugin based on MetaCoq

= Many-one reductions can be automatically translated to
a “real” model of computation
yielding a proof of #t : term. t computes P
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Vision

Undecidability proofs should be
mechanisable

We need a library of potential starting
points for proofs by reduction
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p-rec
FOL
CFG
SR — H10
Sys. F/
A HOU
PCP FRACTRAN

NN S

bin. stack machines » register machines

A Coq Library of Undecidable Problems CoqPL 2020 — January 25



Seeds

p-rec

TNrii::::/:;T‘“\\\\\\\

CFG
SR H10

Sys. F;i:::::::::::
////////J,HOU

PCP FRACTRAN

NN S

bin. stack machines » register machines

A Coq Library of Undecidable Problems



Targets

p-rec
FOL
CFG
SR — H10
Sys. F/
A HOU
PCP FRACTRAN

NN S

bin. stack machines » register machines
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Advanced problems

L-rec
FOL
CFG
SR P H10
Sys. F/
/ HOU
PCP FRACTRAN

NN S

bin. stack machines » register machines
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Seed 1 . P C P Verification of PCP-Related

Computational Reductions in Coq

Base type: list (1istB x 1listB)

Definition: PCP(L) :=3dx :1istB. Lt (x, x)

(u,v) el L>(x,y) (uv)el
L>(u,v) Lo (x+Huy+Hv)

Good seed for target problems that can express
string concatenation and simple inductive predicates.
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's Tenth

lem in Coq

Seed 2: Diophantine constraints

Base type: list C where C i= x+y=z | xxy=z | x=1.
Definition: H10(C) := 356 : var — N.  E C where

8 F x+y=z:="58x+ 08y =25z

8 F xxy=z:=08x-0y =6z
dFE x=n=%0x=1

dEC:=Vce(C.dFc

Good seed for target problems that can express
addition and multiplication.
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Seed 3: FRACTRAN

's Tenth

lem in Coq

Base type: N x 1ist (N x N)
Definition: FRACTRAN(x, P) := x is terminating under P _ > _

qg-y=p-x qgfp-x PEx>y
(pg):PkEx>=y (pg)uPkx>y

Good seed for target problems that can express
multiplication and reflexive transitive closure.
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p-rec
FOL
CFG
SR — H10
Sys. F/
A HOU
PCP FRACTRAN

NN S

bin. stack machines » register machines
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Target problems

p-rec
FOL
CFG
SR — H10
Sys. F/
A HOU
PCP FRACTRAN

NN S

bin. stack machines » register machines
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F | rst_ 0 rd er | o) gl C On Synthetic Undecidability in Coq,

with an Application to the Entscheidungsproblem

Dominik Kirst Gert Smolka

b

To reduce a problem to first-order provability, show that its definition is
expressible as a first-order formula.

P(x) + T+ @y
Usual proof strategy:
— By induction on the definition of P.

< By defining the standard model for P and soundness.
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The cbv A-calculus L

Weak Call-by-Value Lambda Calculus
as a Model o n Coq

Definition
A problem P : X — P is L-enumerable if
there is an L-computable function

f:N— option X s.t. Px <> dn. fn = |x].

Theorem

A problem P : X — P reduces to the L-halting problem if it is
L-enumerable and its base type has an equality decider in L.

Strategy to reduce P to L-halting:
Give enumerating function f : N — option X (purely in Coq)
Give equality decider X — X — B (purely in Coq)
Give encoding for X in L (mostly automatic)
Use extraction to L from ITP '19 (fully automatic)
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Abstract

We present a framework for the verified programming of
‘multi-tape Turing machines in Coq, Improving on prior work
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Abstract
We formalise undecidability results concerning higher-ordes
unification in the smply-typed 1-caleulus with f-conversion
in Cog. We prove the undecidabilty of general higher-order
unification by reduction from Hilberts tenth problem, the
solvability of Diophantine equations, following a proof by
Dowwek. We sharpen the result by establishing the undecid-
ability of second-order and third-order unifcation following
proofs by Goldfarb and Huet, respectively

Goldfarb's proof for second-order unification is by reduc-
o o il e oo, e oclgul poct vt
the Post correspondence problem (°CP) osho the undeci
bl of v

ity et

tand briicken, Germany
forster@ps uni-saarland de

second-order uification oy mentions erms with free vari-
ables of sccond-order type. In contrast, third-order unifica-
tion is concerned with terms where variables have a type of
at most rder three.

In 1965, fist-order wnification was shown to b decid-
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gorithms [Marteli and Montanari 197; Paterson and
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Development Issues

In total: 75.000 LOC

m Development on Github, Travis Cl helps a lot

m Still figuring out best practices to target multiple Coq versions

different branches?
configure.sh files?
only target most up-to-date Coq version?

m Some parts of the library depend on Equations or MetaCoq. Should
the whole library depend now? What about Windows users?

m Different used standard libraries lead to incompatibility

m Different trust in axioms
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Future Work

Include more problems

Typability in ATT or type inference in System F,
Intersection problem of two-way automata

Wang tiling problems, Post's tag systems

ZF entailment, Trakhtenbrot's theorem

|
|
m Subtyping in F¢, typability and type checking in System F
|
|

Semi unification

Work out foundations:

m What is a realizability model for Coq?

m Which axioms are compatible? Func. ext.? Prop. ext.? PI? EM?
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Join us!

p-rec

CFG

Sys. F7

HOU
/

NN

bin. stack machines + register machines

H10

FRACTRAN

github.com/uds-psl/coq-library-undecidability/

Questions?
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