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a0 =1
al =1

ant+2 =anp + an+1
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Fibonacci sequence as example

Fo =1

Fn+2:Fn+Fn+1
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Fibonacci sequence as example

4/63



From Sequences to Streams

to, t1, to, t3, tg. . .
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From Sequences to Streams

to, t1, to, t3, tg. . .

Interpretation as Sequence
an ‘= t,
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From Sequences to Streams

to, t1, to, t3, tg. . .
Interpretation as Sequence
an =ty
Interpretation as Stream

head: sp := tg
tail: s’ :=t1, b, t3, ta,. ..
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From Sequences to Streams

1,1,1,1,1...

Interpretation as Sequence
a, =1
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From Sequences to Streams

1,1,1,1,1...

Interpretation as Sequence
ag .= 1
dpt1 -= ap
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From Sequences to Streams

1,1,1,1,1...

Interpretation as Sequence
ag .= 1
dpt1 -= ap

Interpretation as Stream

head: sp:=1
tail: s’ :=s
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From Sequences to Streams

1,1,1,1,1...

Interpretation as Sequence
ag .= 1

dpt1 -= ap

Recursion

Interpretation as Stream
head: sp:=1

tail: s :==s

Differential Equation
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Addition

Adding Sequences
(a+ b)p:=an+ by
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Addition

Adding Streams
Adding Sequences (r+ )0 == ro + %
(3+b)n ::a,,—i—b,, (r+5), — r/+5/
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Addition

Adding Streams
Adding Sequences (r+ )0 == ro + %
(3+b)n ::a,,—i—b,, (r+5), — r/+5/

Ascending Sequence

ag =0
an+1 = an + 1
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Addition

Adding Streams

Adding Sequences (r+s)o:=ro+so
(a+ b)p:=an+ by (r+s):=r+5¢
Ascending Sequence Ascending Stream
a =0 sp:=0
ani1:=an+1 si=s+(1,1,...)
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Multiplication on Streams

Some Definitions

00 =0

0:=0

[t] :==(t,0,0,...)
[tlo:=1t

[t] =0

16 /63



Multiplication on Streams

Some Definitions

00 =0

0:=0

[t] :==(t,0,0,...)
[tlo:=1t

[t] =0

Multiplying Streams
(rxs):=r Xxsg
(rxs):=[n]xs+rxs
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Multiplication on Streams

Some Definitions

Oo =0

0:=0

[t] :==(t,0,0,...)
[tlo:=1t

[t] =0

Multiplying Streams
(rxs):=r Xxsg
(rxs):=[n]xs+rxs

Behaviour of Multiplication
0xs=0

([t] x s)o :=1t X s0
([t] xs) :==[t] xs+0xs

[l xs=s
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Multiplication on Streams

Behaviour of Multiplication

0xs=0
Some Definitions
0o :=0 ([t] x s)o :=1t X s0
0 =0 ([t] xs) :==[t] xs+0xs
[t] := (¢t,0,0,...)
[to =t [l xs=s
[t] =0
Multiplying Polynoms
a:aox0+alx1+...
Multiplying Streams b= box® + byxt + ...
(rxs)o:=rxs ax b=cox®+caxt+...

(rxs):=[n]xs+rxs
Ci =D ki@ X bk
= a0 X bi + 3 i1 a1 X bk
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Backshift X

X =(0,1,0,0,...)
Xo:=0
X' =11]
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Backshift X

X:(071,0,Oa"‘)
XO ::0
X' :=1]

(X xs)y=0
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Backshift X

X:(071,0,Oa"‘)
XO::O
X' :=1]
(X xs)y=0
(Xxs)=Xoxs+X xs=s
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Division on Streams

Dividing Streams

(sxs =1
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Division on Streams

Dividing Streams

(sxs =1

> 1=(sxsY)g==s xs"
=s'=1/%
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Division on Streams

Dividing Streams

(sxs =1

> 1=(sxsY)g==s xs"
=s'=1/%

> 0= (sxs 1) =[sp] x (s7) +5 xs71
= (s71) = —s' x 571 x [s] 7}
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Division on Streams

Dividing Streams

(sxs =1

> 1=(sxsY)g==s xs"
=s'=1/%
> 0= (sxs 1) =[sp] x (s7) +5 xs71
= (s71) = —s' x 571 x [s] 7}
Dividing Sequences

-1
1~ Zl—l—k:n—l Si+1 X Sy
s, =
50
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Division on Streams

Dividing Streams

(sxs =1

> 1=(sxsY)g==s xs"
=s'=1/%

> 0= (sxs 1) =[sp] x (s7) +5 xs71
= (s71) = —s' x s7! x [s] 7}

Dividing Sequences

sl — 2 ik=n—1 5141 X S
)

Constant Stream by Division

(1-X)t=(1,1,1,...)
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Ring on Streams

Addition

(a+ b)o = ag + bo
(a+b) =a +Vb

Subtraction

(—a)o = —ap
(—-a) =—-4

Multiplication

(aXb)o Z:a()Xbo
(ax b) :=agx b +a xb

Division
(s o = 50_1
(s71) == —s' x ([s0] x s)7*

Zero- and One-Elements

0p:=0
0:=0
1:=11]
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Equalities on Streams

Pointwise Equality
a=bira=bNa="b
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Equalities on Streams

Pointwise Equality
a=bira=bNa="b
Equality up-to

a:,,+1b:<—>ao:bo/\a’:,,b’
Va,b:a=qgb
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Equalities on Streams

Pointwise Equality
a=bira=bNa="b
Equality up-to

a:,,+1b:<—>ao:bo/\a’:,,b’
Va,b:a=qgb

(Vn:a=pb)<>a=0b
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Fibonacci revised
Fibonacci as Sequence
Fo =1
=1
Fri2 = Fn+ Foia
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Fibonacci revised
Fibonacci as Sequence
Fo =1
=1
Fn+2 = Fn+Fn+1

Fibonacci as Stream
flbo =1

fiby =1

fib" := fib + fib'
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Fibonacci revised

Fibonacci as Sequence Fibonacci as Stream
Fo:=1 fibg :=1

=1 fiby =1

Foi2 == Fn+ Fnta1 fib" = fib + fib'

fib = fibg + X x fib/
= fibg + X x (fiby + X x fib")
=1+ X x14X?xfib"
=1+ X x 1+ X% x (fib+ fib')
=1+ X x (14X x fib') + X2 x fib
=14+ X x fib+ X? x fib
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Fibonacci revised

Fibonacci as Sequence Fibonacci as Stream
Fo=1 fibg :=1

=1 fiby =1

Foi2 == Fn+ Fnta1 fib" = fib + fib'

fib = fibg + X x fib/
= fibg + X x (fiby + X x fib")
=1+ X x14X?xfib"
=1+ X x 1+ X% x (fib+ fib')
=1+ X x (14X x fib') + X2 x fib
=14+ X x fib+ X? x fib

Fibonacci closed
S 1
fib = T%—x2
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Example of reasoning with Streams

Fibonacci closed
o 1
fib = T%—x2

) 1+ X
fit) = ToX-x2
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Example of reasoning with Streams

Fibonacci closed
o 1

fib = T%—x2
N 1+ X

fib' = T=xox?
Sum of Fibonacci
ZZ:O Fi

X X T-x_x2
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Example of reasoning with Streams

Fibonacci closed
o 1
fib = T%—x2

) 1+ X
fit) = ToX-x2

Sum of Fibonacci
ZZ:O Fi
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Example of reasoning with Streams

Fibonacci closed
o 1
fib = T%—x2

) 1+ X
fit) = ToX-x2

Sum of Fibonacci
ZZ:O Fi

39/63



Example of reasoning with Streams

Fibonacci closed

g 1
fib = T%—x2
N 1+X
fit) = Toxox?

Sum of Fibonacci
ZZ:O Fi

1 1 24X
X X ToX—x2 — =X T IoX-x2

= —2x +fib"
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Example of reasoning with Streams

Fibonacci closed

g 1

fib = T%—x2
N 1+X
fit) = Toxox?

Sum of Fibonacci
ZZ:O Fk: Fn+2 -1

1 1 _ -1 4 24X
1-X 1-X-X2 7 1-X 1-X—X2

= —2x +fib"
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Implementing Streams in Coq

Stream T :=N— T
head's := (s0)
tail s := An,s(n+1)
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Implementing Multiplication

Definition
(a X b)g =ap X bo
(axb) :=apx b +a xb

Implementation
a X b := An,match n with

0= a0 x b0
|Sn" = (ag x b’ + & x b)n’
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Implementing Multiplication

Definition
(a X b)g = ag X bo
(axb) :=apx b +a xb

Implementation
a X b := An,match n with

0= a0 x b0
1Sn" = (ag x b')n" + (&' x b)
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Implementing Division

Definition
(s1)o := s(;l
(s71) := —s" x ([s0] x 5)7*

Implementation
inv a := An,match n with

|0 = inv(a0)
1Sn" = (=4’ x inv([ao] x a))
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Approximization of s71

tail: Stream — Stream
S——

input

inv a := An,match n with
|0 = inv(a0)

1S’ = (—a’ x inv([ag] x a)) n

pre-tail: Stream — (Stream — Stream) — Stream
<

input inverse
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Approximization of s71

tail: Stream — Stream
S——

input

inv a := An,match n with
|0 = inv(a0)

1S’ = (—a’ x inv([ag] x a)) n

pre-tail: Stream — (Stream — Stream) — Stream
<

input inverse

(pre_inv_tail s :== Xinv, —s’ x inv([sp] X s)
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Approximization of s71

tail: Stream — Stream
<

input

inv a := An,match n with
|0 = inv(a0)

1Sn" = (=4’ x inv([ao] x a))

pre-tail: Stream — (Stream — Stream) — Stream
<

input approximization

(pre_inv_tail s :== Xinv, —s’ X inv([sp] X s)
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Approximization of s71

tail: Stream — Stream
<

input

inv a := An,match n with
|0 = inv(a0)

1Sn" = (=4’ x inv([ao] x a))

pre-tail: Stream — (Stream — Stream) — Stream
<

input approximization
(pre_inv_tail s :== Xinv, —s’ X inv([sp] X s)
Causality

causal ¢ < Vn,al, a2 : (Vs :als =, a2s) — ¢pal =, ¢ a2
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Approximization of s71

tail: Stream — Stream
<

input

inv a := An,match n with
|0 = inv(a0)

1Sn" = (=4’ x inv([ao] x a))

pre-tail: Stream — (Stream — Stream) — Stream
<

input approximization
(pre_inv_tail s :== Xinv, —s’ X inv([sp] X s)
Causality

causal ¢ < Vn,al, a2 : (Vs :als =, a2s) — ¢pal =, ¢ a2

C Stream := {¢ : (Stream — Stream) — Stream|causal ¢}
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Approximization of s71

tail: Stream — Stream
—

input

inv a := An,match n with
|0 = inv(a0)
1S’ = (—a’ x inv([ag] x a)) n

pre-tail: Stream — C Stream
—
input
(pre_inv_tail s :== Xinv, —s’ X inv([sp] X s)

Causality
causal ¢ < Vn,al, a2 : (Vs :als =, a2s) — ¢pal =, ¢ a2

C Stream := {¢ : (Stream — Stream) — Stream|causal ¢}
By this: stepwise approximazation of s~1.
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Implementing Division (cnt.)

Definition
(s Moi=5"
(s71) == —s' x ([s0] x s)7!

Implementation
inv_head a := inv(a0)

pre_inv_tail := Xinv_app, —a' x inv_app([ao] x a)

inv := approx_stream inv_head pre_inv _tail
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Approximazation revised

Causality
causal ¢ :<=Vn,al, a2 : (Vs:als =, a2s) — ¢pal =, pa2

C Stream := {¢ : (Stream — Stream) — Stream|causal ¢}
pre-tail: Stream — C Stream
<

input
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Approximazation revised

Causality
causal ¢ :<=Vn,al, a2 : (Vs:als =, a2s) — ¢pal =, pa2
CX:={¢: (X — Stream) — Stream|causal ¢}

pre-tail: X — CX
<~

input
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Approximazation revised

Causality
causal ¢ :<=Vn,al, a2 : (Vs:als =, a2s) — ¢pal =, pa2

CX:={¢: (X — Stream) — Stream|causal ¢}
pre-tail: X — CX
X~

input
Way to solve a system of causal differential equations by

approximazation.
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Summary

» Streams as simple and clean representation of sequences

> A way to workaround Coq's restrictions with respect to
coinductive definitions.

> A way to solve a system of causal differential equations
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Implementing Equalities

Definition Pointwise Equality
a=bag=bgNa =V
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Implementing Equalities

Definition Pointwise Equality
a=bag=bgNa =V
Implementation

a=b:=Vnan=bn
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Implementing Equalities

Definition Equality up-to
a=pt1 b aozbo/\a/:n b
Va,b:a=qgb

Definition Pointwise Equality

a=bag=bgNa =V

Implementation

a=b:=Vnan=bn
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Implementing Equalities

Definition Equality up-to
a=py1 b aozbo/\a/:n b

Va,b:a=qgb
Definition Pointwise Equality Implementation
a=bag=bgNa =V
Implementation
a=b:=Vnan=bn r=ps
nh = S0 I’, =n S,
r=ng1s
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Implementing Addition

Implementation

Definition
(a+ b)o := a0 + bo a+ b := An,match n with
(a+b)y:=a+V 0= a0+ b0

|Sn" = (3" + b')n’
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Implementing Addition

Definition Implementation

(a+ b)o :=ao + bo at+b:=Anan+bn
(a+b) :=a +

63/63



	Streams

