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The story so far
°

Previously on theory — streams

S0 ,51,52,53,54,55,5, -
~—~ -~

head tail

head (-)o : Stream — T
tail (-) : Stream — Stream

Implementation
StreamT :=N— T
S0 = 0

s=s
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The story so far
.

Previously on theory — equality

(a=b):=ay=byNa =b (<> Vn,a, = by)
(a=pb):=ago=bgNa =,1 b (<>*Vn' < n,ay = by)
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The story so far
0

Previously on theory — causality

Example differential equations

Q@ u =0
ui=u
Q@ v:=0
vii=v"
Q@ wo: =0

w i=w'+1
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Previously on theory — causality

Example differential equations

Q@ uw:=0
ui=u tcu(s) =s
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vii=v" tey(s) =s"
Q@ wo =0
w i=w'+1 tew(s) =5 +1

Tail characterization of single stream

tc : Stream — Stream
tcs=s'
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The story so far
0

Previously on theory — causality

Example differential equations

Q@ uw:=0
ui=u tcu(s) =s
Q@ v:=0
vii=v" tey(s) =s"
Q@ wo =0
w i=w'+1 tew(s) =5 +1

Tail characterization of single stream

tc : Stream — Stream
tcs=s'

Vai =, a» — tca; =, tcas
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The story so far
oce

Previously on implementation — corec

Tail characterization of operations

tc : X — (X — Stream) — Stream
tcxo = (ox)
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The story so far
oce

Previously on implementation — corec

Tail characterization of operations

tc : X — (X — Stream) — Stream
tcxo = (ox)

Vn,i:Vay,ap, (Vx,a1 x =p ap x) — tciay =, tciap
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The story so far
oce

Previously on implementation — corec

Tail characterization of operations

tc : X — (X — Stream) — Stream
tcxo = (ox)

Causality

Vn,i:Vai,ap, (Vx,a1 x =, aax) — tcia; =, tciap

Corecursion

h:(X—T)

tc : X — (X — Stream) — Stream
corec htc : X — Stream

tc causal

(corec htcx)g = hx
(corec h tc x)" = tc x (corec h tc)
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The story so far

L Je}

Previously on theory — special streams

00:=0 0=(0,0,0,0,0,...)
0:=0
[t]? = [t] = (t,0,0,0,0,...)
[t] :==0

= [1] =(1,0,0,0,0,...)
Xo:=0 :(0,1,0,0,0,...)
X' =1
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The story so far
oce

Previously on theory — ring

(a+ b)o = ao@bo (aXb)o = 30®b0

(a+ b) :=(a)+ (V) (axb) :=agx b +a xb
s=s5p+ X xs

(—a)o :== —(a0) (s Ho := (o)t

(—a) == —(4) (s71) = —s' x ([s0] x s)7 !
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Refining Corecursion
®00

Corecursion with general input

Type

h:X—=T

tc: X — (X — Stream) — Stream
input recursive input

corec htc: X — Stream

tc causal

@ corec converges
@ (corec htcx) = tcx (corec htc)

Causality

Vi
Vai,az : (Vx:a1x =, a2x) —

tcia; =, tcia
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Refining Corecursion

oeo

Corecursion with specific Types

h:(l—-T)—=T
tc : (I — Stream) — ((I — Stream) — Stream) — Stream

input recursive input
corec htc : (I — Stream) — Stream
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Refining Corecursion

oeo

Corecursion with specific Types

h:(l—-T)—=T
tc : (I — Stream) — ((I — Stream) — Stream) — Stream

input recursive input
corec htc : (I — Stream) — Stream

Vir, it (Vy 1 iy =(ny1) RY) =
Vai,ar: (Vxi,x: (Vy i x1y =pxoy) = a1x1 =p a2 x2) —

tciy a1 =, tcip a
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Refining Corecursion
oeo

Corecursion with specific Types

Type
h:(l—-T)—=T
tc : (I — Stream) — ((I — Stream) — Stream) — Stream

input recursive input
corec htc : (I — Stream) — Stream

Vir, it (Vy 1 iy =(ny1) RY) =
Vai,ar: (Vxi,x: (Vy i x1y =pxoy) = a1x1 =p a2 x2) —
tciy a1 =, tcip a

@ corec converges

@ (corec htcx)' = tcx (corec htc)

@ corec h tc causal
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Refining Corecursion
ooe

Framework — Summary

@ corec h tc
@ tc causal

o (corec htcx) = tc x (corec h tc)
o (corec htc) causal

@ =,-Rewriting and Properness

@ Ring tactic familiy
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Application
Squareroot

Characterization

Vsx\/s=s
(Vs)o = V/(s0) =: h

! _ S/ .
V) = Al 5 =

Corecursive definition

\/s = corechts
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Application
°

Catalan numbers

Definition as sequence

G =0

G=1

Cosz = 3521 G Coyok = Y peo Ckt1 - Cookrl
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Application
°

Catalan numbers

Definition as sequence

n+1 n
Cot2 =2 4o1Ck Corok =D 40 Ckt1 - Gkt

Definition as stream

catg =0
catpj =1=: h
cat’ = cat’ x cat' =: t
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Application
°

Catalan numbers

Definition as sequence

Coiz = S011 Cor2—k = D fmo Ckt1 - Comki1
Definition as stream
catg =0
catpj =1=: h

cat’ = cat’ x cat' =: t
cat = corecht

Closed formular

cat = X + cat x cat
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Beyond this talk
[ 1}

Next steps and further work

@ Shorter proofs: AC-rewriting and more automation

e Formalize ring based on shuffle product (multiplication wrt.
exponential generating functions) using corecursion

@ Make simultaneous use of both ring structures (convolution
and shuffle product).
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Beyond this talk
oce

Further Reading

» Doron Zeilberger Marko Petkovsek, Herbert S. Wilf.
A=B.
A K Peters/CRC Press, 1996.
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Cambridge University Press, 2009.

» Oren Patashnik Ronald L. Graham, Donald E. Knuth.
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Addison-Wesley, 1994,

» J. J. M. M. Rutten.
A coinductive calculus of streams.
2002.

» Herbert S. Wilf.

generatingfunctionology.
Academic Press. 1990. 15/17



Division revised

Characterization

14+ Xxs)x(1+Xxs)t=1
(1+Xxs)t=1
(1+Xxs);t=—-sp=1h

S /

(1+ X xs) Yy = Xy

Corecursive definition

(1+X xs) Y =corechts
(14+Xxs)T=14+Xx(1+Xxs)L)

vi=(w 1< V)T x [y ]
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Squareroot

Characterization

VI+XxsxV1I+Xxs=1+Xxs
(\/1+X><5)0:1

(VI+X Xs) = 50—:/1
Wiy ey CNNEEL G G R
2 442X x/I+Xxs

Corecursive definition

\/l—i—Xxs/:corechts
\/1+Xxs:1+X><\/1+X><s/

Vv =4/[vg ] x v x [y/w]
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