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Recap Turing Machines Reduction Correctness Conclusion

Post Correspondence Problem

Appy = {(M,w) € TM x ¥* | M accepts w }

Arve <m  PCP

Y @ discrete type 1 G 10
domino:= X* x ¥* 111 10 0
pep := finite set of dominos

10111 1 1 10
10 111 111 0

A list S is a solution of a PCP
instance P if

S#4MOANSCP A match S
101111110

101111110
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Post Correspondence Problem

Appy = {(M,w) € TM x ¥* | M accepts w }
PCP={P:pcp|3S.S#0D NSCP A match S}

Arve <m MPCP <m PCP

Conclusion




Recap Turing Machines Reduction Correctness Conclusion

Modified Post Correspondence Problem

Appy = {(M,w) € TM x ¥* | M accepts w }
PCP={P:pcp|3S.S#0D NSCP A match S}

Arve <m MPCP <m PCP

10111 1 10

mpcp := domino X pcp 10 111 0

O
10111 1 1 10

A list S is a solution of an MPCP o B B °

instance (f, P) if 0
S C PU{F} A match (f :: S) 1011131110

101111110




Recap Turing Machines Reduction Correctness Conclusion

Modified Post Correspondence ProblemReduction

Appy = {(M,w) € TM x ¥* | M accepts w }
PCP={P:pcp|3S.S#0D NSCP A match S}
MPCP ={(f,P):mpcp|3S.SCPU{f} A match(f::95)}

Arve <m |MPCP <m PCP

{2 (2 () [ )




Recap Turing Machines Reduction Correctness Conclusion

Modified Post Correspondence ProblemReduction
Appy = {(M,w) € TM x ¥* | M accepts w }

PCP={P:pcp|3S.S#0D NSCP A match S}
MPCP ={(f,P):mpcp|3S.SCPU{f} A match(f::95)}

Arve <m MPCP| <m  PCP

Define a reduction g and prove its correctness
(M,w) € Arpy < g(M,w) € MPCP
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Formalization of Turing Machines

Turing machine over finite alphabet %
TM := (Qa 67 qo0, F) with
Q : finite type of states

Inductive tape :

0 Q@xXL— |niltape : tape
QXX X{L7N7R} | leftof : ¥ — list ¥ — tape
¢o : Q initial state | rightof : ¥ — list ¥ — tape

midtape : list ¥ — ¥ — list ¥ — tape.
F C @ set of halting states | . .
niltape leftof midtape rightof

[] [ abed]  [abed]  [abed ]
q q q q

A configuration consists of the current state and the tape.



Recap Turing Machines

TM Acceptability

Inductive predicate —, defining reachability

c1 —>ZM Co state co & F

c—fyc 1 —>S\§i) (step c2)
TM M accepts configuration ¢o if Jicy. co =Y, ¢y A statecy € F

String representation (-) of configurations

tape ‘ niltape  leftof  midtape rightof

¢ [] [ abed] [abed]  [abed ]
q q q q
(¢) [a-]  [g-abed]  [abged]  [abeddq]

Reduction Correctness Conclusion




Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T

accepts all inputs with an even
number of a-symbols, replacing
them with z.

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo0 q1 q1 qo0 qf
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Example: Turing machine T Cr [W}
accepts all inputs with an even

number of a-symbols, replacing

them with z.

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T Cr [W}
accepts all inputs with an even

number of a-symbols, replacing

them with z.

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

{ *qoaba ]

* goaba



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T Cr [ﬁ}
qoada

accepts all inputs with an even Co H nd H vees
number of a-symbols, replacing ) ’

them with .

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

*
*qoaba || x

* goaba



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T Cr Lq(]abJ
accepts all inputs with an even Co H nd H vees
number of a-symbols, replacing )
i o
them with z. zq1] Lbar]’ lzqo) Larax] "

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

* || qoa
*qoaba || x || xqy

* goaba



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T Cr Lq(]abJ
accepts all inputs with an even Co H nd H vees
number of a-symbols, replacing )
i o
them with z. zq1] Lbar]’ lzqo) Larax] "

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

*|[ qoa ][ b
*qoaba || x || xq1 || b

* goaba



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T Cr Lq(]abJ
accepts all inputs with an even Co H nd H vees
number of a-symbols, replacing )
i o
them with z. zq1] Lbar]’ lzqo) Larax] "

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

x| g0a|lb]fa
*(](]{I,/)(I * || Tqq blla

* qoaba

* goaba x xq 1 ba



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T Cr Lq(]abJ
accepts all inputs with an even Co H nd H vees
number of a-symbols, replacing )
i o
them with z. zq1] Lbar]’ lzqo) Larax] "

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e Al H EH

* qoaba * xq1ba

* goaba x xq ba x xbqra
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Constructing an MPCP Match

Example: Turing machine T C Lq(]abJ
accepts all inputs with an even Co H o [ } vses
number of a-symbols, replacing )
Y o 4 Qa Lqo*
them with z. r {711] [E} [710] [qfflf*]’

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

B e HE B E A E EEEE

* qoaba * xqi1ba * rbqia

* goaba x xq1ba x xbqia * rbrqy



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

*q(]abu}
accepts all inputs with an even Co H nd [ } vees

Example: Turing machine T Cr [

number of a-symbols, replacing
i o
them with z. zq1] Lbar]’ lzqo) Larax] "

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B

* qoaba * xq1ba * xbgia x xbxqq

* goaba x xq1ba x xbgia x xbrgy * xbgsx



Reduction

Constructing an MPCP Match

Recap Turing Machines

Example: Turing machine T

accepts all inputs with an even
number of a-symbols, replacing
them with z.

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e B U HE A B H

+[3

* qoaba * xq1ba * xbgia x xbxqq

Correctness Conclusion

© { }
*qoaba

Co {ﬂ and [ } Vse X

C {q«ﬂl] [lhb} [qlu] [-Tqu*]
zq1 bqy xqo qFrx

 HE =R

* goaba x xq1ba x xbgia x xbrgy * xbgsx
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Constructing an MPCP Match

*q(]abu}
accepts all inputs with an even Co H nd [ } vees

Example: Turing machine T Cr [

number of a-symbols, replacing
i o
them with z. zq1] Lbar]’ lzqo) Larax] "

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
-]

* qoaba * xq1ba * xbgia x xbxqq

* goaba x xq1ba x xbgia x xbrgy * xbgsx
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Constructing an MPCP Match

*q(]abu}
accepts all inputs with an even Co H nd [ } vees

Example: Turing machine T Cr [

number of a-symbols, replacing
i o
them with z. zq1] Lbar]’ lzqo) Larax] "

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B

* qoaba * xq1ba * xbgia x xbxqq

* goaba x xq1ba x xbgia x xbrgy * xbgsx



Recap Turing Machines Reduction Correctness Conclusion

Constructing an MPCP Match

Example: Turing machine T Cr L : }
qoada
accepts all inputs with an even Co H nd H vees
number of a-symbols, replacing )
i o
them with z. Tq bay zqo]’ [qpax]”
O [i} [fu ]vf,ez
ar] Lay

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
- [IEIEN ]

* qoaba x xqi1ba * xbgra * xbrgy * vbgsT

* goaba x xq1ba x xbgia x xbrgy * xbqrx * Tbqf
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Constructing an MPCP Match

Example: Turing machine T Cr L : }
qoada
accepts all inputs with an even Co H nd H vees
number of a-symbols, replacing )
i o
them with z. Tq bay zqo]’ [qpax]”
O [i} [fu ]vf,ez
ar] Lay

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
[ IEIGIEE)

* qoaba x xqi1ba * xbgra * xbrgy * vbgsT

* goaba x xq1ba x xbgia x xbrgy * xbqrx * Tbqf
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Constructing an MPCP Match

Example: Turing machine T Cr
accepts all inputs with an even

number of a-symbols, replacing

s
lIlb Qia Tqo*
bqr]’ @qo]” [qpax]” "

them with z. 0
%} (e

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
~EIEIENEE )R

* qoaba x xqi1ba * xbgra * xbrgy * vbgsT

* goaba x xq1ba x xbgia x xbrgy * xbqrx * Tbqf
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Constructing an MPCP Match

Example: Turing machine T Cr
accepts all inputs with an even

number of a-symbols, replacing

s
lIlb Qia Tqo*
bqr]’ @qo]” [qpax]” "

them with z. 0
%} (e

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
e HE A EH

* qoaba x xq1ba * xbga * xbrqy * TbqrT * TbG)

* goaba x xq1ba x xbgia x xbrgy * xbqrx * T * TqF
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Constructing an MPCP Match

Example: Turing machine T Cr
accepts all inputs with an even

number of a-symbols, replacing

s
lIlb Qia Tqo*
bqr]’ @qo]” [qpax]” "

them with z. 0
%} (e

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
< IR IR
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Constructing an MPCP Match

Example: Turing machine T Cr
accepts all inputs with an even

number of a-symbols, replacing

s
lIlb Qia Tqo*
bqr]’ @qo]” [qpax]” "

them with z. 0
%} (e

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
adH A B E

* qoaba x xqi1ba * xbgra * xbrqy * vbqrT * TG F * TG

* qoaba x xq1ba x xbqia x xbrgy * bqrx * TG * TGF * qf
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Constructing an MPCP Match

Example: Turing machine T Cr
accepts all inputs with an even

number of a-symbols, replacing

s
lIlb Qia Tqo*
bqr]’ @qo]” [qpax]” "

them with z. 0
%} (e

[aba] — [zba] — [zba] — [zbr | — [zbx]
qo a1 a1 qo ar

e e 6 B [ B 5 616 e B B
~ RN

* qoaba x xqi1ba * xbgra * xbrqy * vbqrT * TG F * TG

* qoaba x xq1ba x xbqia x xbrgy * bqrx * TG * TGF * qf
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Constructing an MPCP Match

Example: Turing machine T Cr }
*qoaba

*
} and [ }Van
@b q1a ZdoX
bqr]’ @qo]” [qpax]” "
} [q’ ] Vses

e e 6 B [ B 5 616 e B B
~ RN

* qoaba x xqi1ba * xbgra * xbrqy * TbqrT * XOGF * TGP K qF *

accepts all inputs with an even

* |

number of a-symbols, replacing

them with .

n 8
=

[aba] — [zba] — [zba] — [zbr | — [zbx]

* 2

qo0 q1 q1 qo0 qf

Q

=
r—|l—vr—\r—|l—v

‘m

* qoaba x xq1ba x xbgia x xbrqy * Tbqrx * TG * TG * G *
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Transforming a TM into an MPCP Instance

TM M accepts configuration ¢y < g(M,co) € MPCP
Definition of MPCP dominos

C fixed initial card { }
*(co)

Cc  copy cards k} and E} VseX

qa

Crp  transition cards e.g. LTJ if g € Q\FAd(q1,0) = (g2, 7, R)

Cp deletion cards {S—q} [?} VscXU{},VgeF

final card {ﬂ} VgeF

g(]\/[700) = (C[,CcUCTUCDU )
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Transition Dominos

vq:[gF,QQEQ,CLbZEE

5(q1,0) = (42,0, L) {*(““ } and {/’“M}

qazb

q1x
bgox

*q2-b

5(q1,-) = (42,5, ) {f;;j and

6(q1a*) = (q2777N)

Conclusion
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Correctness Proof

VM co. epi.co =Y cf A(statecy) € F &
AP C TM_4rqs - match ([ }:: P)
*(C()>




Recap Turing Machines Reduction Correctness Conclusion

Correctness Proof

VM co. epi.co =Y cf A(statecy) € F &
AP C TM_4rqs - match ([ }:: P)
*(C()>

Proof direction = with induction on :
i =0A (statecy) € F'

We remove all symbols to the left and to the right of the state using
deletion cards.

Example: (co) =qoabd

e 1 27 L
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Correctness = cont.

HAVE WANT

IH: match ([m} :: A> P, match ([m] P)
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Correctness = cont.

HAVE WANT

TH: match ([m} :: A) P, match ([m] P)

P := (step_cards co) ++A

step_cards : conf — list domino

Example: (co) = goabc and 6(qo,a) = (q1,z, R)

step_cards co = EM%} {%Hﬂ
xrq1 J



Recap Turing Machines Reduction Correctness Conclusion

Correctness = cont.

HAVE WANT

TH: match ([m} :: A) P, match ([m] P)

P := (step_cards co) ++A

#1(step_cards co) = * (co)
#2(step_cards co) = x (step co)

step_cards : conf — list domino

Example: (co) = goabc and 6(qo,a) = (q1,z, R)

step_cards co = EM%} {%Hﬂ
xrq1 J
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Correctness = cont.

HAVE WANT

TH: match ([m} :: A) P, match ([m] P)

P := (step_cards co) ++A

#1(step_cards co) #1A
*(co) F#2(step_cardsco) H#2A

#1(step_cards co) = * (co)
#2(step_cards co) = x (step co)

step_cards : conf — list domino

Example: (co) = goabc and 6(qo,a) = (q1,z, R)

step_cards co = EM%} {%Hﬂ
xrq1 J
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Correctness = cont.

HAVE

IH: match ([ A)

*(step (:()J .

#1(step_cards co) = * (co)
#2(step_cards co) = x (step co)

Reduction

Correctness

WANT
3P, match ([m] P)

P := (step_cards co) ++A

#1(step_cards co) #1A
*(co) F#2(step_cardsco) H#2A
* (co) #14
*(co) * (step co) #2A

step_cards : conf — list domino

Example: (co) = goabc and 6(qo,a) = (q1,z, R)

*

step_cards co = {—H

*

Da
Tq1

I

b

b

|

c

C

|
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Correctness = cont.

HAVE WANT
. % P 3 — | P
IH: match ([*(s[ep (:()J " A) o Gt ([*((ro)] )
TH: #1 A = x(step co) :: #24A P := (step_cards co) ++A
#1 (step_cards co) = % (co) o ilgs*iepfcwgs 00; ili
¢ step_cards c
#2(step_cards co) = x (step co) O A 0 2
* (co) #14
<(0> (step co) #2A
*{co) *(step co) #2A
*(co) * (step co) #2A

step_cards : conf — list domino

Example: (co) = goabc and 6(qo,a) = (q1,z, R)

step_cards co = EM%} {%Hﬂ
xrq1 i
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Correctness <

VPco. P C TMcmds/\match({W]:: P) — Jcpi.co =4 cf N(statecy) € F

Proof:

1. Size induction on |P)|

2. Case analysis on stateco € F
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Correctness <

VPco. P C TMcmds/\match({W]:: P) — Jcpi.co =4 cf N(statecy) € F

Proof:

1. Size induction on |P|
2. Case analysis on stateco € F

stateco € F': ¢y :=co
stateco € F : prove that P can be split into (step_cards co) ++P’
use IH with P’ and step co to get 7 and ¢ with

stepco —hy cf A (statecy) € F

co —5; stepco =y cy

(81)

Co —>M Cr



Recap

Assumptions: P C TMuds, stateco € F', match ([
Goal: P =

Example: ¢y =

Turing Machines

qo

[*Q(Juba} w P

*qoaba

(step-cards co) ::

Reduction

Structure of the Solution List

q1

~
2

Cc

Cl)

Correctness Conclusion

*(00>] i P)

[aba] and step co = [z ba] with 6(qo, a) = (q1,z, R)

Cstart) ]

*(c
} and E] Vs e N

o

}[?] VseSU{},VgeF

* |+

S

»e‘»a

ﬁ} VgeF

P —
58

10
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Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)

qo q1
5 s
[ [ P s
g Cc H and { ] Vses
el < e or 2]
Cp [iﬂ [ ]vrsezu{}vqep
[ *] VgeF

10
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Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)
qo q1

$
wal.. pr h: }
[*Q(J(Lba} L‘ql] v $ % (Cstart)
Cco t} and{ ]VSEZ
wa__ -
*qoabaxqi qa

1

Cp } [ ]vrsezu{}vqep

@
»e‘»a Q

b=
|
or e
[
|

*] VgeF

10
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Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)

qo q1
Al $
[*qguba} L}f ] p $ % (Catart)
Cc [t} and { ] VseX
qgra *
*qoabaqy Or [L]
g1
Cp [iﬂ [ ]vrsezu{}quF
[ *] VgeF

10
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Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)
qo q1

~ $ }
- .. p! T
[*Q(J(Lba} w P $ % (Cstart)
Cco t} and{ ]VSEZ
qr* *
*qoaba qa

1

Cp } [ ]vrsezu{}vqep

@
»e‘»a Q

b=
|
or e
[
|

*] VgeF

10
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Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)
qo q1

y $ }
_ |{el.. p T
[*Q(J(Lba} [a]“ P $ % (Cstart)
Cco t} and{ ]VSEZ
a *
*qoabaa qa

1

Cp } [ ]vrsezu{}vqep

@
»e‘»a Q

b=
|
or e
[
|

*] VgeF

10



Recap Turing Machines Reduction Correctness Conclusion

Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)
qo q1

~ $ }
— |lIE]lse 27 T
[*Q(J(Lba} [*] P $ % (Cstart)
Cco t} and{ ]VSEZ
* *
*qoabax qa

1

} [ }VeeEU{}quF

@
»e‘»a Q

Cl)

b=
|
or e
[
|

*] VgeF

10
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Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)

qo q1
* $ .. p/ o1 [$ :|
[*qmba} [*] {ﬂ%* qn(zba} &2 1 8% (cstart)
Cco [ﬂ and { ] VseX
*$ “
*qoaba * $ x qoaba Cr [T]
Cp [iﬂ [ ]vrsezu{}quF
[ *] VgeF

10
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Structure of the Solution List

Assumptions: P C TMuds, stateco € F', match ([
Goal: P = (step_cardsco) :: P’

*(00>] i P)

Example: ¢y = [aba] and step co = [z b a] with 6(go,a) = (¢1,, R)
qo q1

y $ }
— {[*l12].. p’ T
[*Q(J(Lba} [*] |:a]“ P $ % (Cstart)
Cco t} and{ ]VSEZ
*a *
*qoaba * a qa

1

} [ }VeeEU{}quF

@
»e‘»a Q
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Conclusion

What we have

e Formal definitions of single-tape Turing machines, MPCP and PCP
e Verified reductions from A7y to MPCP and MPCP to PCP

Future work

e Undecidability of £(G1) N L(G2) = 0 for CFG’s G1, G2

e Reduction of A7 to the word problem for
string rewriting systems (SRS)

e Reduction of SRS to PCP

Ary < SRS < PCP!

1M. D. Davis and E. J. Weyuker. Computability, complexity, and languages -
fundamentals of theoretical computer science. Computer science and applied
mathematics. Academic Press, 1983,p.181-185
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Coq Development

Spec  Proof PN

MPCP < PCP | 130 180 310
Arpy < MPCP | 370 540 910
™ 170 110 280
by 670 830 1500



Formalization of TM Configurations

Variable X :
Variable Q:

Inductive tape :

| niltape : tape

| leftof : ¥ — list ¥ — tape

| rightof : ¥ — list ¥ — tape

| midtape : list ¥ — ¥ — list ¥ — tape.

Definition tape’ : =X x @ x X

Additional blank symbol needed to express [ abced] vs. (g, leftof a[b; c; d])
q
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