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Context-Free Grammars

Context-Free Grammars are used to
» describe non-regular languages

» define programming languages (Backus-Naur-Form)

Example

A— ¢
A— (A)
A— AA

describes {, (), (()), 00, (0)0; -}



Notation

notation example
variable A B, C, .. A
terminal a, b, c, .. (,)
phrase u, v, w (A), (A(AA)), ¢
rule r A— (A)
grammar G A— c|(A)]|AA
grammar with start (G.S)

symbol




Chomsky Normal Form

» Chomsky Normal Form is the foundation for further reasoning
on CFGs (e.g. CYK algorithm)

(G,S) is in Chomsky Normal form if every rule in G is of one of the
following forms:

» A— BC where BjC#S
» A— a
>S5S — ¢



Chomsky Normal Form

Example

A—s c|(A)]AA

D

A— c|B)|AA
B— (A

A— | BC| AA
B — DA
C— )
D— (



Definitions

var = n
ter ‘= n

symbol := var | ter
phrase = £(symbol)
rule := var X phrase

grammar = £(rule)

n e N)



Derivation

> —>: grammar — var — phrase — Prop

A—ueG AéuBW Bév

A= A Aéu Aéuvw

> L : grammar — var — phrase — Prop

L2 :=\u. (A E u A terminal u)
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Transformation into CNF

eliminate all e-rules (A — ¢)
eliminate unit-rules (A — B)
eliminate long-rules (A — X1X2...Xx)

el

replace terminals with variables

11



e- Elimination

1. add new rules by dropping variables

Example

A— ¢|a A— ¢|a
PONN

B—¢e|b B— ¢e|b

C — AB| cAc C— AB|e|A|B|cAc]|cc

2. remove all rules of the form A — ¢ (and add S — ¢)
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1) Adding Nullable Rules

» construct the closure G' of G with respect to

A—ueG A—wuXuneG X—ced

A—uedG A— uyu e G

» prove that LA = LA

closure G
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e- Elimination

A—ueG A—uXuwneG X—eced
A—uedG A— i € G

» fixpoint iteration
» termination: new rule is a subset of the old so only finitely
many rules can be added

» in Coq bounded recursion with two bounds:
» number of possible rules
» |G’| - (number of steps done without adding a rule)
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Correctness

A % u <+ A G:> u
—»: easy
< essential:
let r € closure G, r ¢ G

prove: AZE 5 ALy
. . G
induction on A == u:
G
» u=Aand we get A= A

» A— uer: G. Soeither A— u € G (trivial) or r =
A— u
then by construction
Juuw X A—nXwneG AN X—ececG ANu=uu.

So we get AL

G G G
> u=uipus. By IH: A= 1 Xuz, X = up so A= u.
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Correctness (2)

1)
nullabled = A L.
2)
nullable'p == A — ¢ € closure G
3)

V X € u. nullable"y A—ueG

nullable"%

» 1) <> 2) proof not yet done
» 1) <> 3) proof by mutual induction
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2) Deleting € - Rules

» every rule B — ¢ is superfluous now
A — A
> Lo =L sy

> Proof: Let A - u be of minimal length and u # ¢.
no rule B — ¢ needed (otherwise not minimal length)

> ifeeﬁg,add5—>€

:Eézﬁs

closure G
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Outlook

v

proof for nullable correctness property

v

proof for deletion of € - Rules

v

finish algorithm and it's verification:
» deletion of unit-rules
» deletion of long-rules
» new rules for terminals

v

add other constraints to CNF (e.g. useless symbols)

v

decidability of context-free languages: CYK-algorithm
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Derivations

A—ueG AL uBw By

A= A Aéu Aéuvw

is equivalent to

Aéqu B—veG

Aé[A] AL w

proof by straightforward induction

19



Equivalence nullable

strengthen the statement:
G G
A= u—V X eu X = ec— nullable

proof by induction on A Lo

nG
A
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