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Axiom of Choice (AC)
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Intuitive principle consistent with ZF
Used in analysis and topology as well
Key-assumption in Zermelo's proofs
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3 Ideas of Well-Ordering (WO)

WO(M) =3 R < M2 such that:

R antisymmetric, irreflexive, transitive, linear, well-founded

y-style: O < ¢ (M) represents the initial segments:
O := {{}, {M1}, {M1,M2}, {M1,M2,M3}, ... }

O-style: O < o (M) represents the rest segments:
O :={M, M-{M1}, M-{M1,M2}, M-{M1,M2,M3}, ... }
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Zermelo's 1904 Proof1

Given y and M, construction of O in y-style:
y-set: initial segment of y(M), y(M-{y(M)}), ...
O: set of all y-sets

Remark:

In fact, Zermelo constructs I" as set of all y-elements
It follows: I'=M and I" has canonic ordering

1: Zermelo 1904 6.3.14




Zermelo's 1908 Proof2

Given y and M, construction of O in ®-style:
©-chain: contains M, A-{y(A)} if A, NS for subsets S
O: intersection of all ®-chains and itself a ®-chain

Remark:

Zermelo gave second proof in response to criticism
First axiomatization to be found in this paper
®-chains are essentially an inductive type

2: Zermelo 1908 6.3.14




4th Idea - Ordinal Numbers

What they are:
M transitive=VM'eM. M'c M
A ordinal = A transitive and A well-ordered by e

What they do:
Generalize natural numbers (induction/recursion)

Represent well-orderings:
WO(M) & IreOrd. =M

Initial Bachelor Seminar Talk - Dominik Kirst



Modern Proot3

Define sequence f by transfinite recursion (agM):

f(o) =yW)
f@) =yWM-{y(MD)}) =y M-{f(0)}) = y(M-ran(f|,))
f(2) :=yWM-{f(Q),f(2)}) =yM-ran(f|,))

" y(M-ran(f],)) if M-ran(f|,)# @,
= f(a) =4

a otherwise.

—

Find the least A with f (L) = a, then A= M

3: Hrbacek & Jech 1999



Hartogs Numbers

Definition:
h(M) := least ordinal not isomorphic to a subset of M

Theorem: h(M) exists for all M
Idea: h(M) :={acOrd | IM‘'c M. oo=M'}

Result:
Obviously f(h(M))=a = h(M) is upper bound for A

Initial Bachelor Seminar Talk - Dominik Kirst 6.3.14




Implementation Issues

sets as types coming with en e-relation

set:
el: set —> set —>

assuming ZF-axioms we define usual set-operations

power: set —> set.
Power: S X, X <e (power S) <-> X c= S.

ordered pairs in Kuratowski-style lead to functions
opalir A B := palr (singleton A) (pailr A B).

relation' R A B := R c= product A B.
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Thanks for your attention!
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