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Definitions



What is a truth-table reduction?

Many-one reduction Truth-table reduction
fX->Y g X >LY x (LB — B)
X X
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Basic definitions |

Definition: numbering 1)
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program input output

Cy(x) = min{length(p) | ¢ (p,0) = x}



Basic definitions Il

Ry = {x | Cy(x) < length(x)}

Definition: M, s - The set of step-limited non-random numbers of length n

M,s = {o€{0,1}" | o € Ry A ¢ terminated in s steps}



R, is truth-table complete

Fact: R, € RE
For input x try all programs p with length(p) < length(x) for increasingly more steps.

Theorem!: VE € RE. E <4 Ry

1) must be an optimal numbering i.e. can efficiently simulate any other numbering.

HKummer, 1996]



Kummer’s proof




Preliminaries

Theorem!: VE € RE. E <4 Ry

Definition: E;

The set of elements enumerated into E before step s

Now, the algorithm to construct the reduction function

HKummer, 1996]
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Step s
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Choose greatest i (< imax) and then smallest n (< s) s.t.

i*c(n) < |[Mpus| A nnot chosen in o

Sik := c(n) smallest elements of {0,1}" — M, ¢
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Choose greatest i (< imax) and then smallest n (< s) s.t.

i*c(n) < |Mpus| A nnot chosen in e A n unlocked

For any j & x with x € E; A Sj | do: lock the n of §;
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Choose greatest i (< imax) and then smallest n (< s) s.t.

i*c(n) < |Mpus| A nnot chosen in e A n unlocked

For any j & x with x € E; A Sj | do: lock the n of Sj  and force S < @
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Choose greatest i (< imax) and then smallest n (< s) s.t.
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Choose greatest i (< imax) and then smallest n (< s) s.t.

i*c(n) < |Mpus| A nnot chosen in e A n unlocked
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Choose greatest i (< imax) and then smallest n (< s) s.t.

i*c(n) < |Mpus| A nnot chosen in e A n unlocked



Step
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finite

Choose greatest i (< imax) and then smallest n (< s) s.t.

i*c(n) < |Mpus| A nnot chosen in e A n unlocked

We now show 3x".Vx > x’. x€ E < S5, « € Ry,



Why does that work?

IX'Vx > x'. xe E < Sj, « < R_¢

What is x'?
The least index s.t. after the definition of S, ,» no S; (j > ip) gets extended

—: We know Reminder: The end of each step

e Js. xe€ E; Vjx. x € Es A Sjx | do:
e S, x is almost always defined o force 5, < Ry,

e lock n



Why does that work?

<: We know S, , < @

5@’)(
T
1
1
R 1
0 io % c(n) (io + 1) % c(n) on—1
Reminder:
;e
o Js. (’0 + 1) & C(n) = |Mn,s/’ ® Sjy.x := c(n) smallest elements of {0,1}" — M, s
e o not greatest e At the start of each step: Choose greatest / s.t.

i % c(n) < |Mns| A nunlocked A ...
e At the end of each step: Vjx. xe Es A Sj | do:

e force S; , = RT/,
e lock n

unless n gets locked beforehand



The reduction: E <4 Ry,

f:X > LN x (LB - B)

(&, \a.true) x<x AxeE
f(x) = { (&, Ma.false) x<x'Ax¢E
(Sfo,xa /\) x=x



Conclusion

e The intricacies of Kummer's proof (not discussed here) make it hard to
comprehend

e The proof idea is used in other related proofs

e The non-constructiveness will be a major challenge of the formalization
The road ahead:

e deciding on suitable definitions in Coq
e proving the results in the most straightforward way

o (beautifying as far as possible)

Thank you!
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