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Ramseyan Factorizations

w-Sequence over I': function N — T"
Finite Semigroup (I", +): T finite type, + associative

RF

A sequence over a finite semigroup (I", +) admits a Ramseyan
factorization.

> 0(g0..91) = Y olgl..g2) = 3 o(g2..93) =

RF := Vo. 3 strictly montone g.

Vi. Za[gO..gl) = Za[gi..g(i +1))
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Additive Ramsey

Coloring f : N — N — TI' additive := (fij) + (fjk) = fikfori <j <k

AR

For an additive coloring there is a strictly monotone and
monochromatic function.

AR :=V additive f. 3 strictly monotone g.
Vi < j. f(90)(g1) = f(gi)(g4)
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Independence of RF

Excluded Middle

|

PV DM(—\Pl),
P,V DM(—|P2)

l

RF

|

Markov’s Principle
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Exluded
middle

AR RF

Markov’s
principle
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Biichi Automata

Biichi Acceptance

Bichi automaton: NFA A = (Q, I, F, —) over finite T with Bichi
acceptance

An infinite run o is final if

Vn.dm > n. om € F.

ZB(A) := {o|J0. ¢ is accepting for o}

Facts

¢ Closure operations implementing closure under
e image
e preimage
e union
e intersection
o Decidability of language emptiness: .Z5(A) = () or Jzy¥ € ZLp(A) .
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Complementation of Biichi Automata

BC

Blchi automata are closed under complement and the word problem is
logically decidable.

BC :=VA. (3.71 92”3(71) = gB(A))/\
(Vo.0 € Lp(A) Vo ¢ Lp(A))
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Complementation by Blchi

For Buchi automaton A, there are finitely many languages L;:
© L, are accepted by Blichi automata:
Lp(Ai) =L,
@® Compatibility:
oe(Lin%p(A) — L; C ZLp(A)

@ Totality (only under AR):
Vo.3dL;. o € L;

AC = U A;
{Li |LJIZ’B (A)E@}

Corollary: AR implies BC.
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Exluded
middle

AR RF

Markov’s

BC principle
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Sequence Structures

Abstraction from Representation of Sequences

e o/ : finite Type — Type
Co:VI.Z(T)—T¥

oy VIE. Z(T) = (I = X) = (%)
Ry VY. A (T) = A(X) = (T x X)
Qy :VI.T - N—-T — (I

Compatibility with w-Sequences

Cy(ooy f)=Cyoof oo f:=An.f(on)
Co(o0®@y7)=Cro®@Cyr o7 :=An.(0n,TN)
Cw (a@Q7D) = a@™b a@™b := An.if (m = n) then b else a
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Admissible Sequence Structures

A sequence structure is admissible if
Q@ Z,/,(A) =0ordo.o e Z,(A)is decidable, where

Zy(A):={c: A ()|Cyo € Ls(A)},
@® Image construction for Biichi automata is correct, and

@ Totality holds: VA. Vo : o/(T"). 3L;(A). o € L;i(A).

Theorem: For all admissible sequence structures
¢ All closure operations on Biichi Automata are correct and
e The word problem is logically decidable.

Instantiations

© Given AR: w-sequences N — T’
® Constructively: Ultimately periodic sequences I'* x I't
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Monadic Second Order Logic of (N, <) (S1S)

Full and Minimal System

MSOp,p i=ax<ylae X | XCY |pAY]|-p|Tz. o|IX 9
MSOg p, 0 =X <Y | X CY |oAY || 3X.

Satisfaction is defined with admissible sequence structures:
</ (B) for second order variables

JEg X <Y :=dneJX. ImeJY.n<m

Reduction of MSO to MSO,

MSO can be reduced to MSQ, using singleton sets for first order
variables: {n} := falseQ”,true
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Translation of MSO, to Biichi Automata

Theorem: An MSQ, formula ¢ can be translated to a Blichi automaton
A, such that:

JEop = fJeZLy(Ay)
0 € ZLy(Ay) = flokEop

Corollary: For all admissible sequence structures
@ Satisfiability is decidable and
@® Satisfaction is logically decidable.
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S1S with UP and w-Sequences

Corollary: For MSO(, and MSO
@ Satisfiability for UP sequences is decidable

@® Satisfaction for UP sequences is decidable
® Given AR:

o Satisfiability for w-sequences is decidable
» Satisfaction for w-sequences is logically decidable
o A formula is UP satisfiable if and only if it is w-satisfiable

Corollary: AR implies SL.
SL:=VolJ. I,JEoVI, JEp

Satisfaction in MSO for w-sequences is logically decidable.
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Exluded
SL .
dec UP-sat middle
dec UP E
dec w-sat
w-satiff UP-sat ~ AR RF
Markov’s
BC principle
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BC implies RF

Let (T, +) be a finite semigroup and o a sequence over I'.

There is an A with

Z5(A) = {o]o admits a Ramseyan factorization}.

ByBCo € Z5(A) Vo ¢ Za(A).

If o ¢ Z5(A) then o € £5(A) and there is a 2y~ € Lp(A)
Every zy* admits a Ramseyan factorization: zy* € Z5(A)
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SL implies RF

Let (T, +) be a finite semigroup and o a sequence over I'.
Recall: P, v DM(—-P;) and P, V DM(—P,) imply RF.
Infinite Pigeonhole Principle:

P :=3a.Vi.3j>i.0j=a
Encoding into MSO:

P 1,J,F \/Vo. Jy.z <yrye X,
a€el

SL implies P, V DM(—P).

P, more specific proposition and more complicated encoding



Ramseyan Properties Buichi Automata Admissible Sequences S1S Necessity of RF

S Exluded

L .
dec UP-sat middle
dec UP E /
decw-sat AR RE
/ Markoy
¢ arkov’s

w-sat iff UP-sat
principle

BU B
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