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Motivation

Promise: Interactive + automated theorem proving
Our goal: Formalise metatheory of calculi with binders in Lean
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Motivation

Our goal: Formalise metatheory of calculi with binders in Lean
• Normalization proofs for STLCnum

Challenge: Binders and substitution everywhere
• Technical in proof assistants
• POPLMark [Aydemir et al 2005] 
• Need tool support , e.g. LNGen [Aydemir et al 2010],

Autosubst [Schäfer et al 2015, Stark et al 2018]

How well does Lean adapt?
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Contributions

1 Adaptation of Autosubst to Lean
• Tool for binder support in Lean
• Automation approaches

2 Case study
• Weak normalization of STLCnum
• Strong normalization of STLCnum
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Reminder: Autosubst [Schäfer et al 2015, Stark et a 2018]

• De Bruijn indices and parallel substitutions [de Bruijn 1972] 
σ, τ : N → tm 

a

A,B ∈ ty := int | A → B

s, t ∈ tm := x | λs | s t | n | s+ t (x, n ∈ N)

• Substitution primitives of the σ-calculus [Abadi 1991]
= equational theory with decidable, sound, and complete
rewriting rules
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AS 2 − Components
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AS in Lean − Components
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AS in Lean − Code Generation

→
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Reminder: Automation approaches

• Rewriting
• Lean’s simplifier
• Expression matching
• Reification

How does it work in practice?
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Contributions

1 Adaptation of Autosubst to Lean
• tool for binder support in Lean
• automation approaches

2 Case study
• Weak normalization of STLCnum ⊢ s : A  → ∃v.s ≻∗ v

• Strong normalization of STLCnum ⊢ s : A  → SN s
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Strong Normalization − System
• STLCnum

A,B ∈ ty := int | A → B

Γ ∈ ctx := ∅ | A · Γ
s, t ∈ tm := x | λs | s t | n | s+ t (x ∈ Im, n,m ∈ N)

• Typing Γ ⊢ s : A
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Strong Normalization − System

• Reduction s ≻ t

• Reflexive-transitive closure of ≻
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Strong Normalization

(λy.(λx.x)y)(λz.z)

(λx.x)(λz.z)

λz.z

(λy.y)(λz.z)

λz.z

(λx.xx)(λx.xx)

...

(λx.xx)(λx.xx)

...

• Accessibility predicate SN
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Strong Normalization [Girard et al 1989]

• Reducibility relation R

RΓJNK := {s | Γ ⊢ s : N ∧ SN s}

RΓJA → BK := {s | Γ ⊢ s : A → B ∧

∀ t. t ∈ RΓJAK → s t ∈ R∆JBK}
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Strong Normalization [Girard et al 1989]

• Reducibility relation R

RΓJNK := {s | Γ ⊢ s : N ∧ SN s}

RΓJA → BK := {s | Γ ⊢ s : A → B ∧

∀ ξ ∆ t. Γ ≼ξ ∆ → t ∈ RΓJAK
→ (s⟨ξ⟩ t) ∈ R∆JBK}
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Strong Normalization [Girard et al 1989]

• Properties of R

• CR1. s ∈ RΓ JAK → SN s

• CR2. s ∈ RΓ JAK → s ≻∗ t → t ∈ RΓ JAK
• CR3. Γ ⊢ s : A → neutral s

→ (∀t. s ≻ t → t ∈ RΓ JAK) → s ∈ RΓ JAK
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Strong Normalization [Girard et al 1989]

• Properties of R

• Soundness Γ ⊢ s : A → s ∈ RΓJAK

• Strong normalization
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Strong Normalization [Girard et al 1989]

• Properties of R

• Soundness Γ ⊢ s : A → Γ ≼σ ∆ → s[σ] ∈ R∆JAK
• Strong normalization
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Strong Normalization − Literature

• Girard-Tait proof technique [Girard et al 1989],
Kripke-style logical relations [Mitchell et al 1988]

• LEGO [Altenkirch 1992]
• POPLMark Reloaded [Abel et al 2018]
• Coq, e.g. [Cooper 2015]:

“De Bruijn indices are foolishly difficult
for this kind of proof”
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Strong Normalization [Girard et al 1989]

• Properties of R

• Soundness

• Strong normalization

}
binders, substitution

v

v
v
v
v
v
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Strong Normalization − CR2
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Strong Normalization − CR2
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Strong Normalization − substitution related

Lemma (Preservation)
Γ ⊢ s : A → s ≻∗ t → Γ ⊢ s t : A
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Strong Normalization − substitution related

Lemma (Preservation)
Γ ⊢ s : A → s ≻∗ t → Γ ⊢ t : A

Lemma (Morphism for renamings)
Γ ⊢ s : A → Γ ≼ξ ∆ → ∆ ⊢ s⟨ξ⟩ : A

Definition (Agreement under renaming)
Γ ≼ξ ∆ := ∀x. ∆(ξ x) = Γ x
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Strong Normalization − substitution related
Lemma (Preservation)

Γ ⊢ s : A → s ≻∗ t → Γ ⊢ s t : A
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Strong Normalization − Formalisations
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Future Work

• More complicated languages and proofs
• POPLMark: System F

• Expressivity
• Mutually inductive sorts
• Lean 4?

• AS for other theorem provers
• e.g. Agda

• Automation
• Reification
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Contributions

1 Adaptation of Autosubst to Lean
• Tool for binder support in Lean
• Automation approaches

2 Case study
• Weak normalization of STLCnum
• Strong normalization of STLCnum

http://www.ps.uni-saarland.de/~mameche/bachelor.php
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AS in Lean − Tactics
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AS in Lean − Tactics
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Weak Normalization − Steps

• Simply typed λ-calculus, small and big step semantics
• Define

• semantic interpretation of values, expressions, and contexts
• semantic typing ⊨

• Prove
• Soundness ⊢ ⊆ ⊨
• Weak normalization

⊢ s : A → ∃ v, s ≻∗ v
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Weak normalization − Logical Relations

VJNK := {n}

VJA → BK := {λs | ∀v ∈ VJAK. s[v · id] ∈ EJBK}
EJAK := {s | ∃t, s ≻∗ t∧ t ∈ VJAK}
GJΓK := {σ | ∀x. σx ∈ VJΓxK}

Semantic typing

Γ ⊨ s : A := ∀σ ∈ GJΓK. s[σ] ∈ EJAK
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