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Previously: Autosubst ...

Goal: support formal reasoning about languages with binders in a
proof assistant

s,tetm:= x|st|As (xe€IN)

|

de Bruijn

The o—calculus + Autosubst



Previously: Autosubst and Lean
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Overview

+ Theory

« Extension of the o—calculus: vector substitutions

« Realisation in Lean

« Implementation
« Proof term generation
« Reflection

« Outlook



Extension of the oc—calculus: vector substitutions!

call-by-value System F

AB e ty:=X|ABI|YV. A
s,t € tm :=st|sA|v
u,v € vl :=x|NA.s|A.s

Example:

(x e vl)
(AA. s)[o, Tl = AAlol. sl (o, T)]

tm
L]

;ru (O-a T) = (G) Ovl -To (idt}/)T ))

xlo,tl=1x

1[Kaiser, Schéfer, Stark 17]

substitutions o: IN — ty, t: N — vl

instantiation x[o, 7]

stream cons s - (0,T)

up ﬁtm 0, tm T

* project to correct substitution
« select subvector

« pass binder of a sort



Implementation

+ As in Autosubst 2: inductive types from HOAS specification

«» dependencies between sorts
« identify sorts which need variables
« derive substitution operations and prove lemmas

ty,

arr
all

app
tapp
vt

lam
tlam

tm, vl

Type
ty -> ty -> ty
(ty -> ty) -> ty

tm -> tm -> tm

tm -> ty -> tm

vl -> tm

ty -> (vl -> tm) -> vl
(ty -> tm) -> vl

inductive ty

| var_ty
| arr : ty
| arr : ty
inductive tm
| app : tm
| tapp
| vt
with vl:
| var_vl
| lam : ty

| tlam

nat — ty
— ty — ty
— ty

— tm — tm

tm — ty — tm
vl — tm

nat — vl
— tm — vl

tm — vl



Implementation issues

General problems

« equation compiler does not yet support structural recursion for
mutually inductive types
— well founded recursion + custom tactic

« support for mutual meta definitions not implemented yet
— can be bypassed by providing functions with extra argument



Generating proof terms

current goal

pattern matching

/

meta expr

construct proof term bottom up

'

proof term



Generating proof terms

meta expr refl refl
| s=s' t=t'

congrApp

construct proof term bottom up

'

proof term



Generating proof terms

normalize_term :
| (s t) = (normalize_term s)
(normalize_term t)

Wetaexpr | (A s) = A(normalize_term s)
| | s[o] = normalize_inst
(normalize_term s)
construct proof term bottom up (normalize_subst o)

i | n = refl n

proof term



Generating proof terms

meta expr

construct proof term bottom up

'

proof term

normalize_subst

| s -0 = normalize_cons
(normalize_term s)
(normalize_subst o)
| f o = normalize_up
(normalize_subst o)
| oot = normalize_cmp
(normalize_subst o)
(normalize_subst T)
| o = refl o
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Generating proof terms

current goal

pattern matching

/

meta expr

construct proof term bottom up

'

proof term

Example:

lemma someGoal (s t o)
(app s t).[o] =
app (s.[ol) (t.[cD)

\

nm_term :

| £ C(%%s) . [%%0])

nm_inst (nm_term s) (nm_subst o)
(A %%s)

= A (nm_tm s)

|

A s t o, rwlemmal
(congr_app (refl s) (refl o))
(congr_app (refl t) (refl o))
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Generating proof terms

Advantages

+ avoid some of the overhead of rewriting

« not tied to functional extensionality
Problems

+ pattern matching on meta type expr inefficient,
causes problems with equation compiler
— too inefficient for e.g. system F
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Reflection

current goal

pattern matching

V

meta expr

construct proof term bottom up

/

proof term

0s.

current goal

reification

/

inductive type

structural recursion

/

normalized expression
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Reflection

« synthetic type captures the class of substitution expressions

SsteEym  =un|st|As]|slo]]|s
O-sTEEsubst::FL|T|id|ﬂo-

|s-o|coT]|o

reification 11
tm 4 Etm
%

denotation [[.]]

J{ normalization f
Etm

- soundness: Ve, ¢'.fe=¢' — [e] = [¢']
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Reflection

Advantages

« normalization as a function on inductive type

« verified decision procedure
Problems

« termination of normalization function
— first for renamings
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Roadmap

So far:

+ Lemmas and automation
Up next:

« finish approach 2

« normalization in larger context

+ case study
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Outlook

Future versions of Lean:

. Lean 4: implemented in Lean itself (elaborator, expressions ... ) !

« hopefully improved support for mutual recursion at some point

lhttp ://leanprover.github.io/talks/LeanAtGalois.pdf
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