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What if we could solve the Halting Problem?

Halting Problem [Turing, 1936]

“Does a Turing machine halt on a given input?”

= The halting problem is undecidable.

Oracle Machine [Turing (PhD thesis), 1939]

“A Turing machine having a black box for solving a given problem”

Turing reducibility [Turing (PhD thesis), 1939] [Post, 1944]

P <, @ :="P can be solved by an oracle machine for Q)”
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What if we could solve the Halting Problem?

Oracle Machine [Turing (PhD thesis), 1939]

“A Turing machine having a black box for solving a given problem”

Turing jump [Post, 1948][Kleene and Post, 1954]

@’ := “halting problem of oracle machines with an oracle for Q"

= ()* is undecidable by oracle machines with an oracle for Q.
= Repeated jumping gives rise to a hierarchy of unsolvability.
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Last time: Arithmetical Hierarchy [Kieene, 1943][Mostowski, 1947] Bl e

h(M,1,s) := “Turing machine M halts on input ¢ after < s steps’

Halting Problem H(M,i) := 3s. h(M,1,s) €D

Totality Tot(M) := Vi. 3s. h(M, i, s) ell,

Cofiniteness Cof(M) :=3n. Vi > n. Is. h(M, 1, s) SHPN

IZT IZTI

i Post’'s Theorem [Post, 1948]:
Connection between quantifier prefix and the Turing jump
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This time: Outline Il =

Synthetic Computability
Halting Problem
Turing Reduction

My Work
Oracle Semi-decidability
Turing Jump
Formulation of Post’s Theorem
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Synthetic Computability
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Synthetic Definition of the Turing Jump




Synthetic Computability

In Coq only computable functions can be defined

= treat all functions N — N as computable
== N0 need to work with a concrete model of computation
iz partial functions N — N instead of diverging Turing machines

Approach by [Richman, 1983] [Bridges-Richman, 1987] [Bauer, 2006]
In constructive type theory by [Forster Kirst Smolka, 2019] [Forster (PhD), 2021]
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Synthetic Computability — Halting Problem I

“Does a partial function output a value?”

Problem: (Partial) functions are not associated with their source code
== Godel encoding cannot be constructed

Axiom: Enumerability of Partial Functions [Richman, 1983][Forster, 2020]

EPF:=30:N— (N—=N).Vf:N—=N.dec:N. 0. = f

0. x >y = “function with code ¢ terminates on = with output y”

Self-halting problem X'c :=3y. 0. c > y
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Synthetic Computability — Turing Reduction I -

Problem: All (partial) functions are computable
== Functional relations N ~~ B are the uncomputable counterpart

Turing Reduction [Forster (PhD), 2021] joint work with Kirst, idea by Bauer

* Functional relation transformer: r: (N~ B)— (N~ B)
- Computational core: r’: (N—=B) — (N — B)
« Computable up to oracle:

VR f. f computes R — (r" f) computes (r R)

» Continuity (i.e. termination — only finitely many oracle queries)
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My Work
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Oracle Semi-decidability I =

Oracle Machines for semi-decision I
* Halting relation: Migis * (N~ B) — (N~ 1)
- Computational core: Moo : (IN—=B) = (N—1)

« Computable up to oracle:
VR f. f computes R — (M, f) computes (M, s R)

 Continuity (i.e. termination — only finitely many oracle queries)

P is semi-decidable relative to Q:

So(P)=3M :M.Vx.x € P> My Qx
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Turing Jump — “Halting Problem of Oracle Machines” il

Lemma (“oracle machines with the same core behave the same”)

VM M’'. M

A ,
core — Mcore — ﬁMhaIts — _'Mh

alts

= enumerating computational cores is sufficient

We assume an enumerator

C:N—=>((N—=B) — (N—1))

Turing Jump

Q" i={ceN[IM: M Myye =(c N Mpgps Q c}
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Turing Jump — Results i

We assume an enumerator

(:N—=(N—=B) = (N—1))

Ve.3M : M. M, = Cc

Theorem (Turing jump is oracle semi-decidable)

Sq(Q)

Theorem (Complement of Turing jump is not oracle semi-decidable)
=8o(Q)

= All proofs in appendix and Coq
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Formulation of Post’'s Theorem 5 .

() (iv) ()(v)
Post’s Theorem
B @/// @E
‘PeY | 3Q.8,(P) A Qell, = Cof|
o (J(n+1)
@ = Zn—i—l ) j
o 1 B Tot
P e Zn—H — P jm @(n—l— ) mTot\
e P e Zn—l—l < 5@(71,)<P) :set§2§TH
4 v
= computable
sets
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Overview of my work .

» Model arithmetical hierarchy in Coq v

* in Peano arithmetic and in meta-theory v
* prove interesting properties v

» Synthetic definition of oracle machines and Turing jump v/
* prove interesting results v/

* Post’s theorem 4
» formulation v/

* proof #»

* |solate the weakest set of assumptions ?
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Synthetic Computability — Turing Reduction I

Problem: All (partial) functions are computable
== Functional relations N ~~ B are the uncomputable counterpart

Turing Reduction [Forster (PhD), 2021] joint work with Kirst, idea by Bauer

* Functional relation transformer r: (N~ B)— (N~ B)
- Computational core r’:(N—B) - (N —B)
« Computable up to oracle
VR f. f computes R — (r" f) computes (r R)
 Continuous (i.e. termination — only finitely many oracle queries)
VRx. ——3dL.VR'. (Vyb.yéeL - Ryb— R ' yb) > Vb.r Rxb—1r R zb

» Monotonic
VRR .Vyb. Ryb— R yb) >V b.rRxb—r R xb
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Oracle Semi-decidability I

Oracle Machines for semi-decision I
- Halting relation: Mipas : (N~ B) = (N~ 1)
- Computational core: Mo :(N—B) - (N—1)

« Computable up to oracle:
VR f. f computes R — (M, f) computes (M, s R)

 Continuous (i.e. termination — only finitely many oracle queries)
VRx.——3dL.VR'. (Yyb.yeL - Ryb — R yb) — M i Rxx — Mg R %

* Monotonic
\V/RR/<\V/y b R Yy b — R/ Yy b) — \V/$ Mhalts R €T *< — Mhalts R/ €T K«

P is semi-decidable relative to Q:
CS’Q(P> ::EIMiM.\V/CC.CCEPHMha”SQZU
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Lemma 1 I 35
(:N—=((N—=B)—= (N—1))
and (c continuous:
Ve fx. AL.Vf'. (Vyb.yeL — fy>b— ffy>b) > C(cfx—(c f'x

Lemma 1
Ve. dM : M. M, = Cc

Proof.

- Choose: M, Rz :=3LVf.(Vyb.ycL - Ryb— fy>b) — (c fx

- To show: f computes R — M, 1R x <> (c [ x

—> easy

+ needs (c continuous []

March 14, 2022 | Niklas Miick: A Synthetic Definition of the Turing Jump



Turing jump is oracle semi-decidable o e

Theorem (Turing jump is oracle semi-decidable)
SQ(Q/) = SQ({C €N |[IM": M. Migre = Cc A My @ c})

- Need to construct M : M such that M, ;@ ¢ <> c € Q’

- Choose: M, R, ¢ :=3IM’. My = Cc N My 4 R, C

- Choose: M., f,c:=C(c f, c

- To show: f computes R — Ve.(IM'. Mgye = Cc AN M/ R c) < Ce fc

— We get M’ such that M, .. and M., = (c. Follows by core spec of M’
< Lemma 1 gives us M’ with M, = ¢c. Core spec gives M/ . R c []

alts

alts
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“oracle machines with the same core behave the same” Il =

Lemma 2 (“oracle machines with the same core behave the same”)

VM M’ M ore = Méore — VR x. "My x — ﬂMr/maItsR L

- Equal cores = M and M’ behave the same when oracle is computable
- Continuity gives a list L where oracle is queried by M’ for given R and x

- Claim is stable, we can “classically” construct a function that computes R
on L, we call the corresponding computational relation f

cont. f comp.,eq. COTES mono.

) Mr:altsR r — Mr:altsf L — Mhaltsf r — My @ L
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Complement of Turing jump is not oracle semi-decidable il

Theorem (Complement of Turing jump is not oracle semi-decidable)
_'5Q<@) = ‘SQ({C €N | —~IM" : M. Migre = Cc N My @ c}) = L

- Assuming 8, (Q’) gives M such that M Q ¢ <> ¢ & Q'

- Let ¢ be code of M_ ., = (c

- Showing ¢ ¢ Q" < ~M, ;1@ ¢ gives a contradiction

— Assume ¢ ¢ Q' and M, ;@ c. But M .. = (¢ A M@ ¢ means ¢ € Q’
¢ Assume ~ M 1s@ cand c € Q' = IM" : M. M{ye = (c N MY s @ C

But if M doesn’t halt, all M’ with same core also don’t halt by Lemma 2
L]

March 14, 2022 | Niklas Miick: A Synthetic Definition of the Turing Jump



	Introduction
	Synthetic Computability
	Halting Problem
	Turing Reduction

	My Work
	Oracle Semi-decidability
	Turing Jump
	Formulation of Post's Theorem
	Overview of my work

	References
	Appendix
	Turing Reduction
	Oracle Semi-decidability
	Proofs


