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Gédel (1931)

Popescu and Traytel (2019)

Kleene (1936), Turing (1936), Post (1941)

Kirst and Hermes (2021)

Rosser (1936), Kleene (1951, c.f. 1952)

O’Connor (2005), Paulson (2014), and many others
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Approaches to Incompleteness

early: assuming soundness

--I-- -~ Rosser's trick | rec. insep. predicates | Kleene's approach

strengthened: assuming consistency?

Godel: assuming w-consistency

----F- Rosser’s trick Godel-Rosser approach

Rosser: assuming consistency

2We found out about these results through an e-mail by Anatoly Vorobey on the Foundations of

Mathematics mailing list.
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We factorised Kleene's incompleteness proofs into two parts:
1. Concise abstract core using synthetic computability

2. Instantiation of these abstract proofs to first-order logic using Rosser’s trick
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Abstract incompleteness proofs
Kleene's early incompleteness result
Improving Kleene's early result
Kleene's strengthened incompleteness result

Instantiation to first-order Robinson arithmetic
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Synthetic Computability?

We work in CIC, where all functions can be considered computable.

3Richman 1983; Bauer 2006.
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Synthetic Computability?

We work in CIC, where all functions can be considered computable.
A predicate P : X — Prop is

» decidable if 4f : X — B. Px < fz = true.
» semi-decidable if 3f : X - N — B.Va. Px < Jk. fak = true.

3Richman 1983; Bauer 2006.
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Formal Systems

Definition (Formal system)
F = (S,—,F) is a formal system if:
> S : Type is a discrete type of sentences
» —:S5 — S is a negation function
> - : S — Prop is a semi-decidable provability predicate
» F is consistent: Vs.(F s A F k= —s)
F is complete if Vs. F - sV F F —s.

Many common formal logics are formal systems in this sense:
> first-order logic over a consistent and effective axiomatisation

» CIC
> .
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Decidable Formal Systems

Lemma

There is a partial function dr : S — B separating provability from refutability:
Vs.(drs>true <> FFs)A(drst>false <> FF —s)

If F is complete, dr is total.
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Decidable Formal Systems

Lemma

There is a partial function dr : S — B separating provability from refutability:
Vs.(drs>true <> FFs)A(drst>false <> FF —s)

If F is complete, dr is total.

Corollary

Any complete formal system is decidable.

8 /24



Kleene's Early Incompleteness Proof #°

Let F be complete and weakly represent P : N — Prop, i.e., there is an r : N — S s.t.:
Ve. Pr < FFrx

Then P is decidable.

*Kleene 1936; Turing 1936.

®As mechanised by Kirst and Hermes (2022).
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Kleene's Early Incompleteness Proof #°

Let F be complete and weakly represent P : N — Prop, i.e., there is an r : N — S s.t.:
Ve. Pr < FFrx

Then P is decidable. Thus, if P is undecidable, F is incomplete.

*Kleene 1936; Turing 1936.

®As mechanised by Kirst and Hermes (2022).
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Abstract incompleteness proofs

Improving Kleene's early result

Instantiation to first-order Robinson arithmetic
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Church’s Thesis’

Axiom (EPF®)

There is a function § : N — N — B such that:

Vf:N—=B.de. f =0c

SKreisel 1967; Troelstra and van Dalen 1988.

5Richman 1983; Forster 2022.
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Church’s Thesis’

Axiom (EPF®)

There is a function § : N — N — B such that:

Vf:N—=B.de. f =0c

Definition (Self-halting problem)

The self-halting problem is defined as:

H = Ax.3b. Ozx > b

5Kreisel 1967; Troelstra and van Dalen 1988.

5Richman 1983; Forster 2022.
11/24



Self-halting problem

Partial functions f : N — B agreeing with the halting problem H := Az. 3b. 0xx > b:
Ve.x € H < fx D> true,

diverge on some input c, i.e., Vb. fc? b.
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Self-halting problem

Partial functions f : N — B agreeing with the halting problem H := Az. 3b. 0xx > b:
Ve.x € H < fx D> true,

diverge on some input c, i.e., Vb. fc? b.

Proof.
Consider g : N — B,

| false if fx > true
S undefined otherwise.

Let ¢ be the code of g. We have fcr>true < fc> false. O
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Strengthening the Early Incompleteness Proof®

Assume F weakly represents H, i.e., thereisanr: N — Sst.: Ve.x € H + Fhrkrx
Then F has an independent sentence rc:

F¥rchNF¥F -re

8Kleene 1952.
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Strengthening the Early Incompleteness Proof®

Assume F weakly represents H, i.e., thereisanr: N — Sst.: Ve.x € H + Fhrkrx
Then F has an independent sentence rc:

F¥rchNF¥F -re

Proof.
dr or: N — B agrees with the halting problem:

Va.dr (re)>true < FlEre < zeH,

and therefore diverges on some input ¢. Thus, rc is independent in F. ]

8Kleene 1952.
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Going from Soundness to Consistency

» Consider weak representability:

Ve.Px < Ftrx

Definition (Extensions)

A formal system F’ is an extension of F, if

Vs.Fks — F ks

» Only transfers along extensions with F - rx — Px, i.e., sound extensions
> Can we do better?

Definition (Strong Separability)

F strongly separates two predicates P, P if thereisan 7 : N — S s.t.:

Ve.Prx — Ftre N Px — FFE-rxs

14 /24



Abstract incompleteness proofs

Kleene's strengthened incompleteness result

Instantiation to first-order Robinson arithmetic
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Recursively Inseparable Predicates

Theorem

Consider the following predicates:
Tirue := Ax. Oxx > true Ttalse := Ax. Oxx 1> false
They are recursively inseparable, i.e., any partial function f: N — B s.t.
V. (z € Tiye — fr>true) A (¢ € Zrase — fx > false)

diverges on some input.
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Kleene's Improved Incompleteness Proof ?
Assume F strongly separates Zir e and Zfse, i.€., thereisan r: N — S s.t.:
Ve.x € Tyyye — F 1T AN € TGise — FE 12
F has an independent sentence rc:

F¥FrcNF¥F -re

°Kleene 1951, c.f. Kleene 1952.
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Kleene's Improved Incompleteness Proof ?
Assume F strongly separates Zir e and Zfse, i.€., thereisan r: N — S s.t.:
Ve.x € Tyyye — F 1T AN € TGise — FE 12
Any (consistent) extension F’' of F has an independent sentence rc:

F'¥renNF ¥ —rc

drror : N — B recursively separates Zi; e and Zs,se, and therefore diverges on some
input c. Therefore, rc is independent in F'. ]

°Kleene 1951, c.f. Kleene 1952.
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Instantiation to first-order Robinson arithmetic
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Instantiating the Incompleteness Proofs

From now on: Assume 6 in EPF to be an interpreter for u-recursive functions
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Instantiating the Incompleteness Proofs

From now on: Assume 6 in EPF to be an interpreter for u-recursive functions

Lemma
Q' € Q weakly represents any semi-decidable predicate P : N — Prop using a ¢ € 5:

Vz. Pz < Q' F ¢(Z)

Proof.
See Kirst and Hermes (2022), relying on a mechanisation of the DPRM theorem by
Larchey-Wendling and Forster (2022). O

Goal: Show that Robinson arithmetic is strong enough to strongly separate any pair of
semi-decidable and disjoint predicates.
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Rosser’s Trick for Strong Separability
Lemma (Strong Separability)

Q strongly separates any pair of semi-decidable and disjoint predicates P;, P, i.e.,
there is some ® s.t.:

Ve.Prz — QF®(Z) AN P — QF -9(7)
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Rosser’s Trick for Strong Separability
Lemma (Strong Separability)

Q strongly separates any pair of semi-decidable and disjoint predicates P;, P, i.e.,
there is some ® s.t.:

Ve.Prz — QF®(Z) AN P — QF -9(7)

Proof.
Let 1,9 be s.t. for any z:

Pz < QI—EIkgol(f,k)
Por < Ql‘ﬂk.@g(f,k)

Choose:

O () := Fk. p1(x, k) ANVE < k. —pa(x, k)
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Instantiating the Strengthened Incompleteness Proof

Robinson arithmetic is essentially incomplete.

VT O Q. T semi-decidable — TF 1 — Jp.TF oATF¥F -
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Instantiating the Strengthened Incompleteness Proof

Robinson arithmetic is essentially incomplete.

VT O Q. T semi-decidable — TF 1 — Jp.TF oATF¥F -

Statement shown by Kirst and Hermes (2022):

VT 2 Q.T semi-decidable — NET — (Vo. T+ @VTHE =) — Hrm decidable
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Summary

» Gave abstract incompleteness proofs due to Kleene in different strengths,
reformulated and consolidated in synthetic computability
» Assuming weak representability, using the halting problem
P Assuming strong separability, using recursively inseparable predicates
» Mechanised in only about 450 stand-alone lines of Coq, 200 for the strongest result

OForster et al. 2020, notably including Larchey-Wendling and Forster 2022.
1Kirst, Hostert, et al. 2022.
12C f. Hostert, Koch, and Kirst 2021.
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Summary

» Gave abstract incompleteness proofs due to Kleene in different strengths,
reformulated and consolidated in synthetic computability

» Assuming weak representability, using the halting problem
» Assuming strong separability, using recursively inseparable predicates
» Mechanised in only about 450 stand-alone lines of Coq, 200 for the strongest result

» Instantiated those proofs to first-order Robinson arithmetic using Rosser's trick

> Relying on libraries of undecidability'® and first-order logic!! and the first-order
proofmode by Koch!?

» Mechanised in around 2200 lines of Coq

» Check our our development:

https://github.com/uds-psl/coq-synthetic-incompleteness/tree/types2022

OForster et al. 2020, notably including Larchey-Wendling and Forster 2022.
1Kirst, Hostert, et al. 2022.

12C f. Hostert, Koch, and Kirst 2021.
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Future Work

» Church's thesis for Robinson arithmetic

» Do abstract proofs for a concrete model of computation
» Avoid DPRM as dependency

» Godel's second incompleteness theorem
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Godel's First Incompleteness Theorem

Any effective, consistent, and sufficiently powerful formal logic is incomplete.

We consider proofs of

that are
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Church’s Thesis

Vi:N=N3pe X Vay. fr>y < QY. o@,y) < y=1
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l

D1 (z,k) = @1(z, k) AVE < k. —po(x, k)
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