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Introduction

Properties

Modal Logic with Transitive Closure: K*

tu=p|at|tAt|tVve]Opt|Opt

pu=r|r’

@ Extends basic modal logic K with reflexive transitive closure
operator

@ Fragment of Propositional Dynamic Logic
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Introduction

K* as Fragment of PDL

@ Model computation as state transition

@ Programs are transitions, programs are represented in the logic

@ Provide operators to compose new programs

;¢ (o) (wo)ieo
N : (wo)(eeo)o
* 1 (wo)ro
?: (Lo)ueo

Terminating Tableaux for Modal Logic with Transitive Closure (Sigurd Schneider)

Sequentialization
Choice

Iteration

Test
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Introduction
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Semantics

Or*px
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Introduction

SEEI

Properties

@ Small Model Property
@ Decidable
@ Not Compact: {Or*p, =p, Or-p, Or(Or-p), ... }
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

Split the propositional variables into two disjoint sets
@ Path variables denoted by V
@ Proper propositional variables

Definition (Extended Grammar)

s u= uzx | Qraz |a=Or*t |rex  formula

u o= ot extended modal expression
t = p|t|tAt|tVit|Opt|UOpt proper modal expression
pu=r|r’
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A tableau

(5p)x, px , (t1 Ato)x - (t1 V to)a
: A tlx, tQ.I‘ v tll‘ ’ tgl‘
Urtx, rzy
i
ty
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A tableau system

- (p)z,pr

Urtz, rey

o 7
ty

Tableau Rules
An Infinite Derivation
Problems

Tableau System

(tl /\ tQ)SL‘
tlx, tQ.I‘
Or*tx

D*
tx
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(tl Vtz)l‘

tll‘ ’ tgl‘
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A tableau system
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(p)z, pr

Urtz, rey

ty

Tableau Rules
An Infinite Derivation
Problems

Tableau System

(tl /\ tQ)SL‘

tlx, tQ.I‘

Or*tz
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A tableau system

(5p)x, px , (t1 Ato)x - (t1 V to)a

: A tlx, tQ.I‘ v tll‘ ’ tgl‘

* *

a Urtz, rey R Lr*tx 7T Ur*te, rey

ty = tx H Or*ty

Orux
To —— y¢NA
rTyYy, uy
Orrte az,a = Ort
T8 —————— a ¢ VA Tor ——————

ax, o = Orit
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
. Ty ——— y¢N.A
Or*px, Or*(—p)x rITY, UY
Or*tx
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
. Ty ——— y¢N.A
Or*px, Or*(—p)x rITY, UY
a = Or'p, ax
Or*tx
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
Ty ——— y¢NA
Or*px, Or* (—p)z rTYy, uy
a = Or'p, ax
o Or'te
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
" y Ty ——— y¢NA
Or*px, Or* (—p)z rTYy, uy
a = Or'p, ax
- Or*tx
T To ——————— adVA
pxr | Orox ax,a = QOrt
ax,a = QOrt
To-
tx | Orax
(—p)x, px

Terminating Tableaux for Modal Logic with Transitive Closure (Sigurd Schneider) 19/55



Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
o Ty — 2 g N4
Or*pz,Ur* (<p)x rTy, uy
a = Or'p, ax
- Or*tx
T To —————— adVA
pr | Orax ax,a = QOrt
rry, oy
ax,a = Orit
To-
tx | Orax
(5p)z, px
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
* y Ty —— y¢ N A
Or*px, Or* (-p)z rey, uy
a = Or'p, ax
- Or*tx
T To —————— adVA
pr | Orax ax,a = QOrt
rTY, QY
Or* (<p)y - ax,a = Orit
Yt | Orax
(5w)z, px
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
* y Ty —— y¢ N A
Or*px, Or* (-p)z rey, uy
a = Or'p, ax
- Or*tx
T To ——————— adVA
pr | Orax ax,a = QOrt
rTY, QY
Or* (<p)y - ax,a = Orit
vz Yt | Orax
(“w)z, px
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

A infinite derivation for an unsatisfiable formula

Orux
. Ty —— y¢ N A
Or*px, Or*(—p)x rITY , UY
a = Or'p, ax
- Or*tx
T To ——————— adVA
pr | Orax ax,a = QOrt
rTY, QY
Or*(<p)y ax, o = Qr't
: T — T
Py te | Orax
py | Oray
(“w)z, px
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A infinite derivation for an unsatisfiable formula
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Tableau Rules
An Infinite Derivation
Problems

Tableau System

Problems

@ The System does not terminate.
@ The System is not complete.
@ We need a soundness argument to discard the rightmost branch.
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Witness Distance

Requests
Straightness Straight Branches

Straightness Theorem

Overview

The soundness argument for discarded branches is straightness:
Preservation of straight branches.

Proof Sketch

@ For every satisfiable set of K*-expressions the initial branch is a
straight branch.

@ If the premise of a rule is a straight branch, at least one of the
rules’ alternatives is a straight branch.

@ Model existence theorem for straight, maximal branches (w.r.t.
applied blocking technique).

This essentially amounts to deciding existence of a straight, maximal
branch instead of satisfiability.
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Witness Distance

Straightness

Witness Distance

O O,

T r
@ ®
r

sitive Closure (Sigurd Schneider) 27/55
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Witness Distance

Straightness Bran:

Witness Distance

T r
@ ®
r

07,0 =min{n e N[3Ibe€Zi: a L; bATth =1}
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Witness Distance
Req
S

ight Bra

Straightness g
Straightness Tl

Witness Distance

r r
D ® ore

0% a:=min{n € N|3be Li: a "7 bATth =1}
AT, L :=min{é7,a|Z,a = L}
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Witness Distance

Requests
Straightness Straight Branches

Straightness Theorem

Requests

Or(-p), Or*q
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Witness Distance

Requests
Straightness Straight Branches

Straightness Theorem

Requests

Or(-p), Or*q

“p, q,Ur*q

Definition

Let A be a branch and x be a nominal.

Rhyx = {t|Ortx € A} U {¢t,0r"t | Or*te € A}
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Straightness

Requests

Or(-p), Or*q

“p, q,Ur*q

Definition

Witness Distance
Requests

Straight Branches
Straightness Theorem

R’z ={=p,q,0r"q}

Let A be a branch and x be a nominal.

Rhyx = {t|Ortx € A} U {¢t,0r"t | Or*te € A}
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Witness Distance

Requests
Straightness Straight Branches

Straightness Theorem

Intuition

Use an interpretation to guide the tableau derivation: For each
nominal, find a corresponding state in the interpretation to guide
branching decisions.
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Witness Distance
Requ
Straightness Straight Branches

Straightness Theorem

Intuition

Use an interpretation to guide the tableau derivation: For each
nominal, find a corresponding state in the interpretation to guide
branching decisions.

Obey the following rules
02 Only expand ax to Qrax, if T does not satisfy the witness at x.

O1 If Orax is expanded, then model the successor after a state with
optimal witness distance for the witness in 7.
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Witness Distance
Re

Straightness Straight Branches
Straightness Theorem

Example

Or*p ,—p
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Witness Distance
Re

Straightness Straight Branches
Straightness Theorem

Example

Or*px, ~px
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Witness Distance
Re

Straightness Straight Branches
Straightness Theorem

Example

Or*px, px
a = Or'p, ar

tive Closure (Sigurd Schneider)
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Straightness

Example

Or*px, ~px
a=Qr*p, ar
px ‘ Orax

Terminating Tableaux for Modal Logic with

Witness Distance

Re

Straight Branches
Straightness Theorem
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Straightness

Example

Or*px, px
a=Qr'p, ar
Orax

Tableaux for Modal Logic with Tr:

Witness Distance

Re

Straight Branches
Straightness Theorem
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Witness Distance
Re

Straightness Straight Branches
Straightness Theorem

Example

Or*va “px r
a=Qr'p, ar

Orax C)

rry, oy
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Witness Distance
Re

Straightness Straight Branches
Straightness Theorem

Example

Or*va “px r
a=Qr'p, ar

Orax C)

rry, oy
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Straightness
Straightness Theorem

Example

Or*pz, ~px r
a=Qr'p, ar
Orax ()
rTYy, oy
py | Oray -
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Witness Distance
Re

Straightness Straight Branches
Straightness Theorem

Example

Or*px, Spx r
a=Qr'p, ar
Orax ()

rry, oy
Py .
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Witness Distance

Requests
Straightness Straight Branches

Straightness Theorem

Straight Branches

Definition
Let A be a branch and 7 be an interpretation. 7 is straight for A if it
satisfies the following conditions:

S1 s€ A= T s ifsisnotransition

S2 roaye A= IT,IyE=R'z

o1  ax,ray,ay,a=0r'te A = 5£,t(Iy) = Agjt(R’”x)

02 az,a=90r't,0rax € A = T £tz

We say A is straight if there is an interpretation that is straight for A.

<

On straight branches, all decisions have been made as if the
derivation was guided by 7.
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Witness Distance

Requests
Straightness Straight Branches

Straightness Theorem

Invariant

Straightness

For every rule, if the premise is a straight branch,
at least one of the conclusions is a straight branch.

This is soundness with respect to straight branches.
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Witness Distance

Requests
Straightness Straight Branches

Straightness Theorem

Straightness Theorem

2 ¥ ye=3ae VA a=0r'taz,aye AhT 4y

Let A be an admissible, straight branch, and 7 be straight for A.
it U, yand T b ty, then AL, (R7yz) > AL, (R)yy).

If we could not place the witness, then at least we made progress.
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Prove Sketch

Completeness

Prove Sketch

@ Define a request relation w.r.t. blocking technique.

@ Prove: If a formula Or*tx € A is not evident, then there is a cycle
in a request relation.

@ Prove using Theorem 1: If A is straight, then no request relation
in A is cyclic.

Approach scales to both pattern- and chain-based blocking. For
pattern based blocking the request relation gets more complicated.
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Prove Sketch

Completeness
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Prove Sketch

Completeness

Request Relation: Example
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Prove Sketch

Completeness

Patterns

Definition (Pattern of a ¢-Formula)

Let A be a branch. The {-pattern of a formula {rux € A denoted
by P’ (Oruzx) is defined according to the following equations:

PL(Ortx) :=({Ort}, Rx)
Ph(Oraz) :={0r*t|a = 0r*t € A}, Rx)

<

Admissibility Conditions ensure that {Or*t | a = Or*t € A} is always
a singleton set.
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Prove Sketch

Completeness

Realization

Definition ((-Pattern Realization)

Let A be a branch and z € N, A.
o ({Ort}, R"x) is realized in A, if there is 2/, y € N, A such that
e C Ry and 2’ 4 y.
o ({Or*t}, Rx) is realized in A, if there is 2/, y € N, A such that

i
nx =RLa and 2’ OLA Y.
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Prove Sketch

Completeness

The Restricted System 7,

Orux
Ro —— y¢N.A

rry, uy

@ P (Oruz) not realized in A

@ z is propagated
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Prove Sketch

Completeness

Request Paths

Definition ({*-Request Relation)
Let A be a branch and z, 2’ € N, A.

,,07’ t

x = gy~ JaeVA: a=0rt,Orar € A
Adx e NA: Ryx = Rya'
/\x'or tAy
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Prove Sketch

Completeness

Completeness

Supported by two Lemmas. Let A be a maximal branch.
o If aformula Or*tx € A is not evident, then there is a cycle in
ore

o If A is straight, then no {*-request relation in A is cyclic.

Terminating Tableaux for Modal Logic with Transitive Closure (Sigurd Schneider) 54/55



Prove Sketch

Completeness

Explicit Request Relations

a = <>T‘*t, Q’I“Oéfl?, ﬂ = <>T*ta /B'rla Tx,y? ﬂy
tx | Orax

W= Ria’

T
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