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Overview

Higher-Order — U

following Dowek (2001)

Third-Order — U;

following Huet (1973)
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Nth-Order — U,

Uu,cu

Second-Order — U,

following Goldfarb (1981) -
|



Higher-Order Nth-Order Third-Order
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Example

' \zy. fo = ey fy: A

whereI'=(f:a—a)and A=a— a— a.

Solution Proof
of =Mz (Azy.fz)]o] = \ry.z
or == othw. = (Azy.fy)|o]
in A=(z:aq)



Higher-Order Nth-Order Third-Order
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Higher-Order Unification — U

UTkFs=t:A):=
dJoA. AFo:T and s[o| =t[o]

s=t

Vz:A) el . Arox: A s-*u tu*oy

Aro:T s=t



Higher-Order
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Undecidability

H10 =< SU

PN
(=

SU({Tks;=t:A|i=1,...,n}) =
doA. AFo: T and Vi. s;lo] = t;[o]



Higher-Order Nth-Order Third-Order
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Hilbert's tenth problem — H10

Example r =42 y=x-y z2=z+2z

Solution Ox = 42 Oy = 0z

Il
o

0Ed
OFx=c iff Ox=c

PEx+y==z iff Oy+0y=20z
OEx-y=z iff Oy-0y=0z

H10(D) :=30.¥d € D. 0 E d



Higher-Order Nth-Order Third-Order
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Church Numerals

[n] :=Xaf.f" a

Operations

add st:=Xaf.s (ta f) f mul s t:= Xaf.s a (Ab.t b f)

Characteristic Equation f"(fa) = f(f™a) Let s be a normal.

Aaf.s (fa) f=Xaf.f (sa f) iff s=][n] forsomen:N



Higher-Order Nth-Order Third-Order
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H10 < SU

H10(D) iff SU(D)

Proof.
Pick D:

r=c:=x =[] T+y=z:=addzy=z
x-yiz::mulxy;z

z:=Xafx (fa) f=X af.f (zaf)



Nth-Order
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Overview

Higher-Order — U
following Dowek (2001)

Third-Order — U;
following Huet (1973)
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Nth-Order — U,,

Uu,cu

Second-Order — U,
following Goldfarb (1981)
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Nth-Order Third-Order
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orda=1 ord (A — B) = max{ord A+ 1,ord B}

First-Order

a p g
Second-Order

a— 08— «
Third-Order

(a = a) =« (a—=pB—a)—=p

a— =y

B—=a)—=(B—a)—y W(ﬁ"



Nth-Order Third-Order
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Nth-Order Fragment

Let €2 be a signature.

(x:A)eTl ord A<n ord (Qc) <n+1
I't,z: A I'k,c:Qc
I't,s:A—B I'k,t: A I'e:AbF,s:B
I'H,st: B ', \x.s:A— B
Examples
' Arx:a— a ko drx:a— a

ks dzz: ((a—a) »a) = (a—a) >«



Nth-Order Unification — U,,

U Thk,s=t:A) =
JoA. Ak, o: T and slo] = t[o]

V(z:A) el . Ar,ox: A
Ab,o:T

)

I3l



Nth-Order Third-Order
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Conservativity

PCP<U; and PCP<U ~  PCP=<U3;=<U

Conservativity Let n < m.

u. ¢ U, < U



Overview
Higher-Order — U
following Dowek (2001)

Nth-Order — U,,
U, cu

Third-Order — U;
following Huet (1973)

Second-Order — U,
O
? following Goldfarb (1981)
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Third-Order Unification — Us

Huet (1973)
PCP < U,

This Work
MPCP < U;

)
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Third-Order
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Modified Post Correspondence Problem — MPCP

Given Find Ordering
l l Il AT
20 and LS U i3 1 » vk
Tro ™ Tn
Such that
© ®© ™

loli, -+ 1;, =nrory, -+ -1,



Nth-Order Third-Order nd-Order
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Reduction

)\ulu().% (ﬂj‘f % e E) ; )\uluO'% (xf % e Tn)

n+1

where zf : (o = )" — «

Encoding Fix ui,up: a — a.

110 := Az.ug (uz (ug x))

L("s)=1's and Ly, (- Ly, 8) =1, -+ 1



Overview
Higher-Order — U
following Dowek (2001)

Nth-Order — U,,
U, cu

Third-Order — U;
following Huet (1973)

Second-Order — U,
@
CB following Goldfarb (1981)

iol|




Third-Order Second-Order
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Undecidability Second-Order

Goldfarb’s Result

H10 =< Ul

where Uég’a’b} is second-order unification with constants
g:a—a—aanda,b: .



Third-Order Second-Order
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[n] := Xa.(g a)" a

Operations

add s t:= Xa.s (t a) mul s t =777
Characteristic Equation Let s be a normal.
Aa.s ((ga)a) =Xa.(ga) (sa) iff Vi.st=][n]t for somen:N

(oC]

ll=:ll



Nth-Order Third-Order Second-Order
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Multiplication — m -n =p

mult(0,0) where
mult(a,i) = a ifi=m
mult(a,i) = mult(a +n,i+ 1) if i £m

Multiplication Sequence

(O’ 0); (TL, 1); (2’1’L, 2); ) ([)7 m)



Third-Order Second-Order
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Multiplication — m -n =p

m-n=p iff 3X.(0,0);succ X = X;(p,m)

where  succ(a,i) := (a +n,i+ 1)

succ X := map succ X

to t1 to e (m-n,m)

to t1 e tim—1 (p, m)

where t; := (i - n,i) and succ(t;) = ti+1. oo



Multiplication Equations

([0]a, [0] b) :: X (ya) ([1]b) [| = X ([0]a) ([0]b) [(=a, xb)]
([0]b, [0]a) == X (yb) ([1]a) | = X ([0]b) ([0]a) [(=b,za)]

(s,t):=g st sut:=gst [|:=a



Contributions

Higher-Order

®

H10 <SU < U
S Nth-Order
O
U,Ccu
Third-Order
@®
MPCP < Uj

Second-Order
®
? H10 < Uf&*®




Conclusion

000

Furthermore. . .

® Adding and Removing Constants
Uggya,b} < Uég} < Ugg} < Ul < U,
® First-Order Unification
U; is decidable
® Enumerability

U,SU,U,,,and SU,, are enumerable

Future Work
® Decidability Monadic Second-Order Unification

® Huet's Unification Procedure Iﬂ?'?II



Nth-Order Third-Order Se Orde Conclusion

[ele] J

References

Dowek, G.
2001. Higher-order unification and matching. Handbook of automated
reasoning, 2:1009-1062.

Forster, Y., D. Kirst, and G. Smolka
2019. On synthetic undecidability in Coq, with an application to the
Entscheidungsproblem. In International Conference on Certified
Programs and Proofs.

Goldfarb, W. D.
1981. The undecidability of the second-order unification problem.
Theoretical Computer Science, 13:225-230.

Huet, G. P.
1973. The undecidability of unification in third order logic.
Information and control, 22(3):257-267.

Snyder, W. and J. H. Gallier
1989. Higher order unification revisited: Complete sets of
transformations. Technical Reports (CIS), P. 778. lI27}



Third-Order

Formalisation

Overview Spec | Proofs Remarks

A-calculus 790 1120

Unification 350 | 380 © Autosubst 2 €
Third-Order 190 400 ® Curry-style simpler
Second—Order 570 850 than Church_sty|e
First-Order 290 510 . .
Convervativity & | a0 800 ® First-Order using
Constants Equations tool
Total | 2670 | 4150

Website

http://wwuw.ps.uni-saarland.de/~spies/bachelor.php
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Higher-Order Nth-Order Third-Order

SU=<U

SU(E) iff U(f(E))

Proof.

Pick f:={TFsi=t;: 4 |i=1,...,n}

TN S - Sy =MNuhty - t,: A

where A = (A; — -+ = A, — «) — a. Follows with:

hup - up,=hv - v, iff Vi.u; =v;



Third-Order

First-Order Unification

Traditionally
s,ti=x|cl|st
This Work For normal forms:

Ui(DhyAzy - 0.8 = Ayp - Yot 2 A)

|

U(s = t), without affecting bound variables

and n=m



Nth-Order Third-Order nd-Order

First-Order Unification Algorithm

Unification E— o

decomp E=z=s: E' FE'[s/z] — o

decomp E = nil
P Yy € vars s. freey freex x &varss

E—id

E — oz := s[o]]

Example gab=gab gxy;g(gya)(gaa)

Jdecomp

x;gya y;gaa



Third-Order

Conservativity — U,, C U

LetFl—ns;t:A.

slo] = t[o] for some ¥+, o : T
iff
slo] = t[o] for some Ao : T

Proof Sketch.

Replace free variables and constants not of order n with first-order
terms. For example, = : (¢ — «) — « is replaced by Ax;.z where

z:aand g: o — a — «is replaced by Azjxs.2. Normalise the
O

K

result.



der \'t de Third-Order

Adding Constants

U <U? ifcco

Proof Sketch.
Replace constants d € D — C with first-order terms, see
conservativity. O



Nth-Order Third-Order

Removing Constans

UP <US ifCCDandVdgC. ord (2d) <n

Proof Sketch.
Let C = {g} and D = {a, g}.

ga:;ga AL, (T T,) é)\:Ua.g Za
N>

where z: « where z:a — «
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