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UTkFs=t:A):=
dJoA. AFo:T and s[o| =t[o]

s=t

Vz:A) el . Arox: A s-*u tu*oy

Aro:T s=t
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doA. AFo: T and Vi. s;lo] = t;[o]
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H10(D) :=30.¥d € D. 0 E d
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Church Numerals

[n]
[n] :=Xaf.f" a

Operations

add st:=Xaf.s (ta f) f mul s t:= Xaf.s a (Ab.t b f)

Characteristic Equation Let s be a normal.

Aaf.s (fa) f=Xaf.f (sa f) iff s=][n] forsomen:N
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H10 < SU

H10(D) iff SU(D)

Proof.
Pick D:

r=c:=x =[] T+y=z:=addzy=z

—_— ?
r-y=z:=mulzy=z
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x-yiz::mulxy;z

z:=Xafx (fa) f=X af.f (zaf)
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Nth-Order Fragment

Let €2 be a signature.

(x:A)eTl ord A<n ord (Qc) <n+1
I't,z: A I'k,c:Qc
I't,s:A—B I'k,t: A I'e:AbF,s:B
I'H,st: B ', \x.s:A— B
Examples
' Arx:a— a ko drx:a— a

ks dzz: ((a—a) »a) = (a—a) >«
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Encoding Fix ui,up: a — a.

110 := Az.ug (uz (ug x))
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Undecidability Second-Order

Goldfarb’s Result

H10 =< Ul

where Uég’a’b} is second-order unification with constants
g:a—a—aanda,b: .
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Multiplication Equations
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Multiplication Equations

([0] . [0]) == suce (X [}) = X [(z,2)]

(s,t):=g st sut:=gst [|:=a

)
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Multiplication Equations

([o],[oD) = X y [11 0 = X [o] [0] [(=,)]

(s,t):=g st sut:=gst [|:=a



Multiplication Equations

([0]a, [0] b) :: X (ya) ([1]b) [| = X ([0]a) ([0]b) [(=a, xb)]

(s,t):=g st sut:=gst [|:=a



Multiplication Equations

([0]a, [0] b) :: X (ya) ([1]b) [| = X ([0]a) ([0]b) [(=a, xb)]
([0]b, [0]a) == X (yb) ([1]a) | = X ([0]b) ([0]a) [(=b,za)]

(s,t):=g st sut:=gst [|:=a
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000

Furthermore. . .

® Adding and Removing Constants
Uggya,b} < Uég} < Ugg} < Ul < U,
® First-Order Unification
U; is decidable
® Enumerability

U,SU,U,,,and SU,, are enumerable

Future Work
® Decidability Monadic Second-Order Unification

® Huet's Unification Procedure Iﬂ?'?II
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Higher-Order Nth-Order Third-Order

SU=<U

SU(E) iff U(f(E))

Proof.

Pick f:={TFsi=t;: 4 |i=1,...,n}

TN S - Sy =MNuhty - t,: A

where A = (A; — -+ = A, — «) — a. Follows with:

hup - up,=hv - v, iff Vi.u; =v;
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First-Order Unification

Traditionally
s,ti=x|cl|st
This Work For normal forms:

Ui(DhyAzy - 0.8 = Ayp - Yot 2 A)

|

U(s = t), without affecting bound variables

and n=m
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First-Order Unification Algorithm

Unification E— o

decomp E=z=s: E' FE'[s/z] — o

decomp E = nil
P Yy € vars s. freey freex x &varss

E—id

E — oz := s[o]]

Example gab=gab gxy;g(gya)(gaa)

Jdecomp

x;gya y;gaa
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Conservativity — U,, C U

LetFl—ns;t:A.

slo] = t[o] for some ¥+, o : T
iff
slo] = t[o] for some Ao : T

Proof Sketch.

Replace free variables and constants not of order n with first-order
terms. For example, = : (¢ — «) — « is replaced by Ax;.z where

z:aand g: o — a — «is replaced by Azjxs.2. Normalise the
O

K

result.
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Adding Constants

U <U? ifcco

Proof Sketch.
Replace constants d € D — C with first-order terms, see
conservativity. O
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Removing Constans

UP <US ifCCDandVdgC. ord (2d) <n

Proof Sketch.
Let C = {g} and D = {a, g}.

ga:;ga AL, (T T,) é)\:Ua.g Za
N>

where z: « where z:a — «
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