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Introduction

Topic:
I Language of trees over an infinite alphabet A undecidable in general
I Focus on subclass of trees of similar structure obtained by systematically permuting names

Technique: ν-Trees
I Trees with binders
I Using ideas from nominal sets
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Nominal sets

Definition (sym action)

Let X be a set, x ∈ X ,
A function (·) : Sym(A)× X → X is called a sym action, if

id · x = x π · (π′ · x) = (π ◦ π′) · x , ∀π, π′ ∈ Sym(A)
X is called a sym set, if such a function exists.

Definition (nominal set)

Let X be a sym set, A ⊆ A
A supports x ∈ X , if π · x = x holds ∀π ∈ Sym(A) with ∀a ∈ A. π(a) = a.
X is called nominal, if every x ∈ X has a finite support.

Definition (equivariance)

Functions f ⊆ X × Y for nominal X ,Y are called equivariant if π · f (x) = f (π · x).
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ν-Tree

Definition (ν-Tree)

The set ν-Tree is defined inductively by
n ::= akn1 . . . nk | νak .n

where ak ranges over the ranked alphabet A

Definition (Names)

Let n be a ν-tree. FN(n) are the free names of n.

A countably infinite in every rank
I ν-Tree automata use a ranked alphabet

Sym action:
π · (akn1 . . . nk) = (πak)(π · n1) . . . (π · nk)

π · (νak .n) = ν(πak).(π · n)

The set ν-Tree is nominal
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ν-Tree Denotation examples

νa

a
 { a | a ∈ A } = { a, b, c , . . . }

νa

c
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 { c ab | a ∈ A; a 6= b }

νa

νb

c

a b

 { c ab | a, b ∈ A; a 6= b }

formalize with J–K : ν-Tree→ P(A-Tree)
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ν-Tree Denotation

Parameterize with an accumulator list carrying already used names

Definition (ν-Tree Denotation)

ti ∈ JniKak ::A
akt1 . . . tk ∈ Jakn1 . . . nkKA

t ∈ J(akbk) · nKbk ::A bk /∈ A bk /∈ FN(νak .n)

t ∈ Jνak .nKA
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Denotation equivariance

Theorem (Denotation equivariance)

∀ t n π. πJnKA = Jπ · nKπ·A

Denotation is compatible with permutations

Lemma

∀ π n. FN(π · n) = π · FN(n)

∀ A a π. a ∈ (π · A)↔ (π−1a) ∈ A
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Denotation renaming

Theorem (Denotation renaming)

∀ n π. π fixes FN(n)→ Jπ · nK = JnK

Similar to α-equivalence

Lemma

∀ n π π′. (∀a. πa = π′a)→ π · n = π′ · n

Corollary

∀ n n′. n ≈α n′ → JnK = Jn′K
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ν-Tree Implementation

Definition Name := nat * nat.

Definition Action := Name -> Name.

Definition Perm p :=
∀a, rk a = rk (p a)

∧
∃p’, Inv p p’.

Alternatively:

Definition Name := nat.

Definition Action := nat -> nat.

Definition Perm p := ∃p’, Inv p p’.

9 / 12



Induction for ν-Trees

Want tree to be well-ranked

Tree induction not by default

Inductive NuTreeWr : NuTree → Prop :=
Trwr a l : (∀n, n el l → NuTreeWr n) →

rk a = |l| → NuTreeWr (Tr a l)

|Nuwr a n : NuTreeWr n → NuTreeWr (Nu a n).
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Future directions

Denotation
I Decidability of t ∈ JnK, and JnK = Jn′K

Formalize the automata model
I Decidability of acceptance and emptiness

Generalize nominal kleene algebra to trees [Kozen et al., 2015]
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